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Abstract

In this paper, we report on the formalization of the Taylor expansion on normed

spaces.

1 EC®IC
EEH DX, (1] TEHFEREI D Taylor EBZLITD & 512 L L 7.

Listing 1. TAYLOR_1:33

theorem :: TAYLOR_1:33
for n be Nat, f be PartFunc of REAL,REAL, x0,r be Real st
] x0—r,x0+r1.[ c= dom f & 0 < r & f is_differentiable_on n+1, ].x0—rx04r.|
for x be Real st x in |.x0—r, x0+r.[
exsbeRealst 0 <s & s <1
& f.x = Partial_Sums(Taylor(f, |.x0—r,x0+r.[,x0,x)).n
+ (diff(f,].x0—r,x04r.[).(n+1)).(x04s%(x—x0)) * (x—x0) | (n+1) / ((n+1)!);

¥l Hvwie~vru) YEMZEEERLLTWS [1).
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Listing 2. TAYLOR_2:2-14

theorem :: TAYLOR_2:2
for n be Nat, f be PartFunc of REAL,REAL, r be Real st
0 <r & |].—r,r.[ c= dom f & f is_differentiable_on n+1,].—r,r.|
for x be Real st x in |.—r, 1.
ex s be Real st 0 <s & s <1
& f.x = Partial_ Sums(Maclaurin(f,].—r,r.[,x)).n
+ (diff(f,).—r,r.[).(n+1)).(sxx) * x |~ (n+1) / ((n+1));

theorem :: TAYLOR_2:8
for n be Element of NAT, r,x be Real st 0 < r holds
Maclaurin(exp_R,].—r,r.[x)n = x | n / (n!);

theorem :: TAYLOR_2:1
forr,ebeRealst 0 <r& 0<e

ex n be Nat st

for m be Nat st n <= m holds
for x being Real st x in |.—r,r.|
holds |.exp_R.x—Partial Sums(Maclaurin(exp_R,].—r,r.[x)).m.| < e;

AFETIX 2 VL 220 - OBEELD Taylor EBEICE T 2TE L2 HEST 5. £3, /L4
22 _E O FERUERIEL D Taylor B ORI ZITo72. KWT, /IVLAZER LD 7 Vv L
RA%L D Taylor BEIDIERILE1T o 72, & 51Z Taylor B % FIWT /L 4 Z2R8 o SZHUE
BB D MRAE D DS e O+ Sth D & Z DAFHDIE L 21T - 2.

2 SEMPCERZERTLER

2REM D RN . S, T % ) VAR 5. She T NOERBFEEGRETOE
HBOMED VL2 % L(S,T) TR, Uk B8] T

R_NormSpace_of_BoundedLinearOperators(S,T)

CERINTVS. g% SHH T AOMHBE (B S B IR WER) , Z
% SOMETEREGL T 5. g0 Z LTI WRERE &, g OB LgixZ C SHS
L(S,T) NDERTH 3.

gd:reZw—g(x)eL(ST) (1)
i @] TgilzekEIN, UTDOLSIKERSINTVS.

Listing 3. NDIFF_1:def 9

definition
let S, T;

let g be PartFunc of S, T;

let Z be set;

assume f is_differentiable_on Z;
func g‘|Z —> PartFunc of S, R_NormSpace_of_BoundedLinearOperators(S,T) means

:: NDIFF_1:def 9

dom it = Z & for x be Point of S st x in X holds it/.x = diff(g,x);

end;

XHICg M Z ET2BMOTIRERE &, g © 2 FEEREIZ Z C S5 L(S,L(S,T)) ~
DEBJ{THZ. Tk —RLLTg D Z Lo n BEEREENZ 5] TUURD & 5 IR HINICE
FINTV3. LUROFRARF diff_SP(n,S,T) & n =2 DHAE, L(S,L(S,T)) 2RLT
W5,
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Listing 4. NDIFF_6:def 6

definition
let S,T be RealNormSpace, g be PartFunc of S, T,
Z be Subset of S, i be Nat;
func diff(g,n,Z) —> PartFunc of S,diff_SP(n,S,T) equals :: NDIFF_¢:def 6
diff(g,Z).n;

end;

theorem :: NDIFF_6:11
diff(5,2).0 = g2 & diff(g2).1 = (¢]2)| Z & diff(8.2).2 = ((g]2)"] 2) | Z

theorem :: NDIFF_6:13
diff(g,n+1,Z) = diff(g,n,Z) °|2;

