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Abstract

This paper describes about article FUZZY_ 9. The article FUZZY 9, following on
from the previous article FUZZY _8, formulates various properties regarding triangular
membership functions. The main theorem is relationship between a triangular mem-
bership function composed of two straight lines and a MAX function and a triangular
membership function defined from the horizontal axis coordinates of the vertices of the
triangle. Moreover, defuzzified value of triangular membership function, construction of
trapezoidal membership function using triangular membership function and integration

of two connected functions are formalised.
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1. Triangular (membership) functions
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0 x ¢ [a,c]
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TriangularFS(a,b, c)(z) = e € [a, b] (1)
Lo ¢ e [b, ]
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2. A triangle surrounded by two lines and the horizontal axis

Listing 1. FUZZY 9 : 18, 19

theorem :: FUZZY_9:18

for a,b,c,r be Real, f be Function of REAL REALsta<b&b<c&r>0&

f=r1 (#) (AffineMap ( 1/(b — a), —(a/(b — a)) ) | ].—infty,b.] +* AffineMap ( —(1/(c — b)), ¢/(c — b) ) | [.b,+infty.[ )
holds

max+ f = r (#) TriangularF'S (a,b,c);

theorem :: FUZZY_9:19
for p,q,s,t being Real, f being Function of REAL,REAL st pxs < 0 & p > 0 & (pxt—qxs)/(p—s) > 0 &
for x being Real holds
flxlj ( (AffineMap (p,q) | ].—infty,(t—q)/(p—s).]) +* (AffineMap (s,t) | [.(t—q)/(p—s),+infty.[) ).x
olds
max+ f = (prt—qss)/(p—s) (#) ( TriangularFS(—a/p,(t—a)/(p—s),—t/5) );
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3 AffineMap [A] (IR D X S5 12— KRB ZHZ L YT OEBTERL TV S,

Af fineMap(a,b)(z) = ax +b (2)

F ARG TIE max+-BIEE W2, Zhick D, Xy y TEBEZ M ETH
5DT, BABUED 01272 2 XE OB ORI HTE L 72 5. max+BIEIE RFUNCT3 [4]
TUTDEBYERZINATVS.

Listing 2. RFUNCT 3:def 1, 10

definition

let r be Real,;

func max+ r —> Real equals :: RFUNCT_3:def 1
max (r,0);

definition

let D be non empty set ;

let F be PartFunc of D,REAL;

func max+ F —> PartFunc of D,REAL means :Defl0: :: RFUNCT_S:def 10

( dom it = dom F & ( for d being Element of D st d in dom it holds it . d = max+ (F . d) ) );

Z D max+BEE WS 72012, WSOnDHEZHEL:. UTFEZ0—#ThH 3.

Listing 3. FUZZY 9 . 15, 16

theorem :: FUZZY_9:15
for a,b,c,x be Real st a < b & b < ¢ & (not x in ].a,c.[) holds
( AffineMap (1/(b — a), —(a/(b — a)) ) | |.—infty,b.] ++* AffineMap ( —(1/(c — b)), ¢/(c — b) ) | [.b,+infty.[ ).x <= 0;

theorem :: FUZZY_9:16
for a,b,c,x be Real st a < b & b < ¢ & x in [.a,c.] holds TriangularFS (a,b,c).x >= 0;

FUZZY_9:19 DL R DRE

pt —qs
p—s

ps <0, p>0, >0 (3)

X b, TriangularFS @5 %D %M

t— t— t
(Pt Sl . (4)

p p—s p—s s
BRD XS 1IE»rND. LoicBwT, GilrokEA%5< &

t—q . q,_plt—qg +qp—s) pt—gs
p—s (p) p(p—s) p(p—8)>0
A Sk A kA (5)

s p—s s(p—s)
BEohsd. L, XABE) Es<0XDlIT5. 32004%FK (B) &b (@) 2&ELN
% fglE FUZZY 9:9 1INk L 7z

Listing 4. FUZZY 9 . 9

theorem :: FUZZY_9:9
for p,q,s,t being Real st pxs < 0 & p > 0 & (p*t—qx*s)/(p—s) > 0 holds
—a/p < (t—q)/(p—s) & (t—q)/(p—s) < —t/s & —q/p < —t/s;
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2.2 ZARERXINS Y TEBOEREED

