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We formalized the so-called Primary Decomposition of Ideal appeared in the chap-
ter 4 of [M]. we call an ideal a of a commutative ring with the unit element, has a
primary decomposition when such a finite set of primary ideals {q;} that a = N{q;}
holds. A decomposition is called minimal when \/a are all distinct and g; 2 ﬂ? 245
hold. This paper describes process of developing formal proofs for existence of a primary

decomposition and its minimality.
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4 T 7 NDIRL IO R RPBERIRDO A 77 VR ((6) = (2)N(3)) LMD
BWRTH2. AT 7N aDRfREa LIERRZ A4 T 700, c DIBEIHLSICHFEL W (a = bNe)
CEWZald b cXAMREINDLERD. BEIRTEFEA T 7ADMKA T 7L THD,
RA T 7 IWFERA T 7N 725 Z e PHISGN TV S DO TRRDRITIER D ROH &
%%, —ROTHEEROSGE, ARMEOMER A 77N {q;) OHEHLTICEIDA T T LOS
I TWa Z e 2H RS VWS, RO DIIIRORITTDH S {q:} TTOEZ
RME U RE (WX 1 D TH RO DR 3 & 0% S v, 7
FHET 3. RN TEERNRE, 52 5NRERDRD O RERHEZMKT 2 FIEH
FET 32, RURERBO—EIEL §bN 2 MERNMERT OREEE & b BT 2 F A
F7u (FBEEF) ZIEZEDRICESRVEWSHETHS. ZhsDHNEDERILHIA
FoBEWE 722, BRLE—BROHIRTO A 77 VDR IRE ST [1] #BF 1L T
FEhEL 7.
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2 #fg

DUFAR T AR & W IR R OIEEARIREIEL A TRT. A 77V ER
AT (a,0,6,p,q..) EHVI (A BRADIRTDOA FT7AORIEEEERT. P
BHEEARZLZ2GEHAVE. A T 7VOERES {q; |i € I, IERBMNUES)} % {q:} &
MEEL S 5.

2.1 FIBEFESICET D%

JW2EA T 7 A AEBRICE USRS D D HERS I 50 ROMFRN % i 72 5 O T HIEF
DREEDAD (3, <) = (#73, Rellncl(T)#) & Mizar IZTERLEN 5. ZOHFEIIE-T
(3,<) IR A F7APGFEET 5 2 2D Zorn DFEEHWTIHEAEI NS, 4 77 LD
A F 7OV TEEREE 21X/ L T0S. LUFTIREARTER 2 32— |
FHEE (X,R) TR OWEEZBNS. (ZZTX BEATRIEIX LoBERETH )

HE 2.1. (BLC Mizar THERMLEN TV EIHERZZD 7 —7 1 7L EHOFEBSZH L
7o, SR L EHRPERIIE T —7 1 7% LTIDEAL3 & LTS5 L)

(i) Poset(X,R) DHREEIM/NTEZFD. (cf. BAGORDER:7) .

(ii) MTORBUIAGE, TEEFES X OMIEE M 2B 28T 201 13RD &
IR LS5 ¢ 20 is_minimal wrt M, Rellncl(X). (cf. WAYBEL 4 : def 25).

(iii) Poset OFHRETEE M HOMNTOZFEEIF minimals(M) & L TER L
5. (cf. DILWORTH:def 9).

(iv) Poset X OFDEAE S DEEDITTELD bR 2Z X OL2fk% UpperCone S &
LT 5.

(v) 3(A) DEEHES SITH LT (S, C ) ZLIEFEE L 5.

Poset X O3 8EE% S £ LT minimals(S) & UpperCone(S) ZFIH L TLL T DE
B D 31D,

EE 2.1 (¥ 6.1). Upper ZLLTORRICERFRT 5. (cf. IDEAL_3:def 9)

Upper: minimals(S) — PB(S)
w w
x +— UpperCone{z} U {z}

Z DI
UUpper(S’) =5
DD ILD. (cf. IDEAL_3:30)
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2.2 ATFT7IICEATZIERCHE

ME 2.2. ZITEATT7LVON, RS FTT7IVDOER EHEEABRNS.
T ab,qmidfEEDADLT7LETS.

(i) a BEEITH 2 L 13
a=bNcr22aZ8LAT 7L b, ¢ BIFELRL.

(i) q BEERA T 7R
xyeq=x€qVIneN sty" €q (cf. IDEAL_2: def 4).

(i) a D b D (a: b) WA TOERATEES A7 7L TH%. Mizar Tld (a % b) &&
LT 5.
(a: b)) ={zx € A|2b Ca} (cf. IDEAL_1: def 23).

(iv) a DRE /o BUTOEATEEZATT7LTH 5.

Va={z € A: 2* € a for some k € N} (cf. IDEAL_1 : def 24).

(v) qPHEEA FTLOLE \JQREATFTILERY p=\/qRBL E q % p MR F
721& p-primary £\ 5. (cf. IDEAL_2 : def 6).

(vi) Va=n{p' | p’ € SpecA,a Cp'} DD IIDODT (cf. TOPZARIL:1S), q 25 p-HER
BoRp R qBORNDEATTATHS.

(vii) a4 F 7 AR a l3HERA T 7. (cf. IDEAL2 : 23).