I Tglz 3B g DEFRE Z ITHIR L7ZBET, (g12) 1z E Eitd NDIFF 1:def
912&Bglzd Z LOBEEKERT.

gM Z LT BEMIARETH D 2t 2K Tibik g is_differentiable_on n,Z % [H]
TUTRD XS IRIINICER I LTV S.

Listing 5. NDIFF _6:def 7

definition

let S,T be RealNormSpace;

let g be PartFunc of S,T;

let Z be Subset of S;

let n be Nat;

pred g is_differentiable_on n,Z means :: NDIFF_6:def 7

Z c= dom g & for i be Nat st i <= n—1 holds

modetrans(diff(g,2).1,S,diff_SP(i,S,T)) is_differentiable_on Z;
end;

theorem :: NDIFF_6:14
g is_differentiable_on n,Z
iff Z ¢c= dom g & for i be Nat st i <= n—1 holds diff(g,i,Z) is_differentiable_on Z;

theorem :: NDIFF_6:15
g is_differentiable_on 1,7
iff Z ¢= dom g & g|Z is_differentiable_on Z;

theorem :: NDIFF_6:16
g is_differentiable_on 2,7
iff Z c= dom g & g|Z is_differentiable_on Z & (g|Z)‘|Z is_differentiable_on Z;

theorem :: NDIFF_6:17
for S, T be RealNormSpace, g be PartFunc of S,T, Z be Subset of S, n be Nat
st g is_differentiable_on n,Z
for m be Nat st m <= n holds g is_differentiable_on m,Z;

diff(g,n,Z2) & S 26 T NOERMEEBINES 7 )V L2E0 L(S,T) % n [\ffio T
YES D J L L ZER D ANT

£(S,T)
L(S,L£(S,T))
L(S, L£(S,L£(S,T)))

L(S,L(L-L(S,T)--)) (2)

Wz e % S EOBBTHZ. ZHIERZ n BERYEEHRTH D, HHZ n BERYEEHR
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ETHHED /L LZEH

M(S™,T)
DILEART N TES. ZORMERFASEZE T BEHARILLT LOPBAN14:def 4
TERINTWVWS., THIEREESRE L T2/ VAEBOZED ANT L ERLE
BEEESZ T T3 /L LAZEEOBO ) VASEERERIERTH 5.

Listing 6. LOPBANI14:def 4

definition
let Y be RealNormSpace, X be RealNormSpace—Sequence;
func NestMult(X,Y) —> Lipschitzian LinearOperator of
NestingLB(X,Y),R_NormSpace_of_BoundedMultilinearOperators(X,Y)
means :: LOPBAN1/:def /
it is one—to—one onto isometric
& (for u being Element of NestingLB(X,Y) holds ||.it.u.|| = ||.u.||)
& for u be Point of NestingL.B(X,Y), x be Point of product X
ex g be  FinSequence
stleng=1len X & g.1 =u
& (for i be Element of NAT st 1 <=1 & i < len X holds
ex Xi be RealNormSpace—Sequence, h be Point of NestingLB(Xi,Y)
st Xi=X|(len X —i+1)&h=gi&g(i+1) =h(x(len X =i+ 1)))
& ex X1 be RealNormSpace—Sequence, h be Point of NestingL.B(X1,Y)
st X1 = <*X.1%> & h = g.(len X) & (it.u).x = h.(x.1);
end;

e z2E3n =208, X 2EX 2D/ VLAEMOARY X = [X1,X,], T% /L
LEMETAE XY ICEDANT

‘C(X21 ‘C(XlaT))

% Z DAL TIX NestingLB(X,T) TEHRLTW53.
ZDANFDIT
u € NestingLB(X,T) = L(Xy, £(X1,T))
12 FE DR B NestMult (X,T) &/ LV AZER X1, Xy DEFNENDOIEEDIC hy €

Xl,hg € Xy @:jﬂ‘bf
v(h1, he) = u(hy)(he)

B X x Xo 2B Y AND 2 B ER v ZRILEE 3.

