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Abstract

In this study, the centroid method which is one of the fuzzy inference processes is for-
mulated. The centroid method is the most popular defuzzied method. By this method,
defuzzified crisp value is obtained from domain of membership function as weighted
average. Since the integral is used in centroid method, the integrability and bounded
properties of membership functions are also mentioned. In this paper, the properties of

piecewise linear functions consisting of two straight lines are mainly described.
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Listing 1. FUZZY 6:def 1

definition
let A be non empty closed-interval Subset of REAL;
let f be Function of REAL,REAL;
assume that
f is_integrable_on A and
f| A is bounded;
func centroid (f,A) —> Real equals :: FUZZY_6:def 1
integral((id REAL)(#)f,A)/integral(f,A);

end;
f(z) = z 72 2 1EFEFBIE, Mizar Mathematical Library Tl3bk4 2B DT X -
TEAINTOBE, A7 —F 1 2 L TIEL T ORISR W7 [1).
Listing 2. RELAT _1:def 10
definition
let X be set ;

func id X —> Relation means :: RELAT 1:def 10
for x, y being object holds
(xylinitiff (xinX &x=1y));

end;

Listing I "Ti&, HDOZKD 2BBOMEEZ [0,1] KRELTELT X YNy TR
TRVWHDIZHEHTE .

belac &3, XM [a,c] DETESE b, c|(la,b]) TBWVWT f(z) =0 TH 5L X,
ZDRXMNIZEMENTFE LW, LEdio T T oEHIR, 20Xz oML TIEY 7
O UEERFET 2 X% [a,0](b,]) L FTHIEMNTEZILEZRLTWAS.
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Listing 3. FUZZY _6:8, FUZZY _6:9

theorem :: FUZZY_6:8

for a,b,c be Real, f be Function of REAL REAL st

a<b &b <= c & fis_integrable_on ['a,c’] & f | ['a,c’] is bounded & for x be Real st x in ['b,c’] holds f.x = 0 holds
centroid(f,[’a,c’]) = centroid(f,[’a,b’]);

theorem :: FUZZY_6:9

for a,b,c be Real, f be Function of REAL REAL st

a<=b & b < ¢ & fis_integrable_on ['a,c’] & f | ['a,c’] is bounded & for x be Real st x in ['a,b’] holds f.x = 0 holds
centroid(f,[’a,c’]) = centroid(f,[’b,c’]);

FREEHDFEHICBWT, UTOEH R EHRER ko7,

Listing 4. INTEGRAG6:17, INTEGRA6:18

theorem :: INTEGRAG:17

for a, b, ¢ being Real for f being PartFunc of REAL,REAL st

a <= b & f is_integrable_on ['a,b’] & f | [’a,b’] is bounded & ['a,b’] c= dom f & c¢ in [’a,b’] holds

( f is_integrable_on ['a,c’] & f is_integrable_on ['c,b’] & integral (f,a,b) = (integral (f,a,c)) + (integral (f,c,b)) );

theorem :: INTEGRAG6:18

for a, b, ¢, d being Real for f being PartFunc of REAL,REAL st

a<=c&c<=d&d<=b & fis_integrable_on ['a,b’] & f | [’a,b’] is bounded & ['a,b’] c= dom f holds
( f is_integrable_on [’c,d’] & f | [’c,d’] is bounded & ['c,d’] c= dom f );

T oEHIZIET7 7 ¥ 4 (LB Z EBE L THIET » O 4 LEIZZEL L 72 WnW 2 & 2R
LTW5.

Listing 5. FUZZY _6:32

theorem :: FUZZY_6:32
for r be Real, f be Function of REAL,REAL st r <> 0 & f is_integrable_on A & f | A is bounded holds
centroid((r (#) f),A) = centroid(f,A);

3 BOEDEOHDODXANDy TEBROBEDICET 553848

XNy THBOENECE2IET 7 ¥ 4 {LEOFECEE S 2 HE e LT, MK
M AICBWTREE f OFAEASEDETHIUR, ZOXMENC f(c) > 02485 ce ADTE
£33 EMZFRA L 7.