(viii) m Z#KA 77, n ZIEOEEE 5. m™ 3HERA 770, (cf. IDEAL2: 35).
(ix) AREDUERA 77 LV OIE I E/MERA 772725, (cf. IDEAL 2 : def 6).

EE 2.1 A 771 b EEELTER (%b): 7 (A) — 3 (A) UL TORRICERT 5.

(%b): Ideal(A) — Ideal(A)
w w
b —  (a:b)

ZOEBITPT (A) 25 BT (A) NDE {a;,} — {(a;: b)} ZFFET 3.
EE 2.2. Effsqrt(A) ZLITORICERT 5.

sqrt(A):  Ideal(4A) — Ideal(A)
w W

a — Ve

= DEBIE P (D) 25 P (D) NOT {0} — {Ja} 2HET 3.
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3 HEZRDHR
3.1 ERDPBROTRCIRR

Mizar DAL D EHEERASR (PVS), Mizar, Isabelle HOL, LEAN T®D A 7 7 )L D7 f#IC
B3 2L RNZEHICE R T 5. — 0 UFD OBEIITIC X 2 w3 ho
PVS TIEALENTWS. 4 T7LDNRIE LEAN B2 7 7% > VT4 77
NIfREE &7 4 RO—ERROFHKZGE e LTUEMbL TWw3 2. AFETH#K->TW3
RS IEIR 2 IE L TO R WA T O TH D Mizar A O E IR TOE
HF RV, REEREDOBHRIE S & A4 77 L DDRE DN TH D REET DD E
TOBEE L% Isabelle HOL TN A X — AFROFEAGICE £ 28 = BRy 2 UE
FRIIEE RIE A [B]). Mizar T 7 7 4 YREWEE Z - 72 [@] REIES ORE
KD NERA T 7N R2 e DR D 5. EFEHEICEE%Z & { Isabelle HOL T
DR F — LA DRER TIINAZER D E D SIROEADETTH 2 BOEA Lz F I 2
¥ — K AT O REE AR I O & 5 R ZHEABRE R e UL ECoBIR T
H5.

3.2 EXRDEOBE

477N a ERAGESR A 77 04 {q,) OIEBNCEL B2 L&A F 7 GHES
4 FT L DHEEND LS. {q) ORERE > THASEA 77 {q) 2% a
DHEET LWL, AMFTIERHT o OPCENS () PEEET LR L 53,
BOA F 7 ADHEE DR 0 L I3IR 5 WHAH 1 TH b RS o4 77 L%
HEESATREL V5. CHBRERLE LTEL D5,

FE 3.1 477 a BUERDRATHE L (FHER A 77 A 73 2 HIRES {q)) BTFLEL
a=n{q;} BRH IO EWNS.

WRIRIA T 70 a DRFEORERF o2 EZT0D. ZOSIICIZRDEHE D

HTH5.
EI 3.1. FEDA F7IALDOERS| F, 1Tk LT,
Vlai}b =0
DI D 3D,
TEB R MER D IRATRER A T 7L a IS T 5 &
\/a =M\
DD BHERAL T 7 VDRENRA T 7LD g, =p; LB
\/ =nNp;

B, p; RRBRERF LR a DRED p; ITX D BRFOMEINTZ e n»5. LIrL
BROPORRT O p; KEFEED D V1R 2 D TEEERZZVRICHTGD {q;} #EH L CE
B NER A F7LOEE (G, 2T 5. BEEIZD D TR B {§,) KIETICER
THIRETHL 2l
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EE 3.2. ERDMEAEEA T 7V a DMERTR q;, PRETH 2 21, (cf. IDEAL 3:def
17)

(1) Vi # 4, (i # j) TH% radical-distinct & FES.
(i) qi 2 n;;éz q;

PiELTeERES. CHIRELRDRIT 1 D THHEZERFRRIT 2 £ HEED D a &K
S5V EERLTVWS.

M EDWEA T 7 NDGREDED 3 DDECH T TERLETTS
1) ZERTOEE 2K
2) RS 1) DL
3) WS i) DFEBL.

KR FOERLZVKRDOIEAI L BFERMZEN T 2 D UHORE L 72 5. RROTF
NED BRI SRR (1] D 51 EORBEDEIED S 52 HORFIDEEFITREINTWEDTIN
WHES BFIEE BT 21238 5 0 OBBOMERIREL 72 5. BIBHE 1 BREOEED
RNHRR T ORBUFHERK T DEM sqrt(A) I X 218y U TEEZIDFRL . RESRE )
DFEHD 1= DIIZERFHIREEEZ > TZ DR T L 2 RN T2 71— b L 7 —
THICHERRFOHEE D % & D Fii RERR TR T 5. BIESEMF i) OFEBNCH-
TMERL U 7 MR K T 2 A A B DEINCR D A F 2R < FlEx BB L TEUts 5.

3.3 EZXSEOAAL
3.3.1 ZEAFOEEDRE
WELIMRATREIR A 7 7L a T {q;} DEZERTFO L ¥,

E& 3.3, /i =p CEZBEE sqrt(A) 1K BEE {q} DBRIFMEERZFZ S TT A0S
RBEE LD Ik prime_divset(q;) £ KiLT 5.