LR @ TAYLOR 3:def 1 TEFK X5 DIFF(g,n,Z) &, NestMult(n,S,T) Ik »>T
fEon 3 diff(g,n,z) L[AfER S OZEEE S 206 T ~NOF R n B EALDNES
J L 1221

M(S",T) (3)
iz 5 S LOBBTH 5.

Listing 7. TAYLOR_ 3:def 1

definition
let S, T be RealNormSpace;
let g be PartFunc of S,T;
let Z be Subset of S;
let n be non empty Nat;
func DIFF (g,n,Z) —> PartFunc of S,R_NormSpace_of_BoundedMultilinearOperators(n|—>S,T)
equals :: TAYLOR_3:def 1
NestMult(n,S,T) * diff(g,n,Z);
end;
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k&

R_NormSpace_of_BoundedMultilinearOperators(n|-> S,T)

BM(S™,T) ZRLTWS., nl|->S X/ IVLZER S % n il 5N/2RE n OFRY
(8,8, ,8)

EFRLTWS. F72, product(nl|->8) &/ VAZEM S O n BHEMZEMR S” 2R LTV
5. IV AZEEOFIRY
G= <G17G27"' 7Gn>

ME 2 bN7-E X product G 3L EEMFEZLM HZ? G; #RLTW35. product G DY
MUIIE G, DItz € Gy DB 5ARY 2 = (21,29, -+ ,2,) THDY, product G DN
7 v

$:<$1>$27"',$n>7y=<y1,y27"'7yn> EHGz (4)
i=1
WZOWTHIIEZ
r+y=(r1+y,T2+Yy2, ,Tn+ Yn) GHGi (5)

i=1

TERIN, E-r L ORI
r-xz(r-x1,7“'$2,"'77”'$n> GHGi (6)
=1

TEREINS. Tz D/ VA4 ||z &

2]l = VIl + llz2ll? + - + [lza ]2 (7)

TEHENZD. 2hoE B THRILS TN S,

3 BRTOSEMMS

gD S DT MLz TOEFEMITTREE L Z OMAMEEZLIT D & 5 ICEHKT 5.

gESHEL T NDHIEBETE. g»B S DXRZ bLxTE(>0) BEMAFTEETH %
Y3, x DBBEEE Z BEEL, g Z ETE—1BEMOATRETH D, HOFD k—1kEE
BIRL gD 3 o THIDTTRETH 2 2 L L EHRT 2. UTFHZzoERLTH 3.

Listing 8. TAYLOR_4:def 1

definition

let S, T be RealNormSpace, g be PartFunc of S,T,
x be Point of S, k be Nat;

pred g is_differentiable_in k,x

means :: TAYLOR_j:def 1

ex 7Z be Subset of S

st Z is open & x in Z & g is_differentiable_on k—'1,7Z
& diff(g,k—'1,Z) is_differentiable_in x;

end;
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EHIT, gD T EEMIEE g Dk — 1 BEEREKD « OMIIHE

(9% (@)
TE#TS. UTFZzoEATH 3.

Listing 9. TAYLOR _4:def 2

definition
let S,T be RealNormSpace, g be PartFunc of S, T,
x be Point of S, k be Nat;
assume 1 <= k & g is_differentiable_in k,x;
func diff(g,k,x) —> Point of diff_SP(k,S,T)
means :: TAYLOR_j:def 2
ex Z be Subset of S
st Z is open & x in Z & g is_differentiable_on k—'1,Z
& diff(g,k—’1,Z) is_differentiable_in x
& it = diff(diff(g,k—'1,7),x);
end;

M EFEOEENEYEE B O=DI2IE, TN DEFD « OFEE Z OFRIIRIFEL 72
WIZ e ERTBELDD, 2000 MEREZEALLE. UNcZFo—f%2EHRT 5.

