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Abstract

In this paper, some mathematical properties about piecewise linear functions are
formalized. The focused piecewise linear functions are symmetrical and composed by
absolute function. It is formalized that the membership functions of isosceles trian-
gle type and isosceles trapezoid type can be constructed by absolute value functions.
Moreover it is proved and formalized that the centroids of the composite function of
two continuous functions are the weighted averages of the areas and centroids of the

functions that compose them.
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1. Absolute value function f; and isoaceles trapezoidal function fo
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Listing 1. FUZZY _8:35

theorem :: FUZZY_8:35
for a,b,c,d be Real, f be Function of REAL,REAL st
b>0&c>0&d>0&d<b& (for x be Real holds f.x = min(d, max(0, b — |. bx(x—a)/c .|)) )
holds f | [.a—c,a+c.] = AffineMap (b/c,b—axb/c) | [. a—c, a+(d—b)/(b/c) .]
+x* AffineMap (0,d) | [. a+(d—b)/(b/c),a+(b—d)/(b/c) ]
+* AffineMap (—b/c,b+axb/c) | [.a+(b—d)/(b/c), a+c.];

EEOBRTIRMUTOR @) TRdE 3.
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FEAXL 7 Z 7 2R OBBOBEMIAS 220, FlIZIXEADOFETH 5.
L7z TARY —7 4 7V THEAL U7 HERIBUCS & o TEEXFRR X > ons v TR
R T 2 KR, XYy TEBOED GE7 7Y 4 Wl RERICED, T HH
BEERTDHDILEREDICLTNVS

LUT o B HERI RO F W 72 B DR FMEZ R L TWwa. & FUZZY 8:19 13,
R Q) OBBE R L7 DTHS. ER b, d e DED T HFED=MABAS L I13%F
HIBTEEID X Ny y TEBE T2 3 TE 5.

Listing 2. FUZZY 8:18, FUZZY 8:19

theorem :: FUZZY_8:18
for f be Function of REAL,REAL, a,b,c be Real st (for x be Real holds f.x = b — |. bx(x—a)/c .|)
holds (for y be Real holds f.(a—y) = f.(a+y));

theorem :: FUZZY_8:19
for f be Function of REAL,REAL, a,b,c,d,e be Real st (for x be Real holds f.x = min(d, max(e, b — |. bx(x—a)/c .|)) )
holds (for y be Real holds f.(a—y) = f.(a+y));

2.2 FHEMEREHOED

ROEH FUZZY 8:20 1F (6] TERSNABEX v onyy TEBOBATRE S Z
LERLTWS. ERDED, FHEHAIX oy vy TEOE LS LK (TE) oS
THasZLIZEAWETH 2 1. UTOFEHIZZOHRLTH 2.

Listing 3. FUZZY _8:20, FUZZY 8:23

theorem :: FUZZY_8:20

for a,b,c.d be Real st b >0& c>0& d > 0& d < b holds

for x be Real holds

(d (#) TrapezoidalF'S (a—c,a+(d—b)/(b/c),a+(b—d)/(b/c),a+c)).x = min(d, max(0, b — |. bx(x—a)/c .|));

theorem :: FUZZY_8:28

for a,b,c,d be Real, f be Function of REAL,REAL st
b>0&c>0&d>0&d<b&(forxbeRealholdsfx—mm(d max(0, b — |. bx(x—a)/c .])) )
holds centroid (f,[’a—c,a+c’]) = a;

TOEBIEAD E HITH (a—c,0) 225 (a+ c,0) DERDTH 5 50 =AFREE
CEHAERRBEMOBELIFEL N ERLTWS. L Listing@ XD ZO&E M a T
H5.

Listing 4. FUZZY 8:34

theorem :: FUZZY_8:34

for a,b,c,d be Real, { F be Function of REAL,REAL st

b>0&c>0&d>0& (for x be Real holds f.x = max(0, b — |. bx(x—a)/c .|) ) &
( for x be Real holds F.x = min(d, max(0, b — |. b¥(x—a)/c .|)) ) holds

centroid (f,['a—c,a+c’]) = centroid (F,a—c,a+c’]);
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2.3 #ENHEREKIC & B X RURABEKROME

BESIZT 7O 4 FIENCE S 2RI BWT, RESBREROBOFEEICE T 2 2% %
fToTW3 (1] [8]. ZOBITIREEZR, 7 72 4 #HEmc BV TEIASITH B iAot
3 % Lipschitz SN EE R &EZ RS, UITD FUZZY 8:25 137 7 ¥ 4 #amat B IR
REZRL - Lipschitz @it DFFHIC BV T, FIFHAIREREH e 725, —F, FUZZY_8:26
W37 =74 7V Bl ITTERLLIET 72 4L (FELD, centroid) ITHHT 5729,
FHEBIBUC & o TR SN X T HIRTE R O 7 ATREEF BT 2 € TH 5.