Listing 6. FUZZY_6:10

theorem :: FUZZY_6:10
for f being Function of REAL REAL st f is_integrable_.on A & f | A is bounded & integral(f,A) > 0 holds
ex ¢ being Real st cin A & f.c > 0;

Mamdani #EHETIEX Yy TEBFEILO MAX HEBIH VSR, HiFHERE
7 7Y 4 B UM [9) TIERX YNy y TEFEI Lo MIN HESHWS S, Tid
DEMIZ, BE O MAX - MIN HEZ2HE, fiB X oo EoEE Ly LTER L.

Listing 7. FUZZY _6:12-15
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theorem :: FUZZY_6:12
for f,g be Function of REAL,REAL holds min(f,g) = (1/2) (#) ((f + g) — abs(f — g));

theorem :: FUZZY_6:13

for f,g be Function of REAL,REAL st f is_integrable.on A & f | A is bounded & g is_integrable.on A & g | A is bounded
holds min(f,g) is_integrable_.on A & min(f,g) | A is bounded &

integral(min(f,g),A) = (1/2)x( integral(f,A) + integral(g,A) — integral(abs(f—g),A) );

theorem :: FUZZY_6:1/4
for f,g be Function of REAL,REAL holds max(f,g) = (1/2) (#) (f + g + abs(f — g));

theorem :: FUZZY_6:15

for f,g be Function of REAL,REAL st f is_integrable.on A & f | A is bounded & g is_integrable.on A & g | A is bounded
holds max(f,g) is-integrable_on A & max(f,g) | A is bounded &

integral(max(f,g),A) = (1/2)«( integral(f,A) + integral(g,A) + integral(abs(f—g),A) );

UToOEEIX7 72 1 #FMITBWT, HiFEGEZRATHD X oy v TR
X EBOX ATy TEBOBSAREE 2R L, ZOBBOBELIELNL I EE
K35, ZOEMITS K Lukasiewicz DA (RFFE) RHW-EEICHBEHAMRETH 3.

Listing 8. FUZZY_6:17

theorem :: FUZZY_6:17

for r1,r2 be Real, {,F be Function of REAL,REAL st

f is_integrable.on A & f | A is bounded & for x being Real holds F.x = min(r1, r2x(f.x)) holds
F is_integrable_.on A & F | A is bounded;

4 EPRREBDIET 72 1 1LiE

PUF @& #IZ Lipschitz HEit 2B f BEX UL g 3D 2 H c ITBVWTEHELWHEE L 3 &
E, FNOHD cITBWTHES L-BBUIFE U Lipschitz HEiiic 23 Z 2 ZRLTWS. &
7=—REAEL D Lipschitz #EiiMEx, HEATIIX D 2 1510 BEEIEH OO 7212 1E
L7.

Listing 9. FUZZY 6:26, FUZZY 6:27

theorem :: FUZZY_6:26 :::Lipschitzian
for ¢ being Real, f,g,F be Function of REAL,REAL st
f is Lipschitzian & g is Lipschitzian & f . c =g . c & F = (f | ].—infty,c.[) +* (g | [-c,+infty.[) holds F is Lipschitzian;

theorem :: FUZZY_6:27
for a,b being Real holds (AffineMap (a,b)) is Lipschitzian;

—b
Lsting 1012, MUFITTHE O 5 2 KOMBHLN T € A THALTLS
KSR
axr+b r <
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DFAXE A WZBIT 2 EHED

. Jyxf(z)dx _ L3 — )+ 212 — ) + B(uP — £3) + 4(s* — %)
J4 fa)dx $(12 —52) +b(t — s) + 5(u? —12) +q(u —1t)

—b
ERLTWS. 12721, a#ApTHYH, s =lower_bound AT ADTHR, t = L,

u = upper_ bound A I A D ERTH 3.