#E-> T prime_divset(qi) = {p1, P2, - .-, pr} DREEFERDBERUIATOED TH 5.

Listing 1. IDEAL_3:def 4 - Def.4

definition

let A;

let q be non empty finite Subset of PRIMARY (A);

func prime_divset(q) —> non empty finite Subset of Spectrum A equals
=IDEAL_3:def J

(sart(A)).:q;

end;

N O Ok W N
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3.3.2 mAEEMH i) ORI;A.

4F7N 0 DEEFTE () LT 5. () OTOMEE L o THLL K2 HDRHED
T N— TR FTERT 3548 PFactors & - TIT5. A D7 —Fh b eH-
Tau,q. 8 TBL i1 # @z £BoTV5.

EE 3.4. ERNMRAJEEAS T 7V a=Ng; DL &, Y PFactors ZE&KRT 5.

PFactors(qi): prime_divset(q;) — PRIMARY (A)

w w
p > (sart(A)""p N {ai}
EATEE THEN FOMICHK > TH DL () 2EEF p OISR 7 b1C
o T3,
{ql}:{ qll...qlr 5 q21..-q25 ’... 5 qkl.-.qkt }
—— N——— S——
p1—primary p2—primary pr—primary
=PFactors(p;) =PFactors(pz) =PFactors(pg)

PFactors DFERILIZLLTD@ED TH 3.

Listing 2. IDEAL_3:def 5 - Def.5

let A;

let q be non empty finite Subset of PRIMARY (A);

func PFactors(q) —> Function of prime_divset(q), bool PRIMARY (A) means
:: IDEAL_3:def 5

for x be Element of prime_divset(q) holds ex pl be prime Ideal of A st

X :dpl & it.x = (sqrt(A))’{pl} /\ q;

end;

N O Ut W N

RIZHEHE 2.2. vii) ZRIH T % & PFactors T N7 pj-primary 7 /b— 7 OILEER
RIS & N{qi, - qi, } EEL pj-primary 4 77V 725, ThEq; L RT. HIL—
TOIEER S E L B LT CHERA T TALOEE {q;} PR ED L. b D aD
WERMRICTR D 2L DRI Nk £ § 72513 /4, # Gk DD LB IR 1) 2 EB
5. RRFHRMIGT 57— T OIEE T 2 HL 2 G4 Red Z LT ORITERT 5.

E&H 3.5. FICHE PFactors Z M L THE Red & T 5.

Red(qi): prime_divset(q;) — PRIMARY(A)
w w

p — N(PFactors)(p)

Listing 3. IDEAL_3:def 6 - Def 6

1 definition

2 let A;

3 let q be non empty finite Subset of PRIMARY (A);

4 func Red(q) —> Function of prime_divset(q), PRIMARY (A) means

5 :: IDEAL_3:def 6

6 for x be Element of prime_divset(q) holds it.x = meet((PFactors(q)).x);
7 end;
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R F {q;} DFIR Red I X 21BIILLT ORRIZIZ .

Red{q’t} = { m{qll "'qu}’ m{qu .'.qQS}".' 7ﬂ{q1€1 ' qkt}}
I I Il

q1 q2 qk
Frafiizems e qg=n{d;} L&D {q,} PESDRL D, HERRERME ) 2EHL
TW3., ZOZeEEME LTUToRITERILL 7=

EIE 3.2.

m{qz} = mI%dekGprime,divset(q)(plc)
DI D ALD.

Listing 4. IDEAL_3:27 - Th.27

1 theorem :: IDEAL_3:27
2 for q be non empty finite Subset of PRIMARY (A) holds
3 meet q = meet rng Red(q);

{4} DIED i HESESRM 1) Bz LTS, 2 2 THIZES {§;} DM/ &R
LEREEERT DL, Thd EMERNMRE G RSN 1) 273 OTHRZ 2D
B LD ROEH LI HERDRE MRS 2 2 e 3k 5.

EE 3.6. {q;} RHERA T 7 LOEE YL LTE Red O {§,} 2 AEBRIC X 2 LIEF
H£ELRD {q;} DMUNT 585 EE % minimalRed(q;) L EFET 5.

Listing 5. IDEAL_3:def 18 - Def.18

1 definition

2 let A;

3 let q be non empty finite Subset of PRIMARY (A);

4 func minimalRed(q) —> non empty finite Subset of Ideals(A) equals
5 :: IDEAL_3:def 18

6 minimals(RelStr(# rng Red(q),Rellncl(rng Red(q)) #));

e .

end;

minimalRed(q;) & 2% & DUT OEHDEK D 32D,
EIE 3.3. (TEOMELAL T 7 LVOEBES {q:} LT,
N{qi} = NminimalRed(q;)
HIK D 325 minimalRed(q;) DHERTEEZ G Z TV HEEZRL TS,
FIE 3.4. (TEOERA T 7 VOHERES {q:} 1L T,
minimalRed(q;) {& radicaldistinct.
DI D 3D,
ER O]

Listing 6. IDEAL_3:43 - Th.43

1 theorem :: IDEAL_3:43
2 for q be non empty finite Subset of PRIMARY (A)
3 holds minimalRed(q) is radical—distinct;

JERE 3.3, 3.4 12K D RIS 1) 27z 3HEZR DR minimalRed (q;) 2R S huz.
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0~ O U W N