Listing 5. FUZZY 8:25, FUZZY _8:26

theorem :: FUZZY_8:25
for a,b,c,d,e be Real, f be Function of REAL,REAL st
¢ <> 0 & for x be Real holds f.x = min(d, max(e, b — |. bx(x—a)/c .])) holds f is Lipschitzian;

theorem :: FUZZY_8:26

for a,b,c,d be Real, f be Function of REAL,REAL st

¢ > 0 & ( for x be Real holds f.x = min(d, max(0, b — |. bx(x—a)/c .|)) )
holds f is_integrable_on A & f | A is bounded;

3 2 DDBEHHEREL -

7 7 P 4 RO MRS RSB ORI OB G LTH XS, 2FH X5
MHRIEREEL D & 5 ICEBO B ERE L7232 D ko TWb, KIFETIE, H5 14T
M35 20088 E 4+ it 5 EHWTELTWS, BOAREERLHEDEO7E] (FRD 12
M2 FoE#Ez Rt 7.

Listing 6. FUZZY 8:11, FUZZY 8:13

theorem :: FUZZY _8:11

for a being Real, f, g, h being Function of REAL,REAL st

f] A is bounded & f is_integrable.on A & g | A is bounded & g is_integrable_.on A &
ain A & h = (f|].—infty,a.] ) +x ( g | [.a,+infty.[ ) & f.a = g.a

holds h is_integrable_on A;

theorem :: FUZZY_8:13

for a,b,c being Real, f,g.h be Function of REAL,REAL st

a<=b & b <= ¢ & fis_integrable_on ['a,c’] & f | [’a,c’] is bounded &

g is_integrable_on ['a,c’] & g | [’a,c’] is bounded & h = ( f | |.—infty,b.] ) +* ( g | [b,+infty.[ ) & f.b = g.b
holds integral(h,[’a,c’]) = integral(f,[’a,b’]) + integral(g,[’b,c’]);

FUZZY 8:13 L B# 3 2 @I 7 —7 4 7L @ IZERENT V5.
S U 22Bsk h 2L T OR B) TERT 5. 2721, B S, 9\ BEETHD, f(b) = g(b)
TH5HL95.

(3)

Ot xE, h DX [a,c] IZBF B EHL centroid(h,[’a,c’]) XEEL f, ¢ T ZNOMHFE L
H[ centroid(f,[’a,b’]), centroid(g,['b,c’]) DMEFH & LTRD L 5 12EKE 5.
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centroid(h,[’a,c’]) =

[ h(z)da
fpe- f@)de Jye (
—_— r)dr + ———
w1 fb Il
= i)
centroid(f f f(x)dz + centroid(g ) Jy g

fafa:d:c—i-fbg:z:
UTFoEBEZzhzEab L. SEHIE ERD FUZZY 8 13 2@ L 7-.

Listing 7. FUZZY 8:14

theorem :: FUZZY_8:14

for f,g,h be Function of REAL,REAL, a,b,c be Real st

a<=b & b <= ¢ & f is continuous & g is continuous & h | [a,c.] = f | [.a,b.] +* g | [b,c] &

integral(f,[’a,b’]) <> 0 & integral(g,['b,c’]) <> 0 & f.b = g.b holds

centroid(h, [’a,c’]) = 1 / integral(h,[’a,c’]) * ( centroid(f, ['a,b’]) * integral(f,[’a,b’]) 4+ centroid(g, ['b,c’]) * integral(g,[’b,c’]) );

COEBIC X o C, MK DHRIEEBOBENRC K 2IE7 » O 4 LFREPIES T2
CHFTE .

4 —RNBEERERERDED

ARETE, UTOR DD X5 2 & CHAZKIEAUATEIC R 5 X7 HRTERIEIC
DWTEZS. ZOBBE fe32eAToX @) OLSICEHATES.

ab |c d
centroid (f, [a,d])

2. Piecewise linear function f of (H)

[t il won z € [a,b]
s—1r c(s—r)
fay=9"" (4)
P z € [c,d]
0 z ¢ la,d]

@ o fr8REES 2 TOEETRIA L 7.

Listing 8. FUZZY _8:36

theorem :: FUZZY_8:36
for a,b,c,d,r,;s be Real st a < b & b < ¢ & ¢ < d holds
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AffineMap(r/(b — a),—axr/(b — a)).a = 0 & AffineMap(r/(b — a),—a*r/(b — a)).b=1 &
AffineMap((s — r)/(c — b),s—cx(s — 1) ():)— b)).b = r & AffineMap((s — r)/(c — b),s—

AffineMap((—s)/(d — ¢),—d*(—s)/(d —
ROEHZ r = s 261 f HAFEOBEBICZ S %, B TrapezoidalFS [5] d
EREE LTEIFLZETRLTWVS.

Listing 9. FUZZY 8:41

theorem :: FUZZY_8:41

for a,b,c,d,r,s be Real st

a<b&b<c&c<d&r>=0&s>=0&r =sholds

for x be Real holds

(r (#) TrapezoidalFS (a,b,c,d) ).x = max+ ((AffineMap(r/(b — a),—a%r/(b — a)) | ].—infty,b.]