Listing 10. FUZZY 6:48

theorem :: FUZZY_6:48
for a,b,p,q,c,d,e being Real, f be Function of REAL,REAL st
a <> p & | A = AffineMap (a,b) | [lower_bound A,(q—b)/(a—p).] +* AffineMap (p,q) | [.(q—b)/(a—p),upper_bound A.]
& (q—b)/(a—p) in A holds
centroid(f,A) = ( 1/3*a*(((q— b)/(afp))A?) — (lower_bound A)"3) + 1/2xbx(((q—b)/(a—p)) 2 — (lower_bound A)"2)
+ 1/3#p*((upper-bound AJ — ((a=b)/(a=p))"3) + 1/2xq*((upper-bound A)"2 — ((q—b)/(a—p))"2) )
/ ( 1/2xax(((q—b)/(a—p))" 2 (lower,bound A)"2) + bx((q—b)/(a—p) — lower_bound A
+ 1/2+px((upper_bound A)"2 —((q—b)/(a—p))"2) + q*(upper-bound A —(q—b)/(a—p)) );

5 F&o
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Ty TR, DX oYy TEIEBO MAX HEESRHEIC X 2EATH 258050
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OfED A REME R ¥ b b x . $mnfﬁfmbtiu&@smMﬂ%m&pq®#
77 P ALICHHEADARETH B, 7T—T 4 ZLVORBDEH L LT, 2 KOEMHHE
LU 72X AR RE DIE 7 7 ¥ 4 (WEER LT, ARRELIED 7 — T%7NT@,#ﬁﬁ%
BICEWEREA T 25HEOERLETFTELTWS. FERIZENED X Ny v TRIREE
Ao L TERINNBERY LTodEGEIcE s 2 a2 L, EESHAHL
7 7 ¥ 4 A OTFENE [0 OBGEEEITS.
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FUZZY _6 Centroid Method for Defuzzification
by Takashi Mitsuishi
Summary: Fuzzy inference method outputs a fuzzy set (membership function) for
a given premise variable. Membership functions are unsuitable for practical use and
are converted to crisp values by defuzzification process. The centroid method is the
most used method. Various other defuzzification methods such as the Center of Sums
method, the height method and the density moment method are proposed [[-3]. In this
article, we present formalization of defuzzified crisp value of membership function using
centroid method. And related theorems are formalized.

The operations used in Mamdani method and product-sum-gravity method are
simple and have already been formalized in Mizar Mathematical Library. Moreover
Lukasiewicz operations are in the article [6]. On the other, the integrability and bounded

theorems of the membership functions changed by these operations are described for
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defuzzified value by centroid method. As a concrete example, we finally formalized the

calculation of defuzzified value of the piecewise linear function.

Listing 11. FUZZY _6 - abstract

environ

vocabularies NUMBERS, XBOOLE_0, SUBSET_1, XXREAL_1, CARD_1, RELAT_1, TARSKI,
FUNCT.1, XXREAL_0, PARTFUN1, ARYTM_1, ARYTM_3, COMPLEX1, FUZZY_1,
MEASURE5, FUZNUM_1, REAL_1, ORDINAL2, XXREAL_2, JGRAPH_2, FUNCT 4,
FCONT_1,SQUARE_1, VALUED_1,FDIFF_1, INTEGRALINTEGRA5,SEQ_4, NAT_I,
PREPOWER,NEWTON,RFUNCT_3, CARD_3, MEASURE?7, FINSEQ_1, POLYEQ_3, FUZZY _6;