00~ O Uk WN =

3.3.3 XM ii) ORH.

ﬁﬁﬁ’ﬁf a= ﬁ{ﬁ[j} i)‘ﬁj?. DYLO Z Z%@%ﬁ: 1) %(ﬁfCT: & ’2&7‘2@{, a 75 ﬂi;ﬁj{qj}
DAL © 7z. M/ NTTOISEEE S %P S O THUNMED & D BERE] 2 X HERE B LT
DREAZ R U 72 DSR2 o To. IS i) OFEBLD 2D LIT OFIEZ ZI TS 1

R,

FlE 1. Set N =1{q;}, i = 1;

while i < N;
if a="0,2;{q;} then Swap g to A N i++
else i + +;

end,

COFIEIFRDA T 7NVOEEE LTUTO200BIC XD EET 5.

Listing 7. IDEAL_3:def 26 - Def.26

definition
let A;

let n be Nat;

let S be Element of (Ideals A)x ;
func Trimming(S,n) —> Function of (Ideals A)x* , (Ideals A)* means

:: IDEAL_3:def 26

for x be Element of (Ideals A)* holds it.x = Trimming(x);

end;

ARESZHELRTVE S AN ZARINC L TFIAL. ZIRMANCLUT ORI TE R

35,

Listing 8. IDEAL_3:def 25 - Def.25

definition
let A;

let S be Element of (Ideals A)x ;
func Trimming(S) —> Element of (Ideals A)* equals

:: IDEAL_3:def 25

(Del(S,1)) " <*(the carrier of A)*> if meet(rng Del(S,1)) = meet rng S
otherwise (Del(S,1))"<*S.1x>;

end;

COFMEDIELEZ AT 2 UXT < & B RIESRM i) Zie T 2 0ENEoNS.

4 EE

HIFED 3.3.3. TEXR LD, 4 77V a DUERD A CHERK T M/ NT THMN R
NG EFEICREER (DRORTFH 1 OTHRIT B LRI SZWN) IR ->TW»
3 FPRLUTOWEDSEFHIIZES R o7, ZDOFEKITEEHICOH L TWRwgs, Mivhic
ZUE(R U C e MR U 7 BRI R 2 (R S 7003 S UER K F ORUE I & 3 4 TSR

1) OFERHTIEIINRIY T D o 7 AL i) TV KHEREL 7202 o 2.

WE p; Cpo % a DEZEDNMRORR T T2 X, py PERFOFTHNTTH S L X p,y
FHEREF e w5 . BERRT q1, qo BAZALZE N pr-primary ¥ po-primary TH o7z F
% EREZE S & po ld Va DERFIIFNTHE T 2. BREHTFTER D L q2 DR
TWTHVWDD, R ZeBHRZVOLREDFH R THIM IR W (k7325 72)
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DT—D—DUWERERKFI D RN TR TN B0 HEL—F VA 72 D FiED
FlE 1 Z0E e Uiz, 20 HACHIBEO AR FIE 1 ORI 2 b OB RZT Hh
(Zaxty —DEEHEZHEADONDRO 7 LT Y X 8%) | 20 HILHIEED A 7 7 Vi,
BEGEROAEIIZ B WV T Mizar THEREDHRZ Z e 20w e Bbh 3

SREFIE 1 OIESSEDFIH. AR TREEZ R - P—BWEHE, 4 77 a5t
LBRRDZEERDREDRD > THZNODERKFIEFA—TH 2 I ZRLEEHTHS. Z
Ny RKFEREHTH L EITS

SE
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FUNCT.1, RING_I;

theorems RLVECT_1, IDEAL_1, FUNCT_2, TARSKI, FUNCT.1, NAT_1, RING_1, XBOOLE.0,
FINSEQ_1, ORDINALI, XBOOLE_1, RING_2, RELAT_1, SETFAM_1, TOPZARII,
FINSEQ_5, PARTFUNI, FINSEQ_3, FINSEQ_2, TOPREALA, CARD_1, IDEAL 2,
SUBSET.1, ZFMISC_1, FINSEQOP, TARSKI.0, CARD_2, CARD_FIN, SETWISEO,
AOFA_L00, DILWORTH, WELLORD2, ORDERS_2,
WAYBEL_4, BAGORDER, ORDINALSG;

schemes NAT_1, RECDEF_1, FUNCT_2;
begin :: Preliminaries: Some Properties of Ideals

reserve R for commutative Ring;

reserve A for non degenerated commutative Ring;
reserve [,J,q for Ideal of A;

reserve M,M1,M2 for Ideal of A/q;

:: Generarization of ZMATRLIN:42
theorem :: IDEAL_3:1
for I be Ideal of A
for F be FinSequence of A
st for i being Nat st i in dom F holds F.i in I holds Sum F in I;

definition

let A;

func sqrt(A) —> Function of Ideals(A),Ideals(A) means
:: IDEAL_3:def 1
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for x be Element of Ideals (A) holds it.x = sqrt x;
end;

theorem :: IDEAL_3:2
for I be Ideal of A, F be non empty FinSequence of Ideals(A) holds
rng((%)*F) <> {} & mg F <> {} &
meet rng((%I)*F) c= the carrier of A;