Listing 10. TAYLOR 4:1-4

theorem :: TAYLOR_/4:1
for S, T be RealNormSpace, f be PartFunc of S, T, Z,W be Subset of S
st f is_differentiable_on Z & f is_differentiable_on W
holds f is_differentiable_on Z \/ W & f is_differentiable_on Z /\ W;

theorem :: TAYLOR_/:2
for S, T be RealNormSpace, f be PartFunc of S,T,
Z,W be Subset of S, x be Point of S
st f is_differentiable_on Z & f is_differentiable.on W & x in Z & x in W
holds (f¢| Z2)/.x = (f ‘| W)/.x;

theorem :: TAYLOR_j:/
for S,T be RealNormSpace, g be PartFunc of S,T,
Z,W be Subset of S, n be Nat
st g is_differentiable_on n,Z & g is_differentiable_on n,W
holds g is_differentiable_on n,Z \/ W
& (for i be Nat st i <= n holds diff(g,i,Z \/ W) | Z = diff(g,i,Z)
& diff(g,i,2 \/ W) | W = diff (g,i,W))
& g is_differentiable_on n,Z /\ W
& (for i be Nat st i <= n holds diff(g,i,Z /\ W) = diff(g,i,Z) | (Z /\ W)
& diff(giZ /\ W) = diff(g,i,W ) | (Z /\ W));

P EDEFRICOWT, RSB 2 @M ORISR SRS £ T o @B aTREME D
EREOBEEN R 2R aEit 2Bt L 7. UTiczo—zE#HT 5.

Listing 11. TAYLOR 4:1-5

theorem :: TAYLOR_j:15
for S, T be RealNormSpace, g,h be PartFunc of S,T,
x be Point of S, n be Nat
st 1 <= n & g is_differentiable_in n,x & h is_differentiable_in n,x
holds (g + h) is_differentiable_in n,x & diff(g+h,n,x) = diff(g,n,x) + diff(h,n,x);

theorem :: TAYLOR_4:16
for S,T be RealNormSpace, g be PartFunc of S,T,
x be Point of S, r be Real, n be Nat
st 1 <= n & g is_differentiable_in n,x
holds (r(#)g) is_differentiable_in n,x & diff(r(#)g,n,x) = r * diff(g,n,x);
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theorem :: TAYLOR_4:19
for S, T be RealNormSpace, g be PartFunc of S, T,
Z be Subset of S, k be Nat
st l <=k & Zisopen & Zc=dom g
holds
g is_differentiable_on k,Z
iff for x be Point of S st x in Z holds g is_differentiable_in k x;

EHIMTD XS, METEN VAL OATIEEGRME S A F2Efe, A5t
ZEGGHE S 22O/, R X 2WoEoREZHRZEAL 72

Listing 12. TAYLOR _4:def 3

definition
let S, T be RealNormSpace;
let f be PartFunc of S,T;
let x be Point of S;
let n be non empty Nat;
func DIFF (fn,x)
—> Point of R_NormSpace_of_BoundedMultilinearOperators(n|—>S,T)
equals :: TAYLOR_j:def 3
NestMult(n,S,T) . diff(f,n,x);

end;

4 HREHEREHD Taylor ER

4.1 dEOHIL

FHOEIROME L Z OFFHE AL L7 [1).

S & HETRW )L LZER, g ZERED S ORISRV S _EOERBUIEBE
(BB BEED , Z % g DEBRBICEEN S S DETHES, 913 Z ETn MO TREL 5.
r,h% S LOXRZ PAUVT, hidBITLTIERVWHDE T3, £/, X

[z, +hl={x+t-h|0<t <1}

BZWZEEN, gD Z LD n BEEREE o) B [, 2 + h] ETHEEE, 2D glE (,2+ h)
CEENBERED s Tn+ 1 BEWMORIEEE $5. 2O Z2FE M ce (0,1) PFELT,

gk (n+1) .
. g (x) x 9 (x+ec-h)
glx+h)= kE o -h® + GRS -h (8)
=0

DD LD, ZOMEDERILBLLTTH .