notations TARSKI, XBOOLE_0, SUBSET_1, NEWTON, RELAT_1, ORDINAL1, NUMBERS,
SQUARE_1, BINOP_1, NORMSP_1,METRIC_1, INT_1, XCMPLX_0,XXREAL_0,
COMPLEX1,XXREAL_2,XREAL_0, REAL_1, FUNCT_1, PBOOLE, RELSET_1,
MEASURES, PARTFUN1, FUNCT_2,FUNCT_3,INTEGRA1,INTEGRA2,RFUNCT_3,
FUNCOP_1, NAT_1, VALUED_0, VALUED_1, FUNCT 4,
ARYTM_2, ARYTM_1, ARYTM.0, COMSEQ_2, FDIFF_1,
MEMBERED, FINSEQ_1, FINSEQ_2, SEQ_2,SEQ_4, PREPOWER,
FCONT_1, SIN_.COS, PARTFUN2, RFUNCT.1, POLYEQ_3,
RVSUM_1,RCOMP_1, TOPMETR, TAYLOR_1, PRE_.TOPC, TOPS_2, POLYDIFF,
INTEGRA5,COUSIN2, DOMAIN_1, TSEP_1, TMAP 1,
FUZZY_1, BORSUK_1, FUZNORM1,FUZNUM_I;

theorems
XBOOLE_0,TARSKI, FUNCT_1, ABSVALUE, PARTFUN1, TAYLOR_1,
COMPLEX1, XREAL_1, XXREAL_0, XXREAL_1, FUNCT_2, RELAT_1,
XREAL_0, FCONT_1, XCMPLX_1, FUZZY_2, FUNCT_4, SUBSET_1,
FDIFF_1, VALUED_1, INTEGRA1, INTEGRA5, PREPOWER, NEWTON,
INTEGRAG6, SEQ_4, RFUNCT_.3, INTEGRA2, INTEGRA9, COMSEQ_2,COUSIN2,RFUNCT_1,
FINSEQ_-3, POLYEQ_3;

constructors
XBOOLE_0, ZFMISC_1, SUBSET_1, FUNCT_1, FUNCT_2, XCMPLX_0,
XXREAL_0, XREAL_0, COMPLEX1, RFUNCT_1, SEQ_4, RELSET_1, FUZZY_1, FCONT_1,
FUNCT_4,FUZNUM_1,NUMPOLY1,LFUZZY_1,RELAT_1,SIN_COS,XXREAL_3,NUMBERS,
SIN_COS6,TOPMETR,SQUARE_1,TAYLOR_1,POWER, COMPTS_1, RCOMP_1,
FINSEQ_1, FINSEQ_2, INT_1,0RDINALI,
FDIFF_1, NORMSP_1,METRIC_1,VALUED_1,PARTFUN1,MEASURES,
COMSEQ_2, PARTFUN2,POLYDIFF,PREPOWER,NEWTON,
RFUNCT_3,FUZNORMI1, BINOP_1, BINOP_2,INTEGRA1,INTEGRA2,INTEGRA3,INTEGRAS5,
COUSIN2,SEQ_-1,SEQ_2,RVSUM_1, NAT_1,
XXREAL_2, EXTREAL1, MESFUNC5,TOPS_2, CONNSP_1,
TMAP_1, PCOMPS_1,REAL_1,ARYTM_1,ARYTM_0,PBOOLE,FUNCOP_1,FUNCT_3,
POLYEQ_3;

registrations RELSET_1, NUMBERS, XXREAL_0, MEMBERED, XBOOLE_0, VALUED_0,
VALUED_1,COMSEQ_2,PDIFFEQ1,FDIFF_1,FUZZY_1,
FUNCT_2,XREAL_0, ORDINAL1, FCONT_1, RELAT_1, TOPREALB, FUNCT_4, FUNCT_1,
XCMPLX_0, NAT_1, RCOMP_1,FUZNUM_1,NUMPOLY1,LFUZZY _1,SIN_COS,XXREAL_3,
SIN_COS6,TOPMETR,SQUARE_1,SIN_COS3, CARD_3, INT_1,SUBSET_1,SIN_COS9,
NORMSP_1,PARTFUN1,INTEGRA1,MEASURE5,COMSEQ_1,
FDIFF_2,POLYDIFF,PREPOWER,NEWTON,RFUNCT_3,FUZNORM1,INTEGRA2,RFUNCT_1,
SEQ_2,SEQ_1,RVSUM_1,NAT_3, PRE_.TOPC, METRIC_.1, BORSUK_1, CONNSP_1,
EXTREAL1, SUPINF_1, SUPINF_2;

requirements NUMERALS, REAL, SUBSET, BOOLE, ARITHM ;

definitions XBOOLE_0, TARSKI, XXREAL_2,FUZNUM_1,NUMPOLY1,FUZZY_1,RELAT 1,
XXREAL_3,NUMBERS,SIN_COS6, TOPMETR,SQUARE_1, COMPTS_1, RCOMP_1,
FCONT_1,INT_1,SUBSET_1,VALUED_1,XXREAL_0,SIN_COS,