=[AMJEz.1.12. iv) (/\Fz % 1) =/ (Fi%I)
theorem :: IDEA
for I be Ideal of A, F be non empty FinSequence of Ideals(A) holds
(%1).(meet rng F) = meet rng((%I)*F);

theorem :: IDEAL_3:4
for I be Ideal of A, F be non empty FinSequence of Ideals(A) holds
rng((sqrt(A))*F) <> {} & rng F <> {};

registration

let A;

let a be non empty FinSequence of Ideals(A);

cluster meet (rng a) —> add—closed left—ideal right—ideal for Subset of A;
end;

reserve x for object;

theorem :: IDEAL_3:5
x in Ideals A iff x is Ideal of A;

theorem :: IDEAL_3:6
x in PRIMARY (A) iff x is primary Ideal of A;

theorem :: IDEAL_3:7
PRIMARY (A) c= Ideals (A);

theorem :: IDEAL_3:8
x in Spectrum A iff x is prime Ideal of A;

theorem :: IDEAL_3:9
for I be Ideal of A, F be non empty FinSequence of Ideals(A) holds
(sqrt(A)).(meet rng F) = meet rng((sqrt(A))«F);

theorem :: IDEAL_3:10
for I be Ideal of A, F be non empty FinSequence of Ideals(A) holds
(%I)*F is non empty FinSequence of Ideals(A);

definition

let A;

let I be Ideal of A;

attr I is primary_decomposable means
:: IDEAL_8:def 2

ex  be non empty finite Subset of PRIMARY (A) st
I = meet q;
end;

registration
let A be non degenerated commutative Ring;
cluster primary_decomposable for Ideal of A;
end;

definition
let A;
let I be primary_decomposable Ideal of A;
let q be non empty finite Subset of PRIMARY (A);
pred q is_a_primary_decomposition_of I means
:: IDEAL_3:def 3
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I = meet q;
end;

reserve F for FinSequence of Ideals(A);

= Th2SPEC2:
:: Spectrum(A) c= Ideals(A)

reserve x for Element of A,
o for object;

definition

let A;

let q be non empty finite Subset of PRIMARY (A);

func prime_divset(q) —> non empty finite Subset of Spectrum A equals
:: IDEAL_3:def 4

(sart(A)).:q;
end;

definition
let A;
let q be non empty finite Subset of PRIMARY (A);

func PFactors(q) —> Function of prime_divset(q), bool PRIMARY (A) means

:: IDEAL_3:def 5

for x be Element of prime_divset(q) holds ex pl be prime Ideal of A st

X =d'p1 & it.x = (sqrt(A))”{pl} /\ g

theorem :: IDEAL_3:11
for q be non empty finite Subset of PRIMARY (A),
x1,x2 be Element of prime_divset(q) holds
x1 <> x2 implies (PFactors(q)).x1 /\ (PFactors(q)).x2 = {};

registration
let A;
let q be non empty finite Subset of PRIMARY (A);
cluster PFactors(q) —> one—to—one;

end;

theorem :: IDEAL_3:12
for q be non empty finite Subset of PRIMARY (A) holds
union(rng (PFactors(q))) = q;

theorem :: IDEAL_3:13
for pl be prime Ideal of A holds
(sart(A))”{pl} /\ PRIMARY(A) = PRIMARY(A,pl);

theorem :: IDEAL_3:1/
for q be non empty finite Subset of PRIMARY (A),
p be prime Ideal of A st p in prime_divset(q) holds
(PFactors(q)).p is non empty finite Subset of PRIMARY (A,p) &
(PFactors(q)).p = PRIMARY (A,p) /\ q;

theorem :: IDEAL_3:15
for q be non empty finite Subset of PRIMARY (A),
p be prime Ideal of A st p in prime_divset(q) holds
meet((PFactors(q)).p) in PRIMARY (A,p);

definition

let A;

let q be non empty finite Subset of PRIMARY (A);

func Red(q) —> Function of prime_divset(q), PRIMARY(A) means
.- IDEAL_3:def 6

for x be Element of prime_divset(q) holds it.x = meet((PFactors(q)).x);
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end;

theorem :: IDEAL_3:16
for q be non empty finite Subset of PRIMARY (A),
x1,x2 be Element of prime_divset(q) holds
(Red(q)).x1 = (Red(q)).x2 implies x1 = x2;

registration
let A;
let q be non empty finite Subset of PRIMARY (A);

cluster Red(q) —> one—to—one;
end;

theorem :: IDEAL_3:17
for q1 be non empty finite Subset of PRIMARY (A), n be non zero Nat,
pl be prime Ideal of A st card(prime_divset(ql)) = n+1 &
pl in prime_divset(ql) holds card (prime_divset(ql) \{pl}) = n;

::theorem Th9B:

:: for q1 be non empty finite Subset of PRIMARY(A), n be non zero Nat,
22 pl be prime Ideal of A st card(prime_divset(ql)) = n+1 &