ROEH 9:20 1%, K DD (a,0),(b,r),(c,0) D=ARIDHEFEH THbI xR
L, 9:22 3 TriangularFS(a,b,c) & r fif L 7zB%(D centroid 25 =AERI X > N v TREEL

@%émm%fgigiffﬁélk%%bfméML

r(c—a)

Listing 5. FUZZY 9 . 20, 22

theorem :: FUZZY_9:20

for a,b,c,r be Real, f be Function of REALLREALsta<b & b<c&
for x being Real holds f.x = (r (#) TriangularFS (a,b,c)).x

holds

integral(f,['a,c’]) = rx(c—a)/2;

theorem :: FUZZY_9:22

for a,b,c,r be Real, f be Function of REAL REALsta<b&b<c&r<>0&
for x being Real holds f.x = (r (#) TriangularFS (a,b,c)).x

holds

centroid(f,[’a,c’]) = (a+b+c)/3;

2.3 ZAREXUNS Y TREOEOMOBFHMEE

FEELET 7Y s st EOEBEEHWT 7 7 D4 HIHORE 7 1 — RNy 7 DFF
EMRICE T 2 BE21ToTE 7 (1. DUFOEM 9:24 d Lipschitz #fi i3 RE A EX O
ff D —AFE OISR T E, 9:25 XX DHIRTEEIRIC & 2 =AFH (X vy v )
B o ERIES LU ARENE 2K L, centroid DFFEICHEREEDO—ETH 5.

Listing 6. FUZZY 9 : 24, 25

theorem :: FUZZY_9:24

for A be non empty closed_interval Subset of REAL,

p,a,r,s,t,u be Real, f be Function of REAL, REAL st pxs < 0& p >0 &

for x be Real holds

fx = ma(rmin( 1, ( (AffneMap () [ infey,(t-0)/(p-5).)) + (AffineMap (s:1) [L(t-)/ (o) iny.) ) )
olds

f is Lipschitzian;

theorem :: FUZZY_9:25

for A be non empty closed_interval Subset of REAL,

P,q,r,8,t,u be Real, f be Function of REAL, REAL st pxs < 0& p > 0 &

for x be Real holds

fx = ma(rmin( 1, ( (AfineMap (p.a) [ infty,(t-0)/(p-5).]) - (AffineMap (s:1) [L(t-)/(p-5) iy, ) x))
olds

f is_integrable.on A & f | A is bounded;

FUZZY 9 :241%, FUZZY 6:28, FUZZY _7:42 X W15 5N 5. FUZZY 9:24 DAL f

x
f(z) = max{r, min{u, g(z)}} (6)
772 L,
t—q
pr+q z<
o) = P )
st+t x>
p—s

&3 %. FUZZY 6:27 XY AffineMap(p,q).x = px + q D Lipschitz ED—>D¥ LT
Ip| +1 BFEET 2. —F, FUZZY_6:26 & D Lipschitz i 72 BEESHE ++ TS L7
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D Lipschitz ERIIZ NS DI KEDN—2 8 LTIFET 5. L7z2>7T, f D Lipschitz
EBE LT (max{p, —s} + 1) BFEEL T, HEED 21,70 € RIIHLT,

(1) = f(22)] < (max{p, —s} + 1) [a1 — x5

DAL T 5.

2.4 2DD=AEBAND Y TERICKZBERX NSy TEAMOD
5159
KBORERX Ny y TEBIZ 2 OD=ZAFR X ooy vy TEBOMEIC L > TE
N TES., ZNERTDOH FUZZY 9:34 TH 5. REFE-NE-HOE [§]) 1T X %4595
DAYy TEEOMEII X 250G ETH 5.

1 . d
—cx d—-c

a b c d
3. Trapezoidal membership function, TrapezoidalFS (a,b,c,d)

Listing 7. FUZZY 9 : 34

theorem :: FUZZY_9:34

for a, b, ¢, d being Real st a < b & b < c & ¢ < d holds
TriangularFS (a,b,c) + TriangularFS (b,c,d) = TrapezoidalF'S (a,b,c,d);

3 EfET 32 O00EHOMESE

AREITIE, 2 DODBBDER ++ THE LEBEBOMEEICOWT, ZOo—HE2/Mns
5. UTRBAAIEHCHET2EHTH 5.

