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We formalized a standard procedure of ring identification appeared as a lemma in
§13 of chapter 1 of [7], namely:

LEMMA. If R and S’ are rings and if Ty is a given isomorphism of R onto a subring
R’ of S’, then there exists a ring S which contains R as a subring and which is such

that Ty can be extended to an isomorphism T of R onto S'.

We discussed the relation between the above lemma and polynomial rings in terms
of formalization as well, and concluded that polynomial rings would be regarded as a

part of a formal series.
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Listing 1. ALGEMBED:2 - Th.2

1 theorem :: ALGEMBED:2
2 for a,b be non empty set holds ex ¢ be non empty set st (a /\ ¢ ={})&
3 (ex f be Function st f is one—to—one & dom f =b & rngf =c¢ )

)
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Listing 2. ALGEMBED:def 1 - Def.1

definition
let A be Ring, X be non empty set;
let f be Function of A X;
let a,b be Element of X;
assume that

f is bijective;
func addemb(f,a,b) —> Element of X equals
:: ALGEMBED:def 1

f.((the addF of A).(f".a,f”.b));

end;
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Listing 3. ALGEMBED:def 3 - Def.3

1 definition
2 let A be Ring, X be non empty set;
3 let f be Function of A,X;
4 let a,b be Element of X;
5  assume that
6 fis bijective;
7 func multemb(f,a,b) —> Element of X equals
8 :: ALGEMBED:def 3
9 f.((the multF of A).(f".a,”.b));
10 end;
i 6.2 Difiam Cd 5 X 2R % 2303 LR TER L 72 MIi%E addemb( fa,b) & ik
multemb(f,a,b) MOFHEDITED G f 2 FHNTHEE X 2EESIZH DI emb _Ring(f)
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Listing 4. ALGEMBED:def 5 - Def.5
1 definition
2 let A be Ring, X be non empty set;
3 let f be Function of A X;
4  assume that
5 fis bijective;
6  func emb_Ring(f) —> strict non empty doubleLoopStr equals
7 :: ALGEMBED:def 5
8  doubleLoopStr(# X, addemb f, multemb f, £.1.A, £.0.A #);
9 end;
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Listing 5. ALGEMBED:7 - Th.5

1 theorem :: ALGEMBED:7

2 for A being Ring, B be A—homomorphic Ring,

3 f being Homomorphism of A,B st f is monomorphism & ([#]B \ rng f) <> {}
4 holds

5 ex C be A—homomorphic Ring,i be (Homomorphism of A,C),

6 G be Function of B,C st i is RingMonomorphism &

7 G is Ringlsomorphism & i = G«f & i = id A & Image i is Subring of C &

s [#(mage i) = [#IA;
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In the article standard embeding a ring into its over-ring is formalized in Mizar
along with the text book of Zariski & Samuel Commutative Algebra I.

Listing 6. ALGEMBED - abstract

environ

vocabularies NUMBERS, SUBSET_1, RELAT_1, XBOOLE_0, BINOP_1, FUNCT_1, TARSKI,
ARYTM._3, ZFMISC_1, ARYTM_1, FUNCT_2, GROUP_1, ALGSTR.0, RLVECT_1, VECTSP_1,
LATTICES, SUPINF_2, MESFUNC1, QUOFIELD, MSSUBFAM, FUNCSDOM, RING_2, GROUP_6,
FDIFF_1, MOD_4, COSP1, FIELD_2, STRUCT.0, PEVAL_I;

notations TARSKI, XBOOLE_0, ZFMISC_1, SUBSET_1, RELAT.1, FUNCT_1, RELSET_1,
PARTFUNI, FUNCT_2, BINOP_1, STRUCT.0, ALGSTR_0, RLVECT_1, GROUP_1, VECTSP_L,
GROUP_6, RINGCAT1, MOD_4, QUOFIELD, RING_1, COSP1, RING_2;
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constructors RELSET_1, REALSET1, ORDERS_1, RINGCAT1, MOD_4, COSP1, RING_1,
RING_2;