22 pl in prime_divset(ql) holds

22 mot (PFactors(ql)).pl c=

2 ungon rng((PFactors(q1))|(prime_divset(q1) \{p1}))

theorem :: IDFAL_3:18
for q1 be non empty finite Subset of PRIMARY (A), n be non zero Nat,
pl be prime Ideal of A st card(prime_divset(ql)) = n+1 &
pl in prime_divset(ql) holds
rng((PFactors(ql))|(prime_divset(ql) \{p1})) /\ {(PFactors(ql)).pl} = {} &
rng (PFactors(ql)) =

rng((PFactors(ql))|(prime_divset(ql) \{pl})) \/ {(PFactors(ql)).pl};

theorem :: IDEAL_3:19
for q1 be non empty finite Subset of PRIMARY (A), n be non zero Nat,
pl be prime Ideal of A st card(prime_divset(ql)) = n+1 &
pl in prime_divset(ql) holds

(PFactors(ql)).pl misses union rng((PFactors(ql))|(prime_divset(ql) \{pl1}));

theorem :: IDEAL_3:20
for q1 be non empty finite Subset of PRIMARY (A), n be non zero Nat,
pl be prime Ideal of A st card(prime_divset(ql)) = n+1 &
pl in prime_divset(ql) holds
rng((Red(q1))|(prime_divset(ql) \{p1})) /\ {(Red(ql)).p1} = {} &
g (Red(ql)) = rng((Red(q1))|(prime_divset(q1) \{p1})) \/ {(Red(ql)).p1} &
rng(Red(ql)) /\ {(Red(ql)).pl} = {(Red(ql)).pl} &
rng (Red(ql)) \ {(Red(ql)).p1} = rng((Red(ql))|(prime_divset(ql) \{p1}));

theorem :: IDEAL_3:21
for q1 be non empty finite Subset of PRIMARY (A), n be non zero Nat,
pl be prime Ideal of A st card(prime_divset(ql)) = n+1 &
pl in prime_divset(ql) holds
meet rng Red(ql)

— meet mg((Red(q1))|(prime_divset(q1) \{p1})) /\ (Red(q1)).pl;

::theorem Th10A0:

:: for q1 be non empty finite Subset of PRIMARY(A), n be non zero Nat,
22 pl be prime Ideal of A st card prime_divset(ql) = n+1 &

22 plin (prime_divset(ql)) holds

:: ex gn be non empty finite Subset of PRIMARY(A) st

o (prime_divset(ql) \{p1}) = prime_divset(qn) &

2 gqn = q1 \(PFactors(ql)).p1 &

2 PFactors(qn) = (PFactors(ql))|(prime_divset(q1) \{p1}) &

2 union rng(PFactors(qn)) = q1 \ (PFactors(ql)).p1

—

definition
let A;
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let q be non empty finite Subset of PRIMARY (A);
attr q is minlength means
;2 IDEAL_3:def 7

card q =1 or
for q1 be Element of q holds meet(q \ {ql}) ¢/= ql;
end;

::theorem Th001:
:: for q1 be non empty finite Subset of PRIMARY(A), p1 be prime Ideal of A
:: st prime_divset(ql) = {p1} holds q1 ¢c= PRIMARY(A,p1)

theorem :: IDEAL_3:22
for q1 be non empty finite Subset of PRIMARY (A), n be non zero Nat,
pl be prime Ideal of A st card(prime_divset(ql)) = n+1 &
pl in prime_divset(ql) holds card (prime_divset(ql) \{pl}) = n;

theorem :: IDEAL_3:23
for q1 be non empty finite Subset of PRIMARY (A), n be non zero Nat,
pl be prime Ideal of A
st card prime_divset(ql) = n+1 & pl in (prime_divset(ql)) holds
ex gqn be non empty finite Subset of PRIMARY (A) st
(prime_divset(ql) \{pl}) = prime_divset(qn) & qn = q1 \(PFactors(ql)).p1;

theorem :: IDEAL_3:2/
for q1 be non empty finite Subset of PRIMARY (A), n be non zero Nat,
pl be prime Ideal of A
st card prime_divset(ql) = n+1 & pl in (prime_divset(ql)) holds
ex qn be non empty finite Subset of PRIMARY (A) st
(prime_divset(ql) \{pl}) = prime_divset(qn) & gqn = ql \(PFactors(ql)).pl &
union rng((PFactors(ql))|(prime_divset(ql) \{p1})) = ql \(PFactors(ql)).p1;

theorem :: IDEAL_3:25
for q1 be non empty finite Subset of PRIMARY(A), n be non zero Nat,
pl be prime Ideal of A st card prime_divset(ql) = n+1 &
pl in (prime_divset(ql)) holds
ex gn be non empty finite Subset of PRIMARY (A) st
(prime_divset(ql) \{pl}) = prime_divset(qn) &
qn = ql \(PFactors(ql)).pl &
PFactors(qn) = (PFactors(ql))|(prime_divset(ql) \{pl}) &
union rng(PFactors(qn)) = ql \(PFactors(ql)).p1;

theorem :: IDEAL_3:26
for q be non empty finite Subset of PRIMARY (A) holds
meet (union(rng PFactors(q))) = meet rng Red(q);

::theorem Th9B:

:: for q1 be non empty finite Subset of PRIMARY(A), n be non zero Nat,
;2 pl be prime Ideal of A st card(prime_divset(ql)) = n+1 &

22 pl in prime_divset(ql) holds

:: not (PFactors(ql)).pl ¢=

22 union rng((PFactors(ql))| (prime-divset(q1) \{p1}))

theorem :: IDEAL_3:27
for q be non empty finite Subset of PRIMARY (A) holds
meet q = meet rng Red(q);