Listing 13. TAYLOR_4:23

theorem :: TAYLOR_/:23
for S be non trivial RealNormSpace,
g be PartFunc of S, #REAL, Z be Subset of S, n be non empty Nat
st Z c= dom g & g is_differentiable_on n,Z
holds
for x,h be Point of S
st h <> 0.S & [x,x+h.] c=Z & diff(g,n,Z) is_continuous_on [.x,x+h.]
& for s be Point of S st s in |.x,x+h.|
holds g is_differentiable_in n+1,s
holds
ex ¢ be Real st ¢ in ].0,1.]
& g.(x+h) = Partial_Sums(Taylor(g,Z,x,x+h)).
+ 1/((n + 1)) * (DIFF(g,n+1,x+cxh)) . (h|”

(n+1));
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EREDEARF DHREAL 1X, EROESEINE, BE, 01T/ VLB AR LD
DERL, UTOLIICERINTWS.

Listing 14. LOPBAN15:def 2

definition
func #REAL —> non empty NORMSTR equals :: LOPBAN15:def 2
NORMSTR(# REAL, In(0,REAL), addreal, multreal, absnorm #);
end;
registration
cluster #REAL —> non empty right_complementable Abelian
add—associative right_zeroed vector—distributive
scalar—distributive scalar—associative scalar—unital
discerning reflexive RealNormSpace—Ilike;
end;

J OV LZEMHREAL 7 WV 2 EHNX, FEH SR LT MML GRS LTV 5 &R
EELHEOMD OFLBRD 2T /L 222 OB ER->TEB Y, ZhsOmEitEinH
T22DTH5b. H2ETHN/2LS1Cdiff(g,n,2) 1dgD Z LD nFEEBEBERLT
W3. Taylor(g,Z,x,x+h) XBE% g D Taylor FEFNERL, LIRD X SITERL 7.

Listing 15. TAYLOR_3:def 4

definition
let S, T be RealNormSpace, g be PartFunc of S,
T,Z be Subset of S, a,b be Point of S;
func Taylor(g,Z,a,b) —> sequence of T means :: TAYLOR_3:def 4
it.0 = (g|Z2)/.a
& for n be non empty Nat holds
itn = 1/(n!) + (DIFF(gn,2)/.a).((b—a)| "n));

end;
(b-a) | "n IFHREAL DILb-a & n AR SNRZE=EX n 0FRFERLTED, UTD X
IWCERLTWVS.
Listing 16. TAYLOR_3:def 2
definition

let S be RealNormSpace,h be Point of S, n be non empty Nat;
func h | n —> Point of product(n|—>S) equals :: TAYLOR_3:def 2

n [—> h;
end;
Partial_Sums \& ./ /L AZERR CIIEDNER I N TV 2 ZERDITTDF| DT, UF
THMINCERZ ATV K]
Listing 17. BHSP 4:def 1
definition

let X be non empty addLoopStr;
let seq be sequence of X;
func Partial Sums(seq) —> sequence of X means :: BHSP_/:def 1
it.0 = seq.0 & for n holds it.(n + 1) = it.n + seq.(n + 1);
end;

DIFF(g,n,Z) H 2 E TN K512 diff(g,n,2) LRtk g D Z LD n BEEEKER
LTW3H, S DILallDOWTDIFF(g,n,2)/.ald Z 156 S D nEEME S 2256 T A\D
ARG ZEREEBRTD 5.
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4.2 fEDEA
i TAYLOR 4:23 DERHIE, DU O % FW THIE TR 7z TAYLOR_1:33 % i
H35.
g% JIVLZEE S e RADEDEER, Z% S (B) S98EET, g»hZ ETn+1
MO TAREE 35, S DT blag ¥ r#0g IKOWTHES
(xo—rxo+7r)={zo+t-r|-1<t<1}
BZIZEENDZDDL TS, 2D E FHXME (-1,1) FOEBUERIE

f:rte(=1,1)—glzo+t-r)€R (9)

DFEEL, fid(—-1,1) ETn+1MEMIAEETH D, 220 (—1,1) KB ENSEEDELY
te(-1,1) i&oWT

FEO@) = gt (o + - r) (10)
ChEFE L2 DONLLRTH 5.