Listing 8. FUZZY 9.1, 2

theorem :: FUZZY_9:1

for a,b,r be Real, f be Function of REAL,REAL holds
r (#) (f] Lab]) = (x (#) 1) | [ab.];

theorem :: FUZZY_9:2

for r,c,d,u,v be Real, f,g be Function of REAL,REAL holds
v (#) ((F] [ed]) +x (g | [uv]) = (v (FF) (£] [c,d])) +* (v (#) (g | [w,v.]));

ARG T centroid FHREICHELRFETICE T 2 WL O DEHZFEHA L 7. ROEHIZ
FUZZY 8:14 BX U 16 2] DA O ERBORREZEZ 12 DL K> TV 5.
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Listing 9. FUZZY 9 : 38, 39

reserve A for non empty closed_interval Subset of REAL;

theorem :: FUZZY_9:38 ::

for a being Real, f, g, h being Function of REAL, REAL st

f] A is bounded & f is_integrable_.on A & g | A is bounded & g is_integrable_on A &
ain A & h = (f|].—infty,a.] ) += ( g | [.a,+infty.[ ) & f.a = g.a

holds

h is_integrable_on [” lower_bound A, a ’] & h is_integrable_on [’ a, upper_bound A ’J;

theorem :: FUZZY_9:39

for a being Real, f, g, h being Function of REAL, REAL st

f] A is bounded & f is_integrable.on A & g | A is bounded & g is_integrable_on A &
ain A & h = (f|].—infty,a.] ) += ( g | [.a,+infty.[ ) & f.a = g.a

holds

integral (h,A) = integral (f,['lower_bound A, a’]) 4 integral (g,[’a,upper_bound A’]);

BHEAXE A IZBWTHERL OB ATRELREE f BEX P ghac ATTOR (B) O k&
HBL TV E W T2 E, hOETIUTORTREINS.

T >a

a sup A
/ h(zx)dx = (x)dx—F/ g(z)dx
A inf A a
Z DOFEIICE h AEREE, {EI Y 312 REAL @ Function TH 20BN H 572D

DEFE 0] % L7,

Listing 10. FUZZY_7 : 12

theorem :: FUZZY_7:12
for s be Real, f,g being Function of REAL REAL holds
(f]].—infty,s.] ) +* ( g | [s,+infty.[ ) is Function of REAL,REAL;

EHIT, [BLXUgPHEBTHS L E, RHPBLT 5.

_ fde xh(x)dz _ f: xf(z)dx + fae xg(z)dx

centroid(h,['d,e']) =
Gl D fed h(z)dx

ZOROERCEFEUTOEHTH 3.

Listing 11. FUZZY _9:3

fed h(z)dx

theorem :: FUZZY_9:3

for f,g,h be Function of REAL,REAL, a,d,e be Real st
d <= a & a <= e & f is continuous & g is continuous &
h|[ac]=f][ab]+*xg]|[bec] &
integral(f,['d,a’]) <> 0 & integral(g,[’a,e’]) <> 0 & f.a = g.a holds
centroid(h, [’d,e’]) = 1 / integral(h,[’d,e’])

* ( integral((id REAL)(#)f,['d,a’]) + integral((id REAL)(#)g,['a,e’]) );

7272, Efd,a,elF LEEOR B) KEDLETEELTDH 5.
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4

T

AIFFETIX, 2ARDERR (AffineMap) IZ X > TEREI N2 =ZAFRIX N> v T
BT DWW TR TriangularFS & O—3 - 2@l e UTEAMbL 2T o7, BE max+
PHWSZ 22X D, ROMBEEEE 2 DOERMROGERZ T THER S AfERL X -
KL THDELEZD. BT —T 4 Z7MIEERBR L7z X oy y TEBIIEIH L D IEH LA
BRIFTROMBICEMNTH 2 LR TE 5. RDT7—7 4 VNV TRAFHDOA N> v T
BizoWTHROEHEZIEAMET 222 PELTVS.
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FUZZY_9 Triangular fuzzy set composed of two intersecting affine maps

by Takashi Mitsuishi

Summary: The article FUZZY_9, following on from the previous article FUZZY 8 [7],
formulates various properties regarding triangular membership functions. The main
theorem is relationship between a triangular membership function composed of two
straight lines and a MAX function and a triangular membership function defined from
the horizontal axis coordinates of the vertices of the triangle. Moreover, defuzzified
value [I0] of triangular membership function [B], construction of trapezoidal membership
function using triangular membership function [I1] and integration of two connected

functions [R] are formalised.
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