::theorem Thi2:
:: for q be non empty finite Subset of PRIMARY(A) holds
:: meet minimals(InclPoset(rng Red(q))) = meet rng Red(q);

22 func UpperCone(S) —> Subset of A equals
;2 ORDERS _2:def 8
22 {al : for a2 st a2 in S holds a2 <
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s:theorem :: ORDERS_2:51
2 a isominimal_in the InternalRel of A iff for b holds not b < a;

::theorem Th2K:

2 for S be non empty Subset of Ideals(A),

:: ¢ be Element of RelStr(# S,Rellncl(S) #) holds

2 x in minimals(RelStr(# S, Rellncl(S) #)) implies
2z isomanimal_in S & x is-minimal_wrt S,Rellncl(S)

theorem :: IDEAL_3:28
for S be non empty finite Subset of Ideals(A) holds
minimals(RelStr(# S,Rellncl(S) #)) <> {};

definition

let A;

let S be non empty finite Subset of Ideals(A);

func minimals(S) —> non empty Subset of Ideals(A) equals
:: IDEAL_3:def 8

minimals(RelStr(# S,Rellncl(S) #));
end;

definition
let A;
let S be non empty finite Subset of Ideals(A);
func Upper(S) —> Function of minimals(S), bool S
means

:: IDEAL_3:def 9

for x be Element of minimals(S) holds
ex x1 be Element of RelStr(# S,Rellncl(S) #) st
x = x1 & it.x = UpperCone({x1}) \/ {x1};

end;

theorem :: IDEAL_3:29
for S be non empty finite Subset of Ideals(A) holds
Upper(S) is one—to—one;

registration

let A;

let S be non empty finite Subset of Ideals(A);
cluster Upper(S) —> one—to—one;
end;

theorem :: IDEAL_3:30
for S be non empty finite Subset of Ideals(A) holds
union rng Upper(S) = S;

definition
let A;
let q be non empty finite Subset of PRIMARY (A);
let a be Element of rng Red(q);
func Lower(a) —> Subset of rng Red(q) equals
:: IDEAL_3:def 10

{I where I is Element of rng Red(q) : I c< a };
end;

theorem :: IDEAL_3:81
for S be non empty Subset of Ideals(A) holds
RelStr(# S,Rellncl(S) #) is Poset;

definition

let A;

let S be non empty finite Subset of Spectrum A;
attr S is without—embedded—prime means
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:: IDEAL_3:def 11

for x,y be Element of S holds (x ¢/=y & y ¢/= x);
end;

definition

let A;

let q be non empty finite Subset of PRIMARY (A);
attr q is reduced means
2 IDEAL_8:def 12

card q =1 or
for q1 be Element of q holds meet(q \ {ql}) ¢/= ql;
end;

definition

let A;

let q be non empty finite Subset of PRIMARY (A);
attr q is radical—distinct means
;2 IDEAL_3:def 18

card q =1 or
for q1,q2 be Element of q st g1 <> g2 holds ex 11,12 be Ideal of A st
ql =11 & q2 = 12 & sqrt 11 <> sqrt 12;

end;

definition

let A;

let S be non empty finite Subset of PRIMARY (A);
attr S is minimal means
;2 IDEAL_S:def 14

S is radical—distinct reduced or
S is reduced radical—distinct;
end;

definition

let A;

let q be non empty finite Subset of Ideals(A);
attr q is reduced means
:: IDEAL_3:def 15

card g =1 or
for g1 be Element of q holds meet(q \ {ql}) ¢/= ql;
end;

definition

let A;

let q be non empty finite Subset of Ideals(A);
attr q is radical—distinct means
:: IDEAL_3:def 16

card q =1 or
for q1,q2 be Element of q st q1 <> g2 holds ex 11,12 be Ideal of A st
ql =11 & q2 = 12 & sqrt 11 <> sqrt 12;

end;

definition

let A;

let S be non empty finite Subset of Ideals(A);
attr S is minimal means
:: IDEAL_3:def 17

S is radical—distinct reduced or
S is reduced radical—distinct;
end;

:Lm12:
:: for q be non empty finite Subset of PRIMARY(A)
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22 holds card(prime_divset(q)) is Nat

::theorem Thi2:
:: for q be non empty finite Subset of PRIMARY(A)
:: holds prime_divset(q) = prime_divset(rng Red(q))

theorem :: IDEAL_3:32
for q be non empty finite Subset of PRIMARY (A)
st card(prime_divset(q)) > 1 holds rng Red(q) is radical—distinct;

theorem :: IDEAL_3:33
for q be non empty finite Subset of PRIMARY (A) st rng Red(q) <> {} holds
minimals(RelStr(# rng Red(q),Rellncl(rng Red(q)) #)) <> {} &
rng Red(q) is non empty finite Subset of Ideals(A);

definition

let A;

let q be non empty finite Subset of PRIMARY (A);

func minimalRed(q) —> non empty finite Subset of Ideals(A) equals
:: IDEAL_3:def 18

minimals(RelStr(# rng Red(q),Rellncl(rng Red(q)) #));
end;

definition

let A;

let q be non empty finite Subset of PRIMARY (A);