Listing 18. TAYLOR_3:50

theorem :: TAYLOR_3:50
for S be non trivial RealNormSpace, F be Function of REAL,REAL,
g be PartFunc of S,;#REAL, Z be Subset of S, x0,r be Point of S
st Zc=dom g & |.x0 —r,x0 + r.[c=Z & r <> 0.8

holds
ex f be PartFunc of REAL ,REAL
st dom f = ].—1,1.]

& ( for t being Real st t in |.—1,1.[ holds f.t = g.(x0 + tx*r) )
& for n be Nat st g is_differentiable_on n+1,7Z
holds f is_differentiable_on n+1,].—1,1.{
& for t be Real st t in ].—1,1.[ holds
(diff(f,].—1,1.)).(n+1)).t = (DIFF(gn+1,2)/.(x0 + t«*r)).((n+1)]—>r1);

5 JILLZEMEICEZH DD Taylor BH

5.1 #EDRIUE

EHLIIROME Y ZOFHER L L 1.

S % JIVLZER, g BERES S OB FR S v S EOFERUEREE GROBER) ,
Z% g DERBICEEND S DIMDIES, g3 Z L TnBEMDIREE T2, 2,hE SD
RZ FLT, hiZ SOETLTREEZVWDDL TS, MIZ0MUEOEREY T2, XM

[z, +hl={z+t-h|0<t<1}

DZITEEN, gD Z LD n BEEBEE ¢ 25 [z, 2 + h] ETHESE, 22D gl& (z,2+h)
LTn+ 1M ATRET
Jotoco)| < a
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Zififzz3e 35, ZOLE,

nogF
g(x+h) — g (@) - hk

- ln (1)

Uz LTH 5.

Listing 19. TAYLOR_5:49

theorem :: TAYLOR_5:49
for S, T be RealNormSpace, Z be non empty open Subset of S,
x,h be Point of S
st [.x,x+h.] c= Z holds
for g be PartFunc of S, T, M be Real, n be Nat
st 0 <= M & g is_differentiable_on n,Z
& ( for s be Point of S st s in [.x,x+h.]
holds diff(g,n,Z) is_continuous_in s )
& ( for s be Point of S st s in |.x,x+h.|
holds g is_differentiable_in n+1,s
& ||.diff (gn+1,8).]| <= M)

holds
|l.g/.(x+h) — Partial Sums(Taylor(g,Z,x,x+h)).n.|| <= M/((n+1)!) * ||.h.]| |* (n+1);

5.2 TpRad:EA

WM DBEBUCOWTDIFIEE VS [, n =012V TIX, ZOmETEREDD
NXTHY, [ TUFD LS ITERLER TN

Listing 20. NDFIF_5:19

theorem :: NDIFF_5:19
for S, T be RealNormSpace,
f be PartFunc of S, T, p,q be Point of S, M be Real
st [.p,q.] c= dom f
& (for x be Point of S st x in [.p,q.] holds f is_continuous_in x)
& (for x be Point of S st x in |.p,q.[ holds f is_differentiable_in x)
& (for x be Point of S st x in |.p,q.| holds ||. diff(fx) .|| <= M)
holds ||. f/.q — f/.p .|| <=M * ||. g—p .||;

nAZDVWTHTEDSE DL > TVWEDDEIRET 5. gl& Z Ln+ 1 FBEMOAIRET, gD
n+ 1 FEERIE gD A3 [z, 2 + b L CHElE, 5D g1 (v,2 + h) 1T n+ 2 WS ATRE
TH5HLT5.

Z ZCHERHEIXME [0,1] 2256 T ~NDEH

n+1

Fitel0,1] = gle+t-h)— 9 ke (12)
REATDE, te0,1]12o0T
n 12 (k) x
()= (g’<x+t-h> -y e <t~h>k> h (13
k=0 ’

ZZTgRODVTOREDNPS, ¢ & ZCS 2o LS, T)NDODE/RTHY, Z L nbEM
SIATRET ¢' D n BEEERL (o)™ & (v, +t - h] ETHElE, D¢ & (v,0+t-h) T
n+1EMIARETH 5.
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g It h IOV TIRNEDIRED 5, aEDFHIRAK D LD DT,