+# AffineMap((s — r)/(c — b),s—cx(s — r)/(c — b)) | [.b,c.] +* AffineMap((—s)/(d — ¢),—d*(—s)/(d — c)) | [.c,+infty.[).x);

72721, BRAERBEEUA T TERSIA TV SES (max+) ZHWTHR L %.

Listing 10. RFUNCT _8:def 1, 2 [i0)]

definition
let r be Real,;
func max+ r —> Real equals :: RFUNCT_3:def 1
max (r,0);
correctness ;
func max— r —> Real equals :: REFUNCT_3:def 2
max ((— 1),0);
correctness ;
end;

R @) D f DX [a,d] 1ZBF 2 ED centroid(f, [a,d’]) IZUTD XS KkDHN 5.

_ fad:vf(x)d:v
centroid(f, ['a,d’]) = ————
= T
- {(b— a) (l)_Ta(zﬂ +ba+a2)/3+ b__az : b;”)
+(c—b) (i:Z(CQ +chb+b%)/3+5s— C(j:g) : C‘; b)

+(d —c) (d__sc(d2+dc+c2)/3+(_d)d__sc : d?) }/
R = O

+(d—c) (d__sc : d;c + _j(__j)> }

Z DFERDOEAIEH LT OEMTH 5.

Listing 11. FUZZY _8:43

theorem :: FUZZY_8:43

for a,b,c,d,r;s be Real, f be Function of REAL,REAL st
a<b&b<c&c<d&

f] [-a,d.] = AffineMap(r/(b — a),—axr/(b — a)) | [.a,b.]
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+* AffineMap((s — 1r)/(c — b) s—cx(s —1)/(c — b)) | [.b,c.]
+x AfﬁneMap((—s (d — ¢),—dx(—s)/(d — ¢)) | [.c,d.] holds
centroid( f,[’a,d’]

ﬂ(g*ﬂ)@+wﬂ+(5%®*0KC*M))
—s)/(d —¢) )x(d + ¢)/2+ (—dx(—s)/(d —¢) ) ) );

((b—a)x( (r/(b— a) )*x(bxb +bxa + axa)/3 + ( —axr/(b — a) )x(b + a)/2)
+ (¢ = b)*( ( (s — r)/(c — b) )*k(cxc +cxb + bxb)/3 4+ ( s—cx(s — r)/(c — b) )x(c + b)/2)
+ (d = ¢)*( ( (—s)/(d — ¢) )x(d*d +d*c 4+ cxc)/3 + ( —d*(—s)/(d — ¢) )*(d +¢)/2) ) /
((b "a)*(( a) )x(b +a)/2 + (—axr/(b —a)) )

(

5 F&o

AWFZETIE, FifEIcE | Ei = XOoWHIEREE D FICENEEHWIETY » & 1 {LEHR
WS B BEERFEEE R T 2 TERUL BT o 72, AR TR, MonERIEE W T 5%
A= AERISPEHA A OB E R L, EOOMEERE, SFEICB 3 2 &8 % iEH
U7z, AWFZETIRE U A HERI SR FI W 72B80 (X oy » TBIE) ORI, X o
>y ZTHEBOBELOEPBHTHZ 2 v, ZAFORLERTERBR LD EESEIT
PR TVE WIS HELD B.

ZOMIZ, 2 00BN D B 1 S CHlkE L 2B oW T WL oD EIA L 72
3ETHANREH FUZZY 8:14 1%, BEORIC K 2IET 7 ¥ 4 {LiE%EE % DEEE D EOLDHE
YHERICEDRDZ ZERABEL LTW3. D% b, EOHEOSFOER LR oM%E

SRRV DA B TE 2 EZ b 5.

INETDT —T 4 ZVT Mamdani iEB X OUREFE-HE-BEOETHOONHED
FERXITTRZ 20T, 5%DERE LT, BHAME (Lukasiewicz t-norm) 72 ¥ Oftid
HEOEALZFEL Lizw.
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FUZZY_8 Symmetrical Piecewise Linear Functions Composed by Absolute Value
Function

by Takashi Mitsuishi

Summary: In this paper, some mathematical properties about piecewise linear func-
tions are formalized. The focused piecewise linear functions are symmetrical and com-
posed by absolute function. L-R fuzzy number is applied for various field. Since isosceles
triangle type and isosceles trapezoid type membership functions are simple, they are
applied for the membership functions of L-R fuzzy number in most cases. It is formal-
ized that the membership functions of isosceles triangle type and isosceles trapezoid
type can be constructed by absolute value functions. It is proved and formalized that
the centroids of the composite function of two continuous functions are the weighted
averages of the areas and centroids of the functions that compose them. Moreover,
some calculation and operation between membership functions for fuzzy approximate

reasoning, e.g. Mamdani method and the product-sum-gravity method are formalized.
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