PARTFUNL,INTEGRA1,INTEGRA2 INTEGRA3,INTEGRA5,MEASURES, FUNCT 2, RFUNCT_1,
BINOP_1,FUZNORM1,COMSEQ_2,FINSEQ_1,NAT_1,TAYLOR_1;

equalities FUZZY_1, RCOMP_1,FUZNUM_1,NUMPOLY1,RELAT_1,XXREAL_3,
NUMBERS,SIN_COS6,SQUARE_1,FUNCT_4,RFUNCT_1;
expansions TARSKI, FCONT_1,FUZNUM_1,NUMPOLY1,FUZZY .1, RELAT_1, XXREAL_3,
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NUMBERS,SQUARE_1,FUNCT_4,RFUNCT_1;

begin

reserve A for non empty closed_interval Subset of REAL;

definition
let A be non empty closed_interval Subset of REAL;
let f be Function of REAL,REAL;
assume that
f is_integrable_on A and
f] A is bounded;
func centroid (f,A) —> Real equals
 FUZZY_6:def 1
integral((id REAL)(#)f,A)/integral(f,A);
end;

theorem :: FUZZY_6:1
for a,b,c be Real st a <b & ¢ > 0
holds centroid (AffineMap (0,c),[’a,b’]) = (a+b)/2;

theorem :: FUZZY_6:2
for a,b be Real holds
(id REAL) is_integrable_on ['a,b’] & (id REAL) | [’a,b’] is bounded;

theorem :: FUZZY_6:3
(id REAL) is_integrable_on A & (id REAL) | A is bounded,

theorem :: FUZZY_6:4
for e being Real
for f being PartFunc of REAL,REAL st
A c¢= dom f & ( for x being Real st x in A holds f. x = e ) holds
( fis_integrable.on A & f | A is bounded &
integral (f,(lower_bound A),(upper_bound A))
= e * ((upper-bound A) — (lower_bound A)) );

theorem :: FUZZY_6:5

for f be Function of REAL,REAL st

(for x be Real st x in A holds f.x = 0) holds
integral(f,A) = 0;

theorem :: FUZZY_6:6

for f be Function of REAL,REAL st

f is_integrable.on A & f | A is bounded
holds

(id REAL) (#) f is_integrable.on A &
((id REAL) (#) f) | A is bounded;

theorem :: FUZZY_6:7
for a,b,c be Real st a < b holds
[a,b’] c= [#]REAL & lower_bound ['a,b’] = a & upper_bound ['a,b’] = b;

theorem :: FUZZY_6:8

for a,b,c be Real, f be Function of REAL,REAL st
a<b&b<=c&

f is_integrable_on [a,c’] & {| [’a,c’] is bounded &
for x be Real st x in ['b,c’] holds f.x =0

holds

centroid(f,[’a,c’]) = centroid(f,[’a,b’]);

theorem :: FUZZY_6:9

for a,b,c be Real, f be Function of REAL,REAL st

a <=Db & b < ¢ & f is_integrable_on [a,c’] & f| ['a,c’] is bounded &
for x be Real st x in ['a,b’] holds f.x = 0

holds

centroid(f,[’a,c’]) = centroid(f,[’b,c’]);
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theorem :: FUZZY_6:10

for f being Function of REAL,REAL st

f is_integrable.on A & f | A is bounded & integral(f,A) > 0
holds

ex ¢ being Real st cin A & f.c > 0;