/ — (9" (x) k M +1
g@+t-h)— —— - (t-h < it R|™ 14
vt i) =33 T | < oyl (14
ThE (@) RS
M n
1£O < gy B (15)
&hte|0,1] 26
M n n
LF @I < i [|pf| DL gt (16)
X[ [0, 1] FOFEBUEBIE w 2
: t 6 0, 1 _ . h (n+1)+1 . t(’ﬂ+l)+l
u [0,1] CEES] 172
LERTDL,
M
/ — . (n+1)+1  4n+1
W) = oy I
L7285 C (I8) 3
IO < u'(t) (17)
FKicHiE TAYLOR 5:22
Listing 21. TAYLOR_5:22
theorem :: TAYLOR_5:22
for T be RealNormSpace,
f be PartFunc of REAL,T,
u be PartFunc of REAL,REAL
st dom f = [.0,1.] & dom u = [.0,1.]
& f ] [.0,1.] is continuous
& u | [.0,1.] is continuous
& f is_differentiable_on ].0,1.
& u is_differentiable_on ].0,1.
& (for x be Real st x in ].0,1.]
holds ||. diff(f,x) .|| <= diff(u,x))
holds
[|. £/.1 —£/.0 .|| <=u/.1 — u/.0;
ZHEAT 2
1701) = FO) < u(1) ~u(0) = T 4 (18)
- ((n+1)+1)!

[ DERE () X5

1F(1) = FO)] =

THY, (B) XS IRNIEITERT 5.
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6 PBIRRDMESRM

Z DETIEBEMOMEIZDOWTORESS  +o&ttobic oW TIN5, DT,
R/MEIZOWTDAILRT 2. WBAEIZOVWTIEAEEDOHE NIRRT THS.)

6.1 BHDBEDESR

Bl UC, FERZEM L oERBERE, —kD /L 22 EOSEBAER B O] - i
KfE, Hoth - AEOEFREZEAM L. filhd, Wb - KK 2 [0ERH ETo
BBIEDO K/NEERTH 5.

FEIRH D In(f.x,REAL),In(f.y,REAL) IS T /L L ZE[H & A7% U 7-#REAL O
NZ ML E.x, .98, FEES REAL Ot L CEBOMAEE S KN TREIC T %
72HDERERLTWE Z e 2KT.

Listing 22. TAYLOR_6:def 1-11

definition

let f be PartFunc of REAL,REAL;

let x be Real ;

pred f is_local_minimum_point_at x

means :: TAYLOR_6:def 1

ex Z be open Subset of REAL

st Z c=dom f & x in Z & for y be Real st y in Z holds f.x <= f.y;

end;

definition

let f be PartFunc of REAL,REAL;

let x be Real,;

pred f is_local_trueminimum_point_at x
means :: TAYLOR_6:def 3
ex Z be open Subset of REAL
st Zc=domf& xinZ
& for y be Real st y in Z & y <> x holds f.x < f.y;

end;

definition

let S be RealNormSpace;
let f be PartFunc of S,#REAL;

let x be Point of S ;

pred f is_local_minimum_point_at x
means :: TAYLOR_6:def 9
ex Z be open Subset of S
st Zc=dom f & xin Z
& for y be Point of S st y in Z holds In(f.x,REAL) <= In(f.y,REAL);

end;

definition

let S be RealNormSpace;
let f be PartFunc of S,#REAL;

let x be Point of S;

pred f is_local_trueminimum_point_at x
means :: TAYLOR_6:def 11
ex Z be open Subset of S
st Zc=dom f& xin Z
& for y be Point of S st y in Z & y <> x holds In(f.x,REAL) < In(f.y,REAL);

end;
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6.2 WEZXH, +9FMH

FERZER_E D FRUEBIRNC B 5 R ESMF O I UbIE, —ZRBIR DM & F v 724
HDZM (FEREMF) 12X 5.

Listing 23. TAYLOR_6:1

theorem :: TAYLOR_6:1
for f be PartFunc of REAL,REAL, x be Real
st f is_local_minimum_point_at x
& f is_differentiable_in x holds diff(f,x) = 0;

R™ 22 O FEUERIEL, —MD /L 2220 O FEERE g oW TiE, MfEz e %
RZ MLz IZBWT, BEXRZ MLVTROAZHW 2 DD O b BEVEe 23982z L
DERUERIEL

frte(=1,1)—glx+t-h)
Mt=0THEE L 27-0DKMHCIRESES. ZOEDOERER fDt=012BIF3
W e
f(0)=g'(x)-h
TH5Z e ZRTMEILI T X3 b s.