registrations XBOOLE_0, RELAT_1, FUNCT_1, RELSET_1, FUNCT-2, STRUCT.O,
VECTSP_1, SUBSET_1, RINGCAT1, MOD 4, RING_2;

requirements SUBSET, BOOLE;
equalities STRUCT_0, ALGSTR_0;
expansions VECTSP_1, FUNCT_1;

theorems TARSKI, ZFMISC_1, RLVECT_1, FUNCT.1, FUNCT_2, RELAT_1, CARD_I,
GROUP.1, XBOOLE.0, XBOOLE_1, WELLORD2, SUBSET_1, XTUPLE.0, VECTSP_1, RING 2,
BINOP_1, ALGSTR_0, MOD_4, RINGCAT1, GROUP_6, QUOFIELD:;

schemes FUNCT_2, BINOP_1;

begin
theorem :: ALGEMBED:1
for a be non empty set holds
ex b be object st (for x be set holds not [x,b] in a);

theorem :: ALGEMBED:2
for a,b be non empty set holds ex ¢ be non empty set st (a /\ ¢ ={})&
(ex f be Function st f is one—to—one & dom f =b & rngf =c¢ )

)

theorem :: ALGEMBED:3
for A be Ring, X be non empty set, f be Function of A X,
a,b be Element of X st f is bijective holds
f.((the addF of A).(f".a,f”.b)) is Element of X;

definition
let A be Ring, X be non empty set;
let f be Function of A X;
let a,b be Element of X;
assume that

f is bijective;
func addemb(f,a,b) —> Element of X equals
:: ALGEMBED:def 1

f.((the addF of A).(f".a,f”.b));

end;

theorem :: ALGEMBED:}
for A be Ring, X be non empty set, f be Function of A X,
a,b,c be Element of X st f is bijective holds
addemb(f,a,addemb(f,b,c)) = addemb(f,addemb(f,a,b),c);

definition
let A be Ring, X be non empty set;
let f be Function of A X;
assume that
f is bijective;
func addemb f —> BinOp of X means
:: ALGEMBED:def 2

for a,b being Element of X holds it.(a,b) = addemb(f,a,b);
end;

theorem :: ALGEMBED:5
for A be Ring, X be non empty set, f be Function of A X,
a,b be Element of X st f is bijective holds
f.((the multF of A).(f”.a,{”.b)) is Element of X;

definition
let A be Ring, X be non empty set;
let f be Function of A X;
let a,b be Element of X;
assume that
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f is bijective;
func multemb(f,a,b) —> Element of X equals
:: ALGEMBED:def 3
f.((the multF of A).(f".a,f.b));
end;

definition
let A be Ring, X be non empty set;
let f be Function of A X;
assume that
f is bijective;
func multemb f —> BinOp of X means
:: ALGEMBED:def /
for a,b being Element of X holds it.(a,b) = multemb(f,a,b);
end;

definition
let A be Ring, X be non empty set;
let f be Function of A, X;
assume that
f is bijective;
func emb_Ring(f) —> strict non empty doubleLoopStr equals
:: ALGEMBED:def 5

doubleLoopStr(# X, addemb f, multemb f, f.1.A, .0.A #);
end;

theorem :: ALGEMBED:6
for A be Ring, X be non empty set, f be Function of A, X
st f is bijective holds emb_Ring(f) is Ring;

::Z—8:ComAlg.Isection 13: Idetification of Rings (Imbeding Theorem,)
theorem :: ALGEMBED:7
for A being Ring, B be A—homomorphic Ring,
f being Homomorphism of A,B st f is monomorphism & ([#]B \ rng f) <> {}
holds
ex C be A—homomorphic Ring,i be (Homomorphism of A,C),
G be Function of B,C st i is RingMonomorphism &
G is Ringlsomorphism & i = Gxf & i = id A & Image i is Subring of C &
[#] (Image i) = [#]A;
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