theorem :: FUZZY_6:11

for r be Real, f be FuzzySet of REAL, F be Function of REAL,REAL st
r > 0 & fis_integrable.on A & f | A is bounded &

for x being Real holds F.x = min(r, f.x)

holds

integral(F,A) >= 0;

theorem :: FUZZY_6:12
for f,g be Function of REAL,REAL holds

min(f,g) = (1/2) (#) ((f + g) — abs(f — g));

theorem :: FUZZY_6:13
for f,g be Function of REAL,REAL st
f is_integrable_on A & f | A is bounded &
g is_integrable.on A & g | A is bounded
holds
min(f,g) is_integrable_on A & min(f,g) | A is bounded &
integral(min(f,g),A)
= (1/2)x( integral(f,A) + integral(g,A) — integral(abs(f—g),A) );

theorem :: FUZZY _6:1/4
for f,g be Function of REAL,REAL holds

max(f,g) = (1/2) (#) (f + g + abs(f — g));

theorem :: FUZZY_6:15

for f,g be Function of REAL,REAL st

f is_integrable_on A & f | A is bounded &

g is_integrable_on A & g | A is bounded

holds

max(f,g) is_integrable_on A & max(f,g) | A is bounded &
integral(max(f,g),A)

= (1/2)*( integral(f,A) + integral(g,A) + integral(abs(f—g),A) );

theorem :: FUZZY_6:16
for r1,r2 be Real, f be Function of REAL,REAL st
f is_integrable_on A & f | A is bounded

holds
min(AffineMap(0,r1),(r2 (#
min(AffineMap(0,r1),(r2 (#

) f)) is_integrable_on A &
) f)) | A is bounded,;

theorem :: FUZZY_6:17

for r1,r2 be Real, {,F be Function of REAL ,REAL st
f is_integrable.on A & f | A is bounded &

for x being Real holds F.x = min(rl, r2x(f.x))
holds

F is_integrable_.on A & F | A is bounded;

theorem :: FUZZY_6:18

for s be Real, f,g being Function of REAL,REAL holds
(f|].—infty,s.[) +* (g | [.s,+infty.[ )

is Function of REAL,REAL;

theorem :: FUZZY_6:19

for a,b,c being Real, f,g,FF be Function of REAL,REAL st
a<=b&b<=c&

F=1][ab.]+*g|[bec]

holds

F is Function of ['a,c’],REAL;

theorem :: FUZZY_6:20
for a,b,c being Real, f,g,F be Function of REAL,REAL st
a<=b&b<=c&F=1F][ab]+*g]|[bec]
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holds
F=F|[ ac.];

theorem :: FUZZY_6:21

for a,b,c being Real, f,g.h be Function of REAL,REAL st
a<=b&b<=c&

f| [a,c’] is bounded & g | ['a,c’] is bounded &

h = (f| [a,b.]) +* (g | [b,c]) & £b=gb

holds

h | ['a,c’] is bounded;

theorem :: FUZZY_6:22

for a,b,c being Real, f,g.h be Function of REAL,REAL st
a<=b&b<=c&

f| [a,c’] is bounded & g | ['a,c’
b [ac) = (f] [ab]) +% (g | [
holds

h | ['a,c’] is bounded;

| is bounded &
b,c]) & £b = g.b

theorem :: FUZZY_6:23

for ¢ being Real, f,g be Function of REAL,REAL st
f] A is bounded & g | A is bounded

holds

( (f| ].—infty,c.[) +x* (g | [-.c,+infty.[) ) | A is bounded;

theorem :: FUZZY_6:24

for a,b,c be Real, f,g,h,F be Function of REAL,REAL st

a<=b &b <=c & fis continuous & g is continuous &
h|[a,c]=(f]|[ab]) +x(g]|[be]) &Lb=gb & F =h| [a,c]
holds