Listing 24. TAYLOR_6:3

theorem :: TAYLOR_6:3
for S be RealNormSpace, g be PartFunc of S,#REAL,
f be PartFunc of REAL,REAL, W0 be open Subset of REAL,
x,h be Point of S
st g is_differentiable_in x
& 0 < ||.h.|| & 0 in WO & dom f = W0
& ( for t be Real st t in W0 holds x+t+h in dom g )
& for t be Real st t in WO holds f.t = g.(x+tx*h)
holds f is_differentiable_in 0 & diff(f,0)= diff(g,x).h;

LUR, #W/MEDRBESRMFICOWTORR LD Z2 RS 5.
product G X/ VAZEHDERY (G, Gy, ...,Gp) \C& 2 ZEEMZEM ], G &
KL, partdiff(f,x,i) 1&/ LV AZEM (]I, G; 5 H#REAL %721 REAL NDEAR f DR
(&)
of
Bz, (x)

ERLTVWS.

Listing 25. TAYLOR_6:4-6

theorem :: TAYLOR_6:4
for S be RealNormSpace, g be PartFunc of S,#REAL, x be Point of S
st g is_differentiable_in x & g is_local_minimum_point_at x
holds diff(g,x) = 0.R_NormSpace_of_BoundedLinearOperators(S,#REAL);

theorem :: TAYLOR_6:6
for G being RealNormSpace—Sequence, f be PartFunc of product G,#REAL,
x be Point of product G
st f is_differentiable_in x & f is_local_ minimum_point_at x
holds
for i be Element of dom G holds
partdiff(f,x,i) = 0.R_NormSpace_of_BoundedLinearOperators(G.i,#REAL);

X HITHITED Taylor B Z W THU T OMmEZ5 7.
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Listing 26. TAYLOR_7:2

theorem :: TAYLOR_7:2
for S be non trivial RealNormSpace, g be PartFunc of S,#REAL,
Z be open Subset of S, x be Point of S, n be non empty Nat
st xin Z & Z c= dom g & g is_differentiable_on n+1,Z
& ( for m be non empty Nat st m < n holds
for r be Point of S holds (DIFF (g,m,Z)/.x).(r]"m) = 0)
& (ex Kbe Real st 0 < K &
for x,r be Point of S st xin Z
holds ||. (DIFF (gn+1,2)/.x).(r|"(n+1)) .|| <= K)
& ( ex h be Point of S st h <> 0.5 & (DIFF(g,n,Z)/.x).(h |" n) <> 0. #REAL )
& g is_local_ maximum_point_at x
holds ( for h be Point of S holds In((DIFF(g,n,Z)/.x).(h|"n),REAL) <=0
& (nis even );

LIS EEIZOWTIIDL N oOmER B 7.

Listing 27. TAYLOR_7:5

theorem :: TAYLOR_7:5
for S be non trivial RealNormSpace, g be PartFunc of S, #REAL,
Z be non empty open Subset of S, x be Point of S,
M,delta be Real, n be non empty Nat
st0<delta& 0 <M & xinZ & Z c= dom g
g is_differentiable_on n+1,7Z
( for m be non empty Nat st m < n holds
(

for r be Point of S holds (DIFF(g,m,Z)/.x).(r|"m)= 0. #REAL )
for s be Point of S st s in Z holds ||. diff(g,n+1,2)/.s .|| <= M)
for h be Point of S holds
delta * (||.h.||) |” n <= In((DIFF(g,n,2)/.x).(h| n),REAL)
holds
g is_local_trueminimum_point_at x;

&
&
&
&

7T FH

ARETIE VL2208 E D Taylor BRIER 7] LAFHOERb2HE L. EE LI
M FEOEH LR ERIL L. X518, FA5 0 EMOMERD FIcMrZ
RO RLZRB L TWS. ZHHIZOWTIEXRELAFICRE T 5.
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