func RedRng(q) —> non empty finite Subset of Ideals(A) equals
:: IDEAL_3:def 19

g Red(q);
end;

theorem :: IDEAL_3:3/
for S be non empty finite Subset of Ideals(A),
al be Element of RelStr(# S,Rellncl(S) #) st
UpperCone({al}) <> {}
holds al c= meet UpperCone({al});

theorem :: IDEAL_3:35
for S be non empty finite Subset of Ideals(A),
a0 be Element of minimals(S) holds a0 = meet((Upper(S)).a0);

theorem :: IDEAL_3:36
for S be non empty finite Subset of Ideals(A),

a0 be Element of minimals(S), a be set st a in (Upper(S)).a0
holds a0 c= a;

theorem :: IDEAL_3:37
for q be non empty finite Subset of PRIMARY (A) st
card(minimals(RedRng(q))) = 1 holds
meet minimals(RedRng(q)) = meet (union rng Upper(RedRng(q)));

::theorem Th20Z:
:: for q be non empty finite Subset of PRIMARY(A),
2 a0 be Element of minimals(RedRng(q)) holds a0 = meet((Upper(RedRng(q))).a0)

theorem :: IDEAL_3:38
for S be non empty Subset of Ideals(A),
x be Element of RelStr(# S,Rellncl(S) #) holds
x in minimals(RelStr(# S,Rellncl(S) #)) implies
x is_minimal_in S & x is_minimal_wrt S,Rellncl(S);

theorem :: IDEAL_3:39
for q be non empty finite Subset of PRIMARY (A) st rng Red(q) <> {} holds
minimals(RelStr(# rng Red(q),Rellncl(rng Red(q)) #)) <> {} &
rng Red(q) is non empty finite Subset of Ideals(A);
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theorem :: IDEAL_3:40
for q be non empty finite Subset of PRIMARY (A)
holds
meet union(rng Upper(RedRng(q))) = meet minimalRed(q);

theorem :: IDEAL_3:41
for q be non empty finite Subset of PRIMARY (A)
holds meet q = meet minimalRed(q);

theorem :: IDEAL_3:42 :::::Copy from IDEAL_2, Th36
for Q be primary Ideal of A holds

sqrt Q is prime & for P be prime Ideal of A st Q c= P holds sqrt Q c= P;

theorem :: IDEAL_3:48
for q be non empty finite Subset of PRIMARY (A)
holds minimalRed(q) is radical—distinct;

theorem :: IDEAL_3:44
for S be non empty finite Subset of Ideals(A),
s1,s2 be Element of minimals(S) st s1 <> s2 holds
ex x be Element of A st x in sl \ s2;

theorem :: IDEAL_3:45
for S be non empty finite Subset of Ideals(A),
s1,52 be Element of minimals(S) st s1 <> s2 holds
sl ¢/=s2 & s2 ¢/= s,

:: mon empty is important: iz
definition

let A;

let I be Ideal of A;

attr I is primary_decomposable means
:: IDEAL_8:def 20

ex q be non empty one—to—one FinSequence of PRIMARY (A) st

I = meet rng q;
end;

registration
let A be non degenerated commutative Ring;
cluster primary_decomposable for Ideal of A;
end;

definition
let A;
let I be primary_decomposable Ideal of A;
let q be non empty one—to—one FinSequence of PRIMARY (A);
pred q is_a_primary_decomposition_of I means
2 IDEAL_8:def 21

I = meet rng q;
end;

definition
let A;
let I be primary_decomposable Ideal of A;
mode primary_decomposition of I —> non empty one—to—one
FinSequence of PRIMARY (A) means
:: IDEAL_3:def 22

I = meet rng it;
end;

definition
let A;
let I be primary_decomposable Ideal of A;
mode primary_decomposition of I —> non empty one—to—one
FinSequence of PRIMARY (A) means
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:: IDEAL_3:def 23

I = meet rng it;
end;

reserve I for primary_decomposable Ideal of A,
S for primary_decomposition of I,
x for Element of A,
o for object;

definition

let A;

let S be non empty FinSequence of PRIMARY (A);

func prime_div(S) —> non empty FinSequence of Spectrum A equals
:: IDEAL_S:def 24

(sqrt(A))*S;
end;

definition

let A;

let S be Element of (Ideals A)x ;

func Trimming(S) —> Element of (Ideals A)* equals
:: IDEAL_3:def 25

(Del(S,1)) " <*(the carrier of A)*> if meet(rng Del(S,1)) = meet rng S
otherwise (Del(S,1))"<*S.1%>;
end;

::definition

o let A;

:: let n be Nat;

:: let S be Element of (Ideals A)+* ;

2 func Trimming(S,n) —> Function of (Ideals A)* , (Ideals A)x means
2 IDEAL_3:def 26

:: for x be Element of (Ideals A)* holds it.x = Trimming(z);

send;

definition
let A;
let n be Nat such that
0 <> n;
let S be Element of (Ideals A)x ;
func Trimming(S,n) —> Element of (Ideals A)* means
:: IDEAL_3:def 27

ex f being FinSequence of (Ideals A)* st
it=flenf&lenf=n&fl=S&
for i being Nat st i in dom f & i+1 in dom f holds
f.(i+1) = Trimming(f/.i);

end;
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