F is continuous;

theorem :: FUZZY_6:25

for A being non empty closed_interval Subset of REAL,

f be Function of REAL ,REAL st

f is continuous holds f is_integrable_on A & f | A is bounded;

theorem :: FUZZY_6:26

for ¢ being Real, f,g,F be Function of REAL,REAL st
f is Lipschitzian & g is Lipschitzian &
f.c=g.c&F = (f]|].—infty,c.[) +* (g | [.c,+infty.)
holds F is Lipschitzian;

theorem :: FUZZY_6:27
for a,b being Real holds (AffineMap (a,b)) is Lipschitzian;

theorem :: FUZZY_6:28
for a,b,p,q being Real, f be Function of REAL,REAL st a <> p &
£ = ('AffineMap (a,b) | 1. infty,(qb)/(a p).[)
+x ( AffineMap (p,q) | [.(qa—b)/(a—p),+infty.[ )
holds f is Lipschitzian;

theorem :: FUZZY_6:29
for a,b,p,q being Real, f be Function of REAL REAL st a <> p &
£ = ('AffineMap (a,b) | 1. infty,(q-b)/(a—p).[ )
+x ( AffineMap (p,q) | [.(q—b)/(a—p),+infty.[)
holds
f is_integrable_on A & f | A is bounded;

theorem :: FUZZY_6:30
for a,b,p,q being Real st a <> p holds

(AffineMap (a,b)) . ((q—b)/(a—p)) = (AffineMap (p,q)) . ((a—b)/(a—p));

theorem :: FUZZY_6:31
for f be Membership_Func of REAL holds f is bounded;

theorem :: FUZZY_6:32
for r be Real, f be Function of REAL,REAL st
r <> 0 & fis_integrable_on A & f | A is bounded
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holds
centroid((r (#) f),A) = centroid(f,A);

theorem :: FUZZY_6:53

for a,b,c being Real, f,g.h be Function of REAL,REAL st
a<=b&b<=c&

f is_integrable_on ['a,c’] & f | [’a,c’] is bounded &

g is_integrable_on [a,c’] & g | ['a,c’] is bounded &

h | [a,c] = (f [a,b]) +* (g | [b,c.]) &

h is_integrable_on [’a,c’] & f.b = g.b

holds

integral(h,[’a,c’]) = integral(f,[’a,b’]) + integral(g,[’b,c’]);

theorem :: FUZZY_6:34

for a,b,c be Real, f,g,h be Function of REAL,REAL st

a <=b & b <= c & f is continuous & g is continuous &

h = (f| [a,b.]) +* (g | [b,c.]) & £b=gb

holds

integral((id REAL) (#) h,[’a,c’])

= integral((id REAL) (#) f,[’a,b’]) + integral((id REAL) (#) g,[’b,c’]);

theorem :: FUZZY_6:35

for ¢ being Real, f,g be Function of REAL,REAL

holds

f|].—infty,c.[ +* g|[.c,+infty.[ = (f]].—infty,c.]) += (g|[.c,+infty.]);

theorem :: FUZZY_6:36

for ¢ being Real, f,g be Function of REAL,REAL st
f] A is bounded & g | A is bounded

holds

( (f]-—infty,c]) + (gl[.c.+infty.[) ) | A is bounded;

theorem :: FUZZY_6:37

for a,b,c being Real, f,g be Function of REAL,REAL st a<=c & c<=b
holds

f][ac]+*g]|[cb]=1][ac]+xg]|[cb];

theorem :: FUZZY_6:38

for a,b,c being Real, f,g,h be Function of REAL,REAL st
a<=c&h|[ac] = (] [ab]) +* (g] [b,c]) & f.b = g.b
holds

(b<=aimpliesh | [ac]=g] [ac]) &
(¢ <=Dbimplies h | [a,c] =] [ac]);

theorem :: FUZZY_6:39

for b being Real, f,g,;h be Function of REAL,REAL st

h = (f| |.—infty,b.[) +* (g | [.b,+infty.[) & f.b = g.b holds
(b <=lower.bound A impliesh | A=g|A) &

( upper-bound A <=b impliesh | A =f| A);

theorem :: FUZZY_6:40
for a,b,p,q being Real, f be Function of REAL REAL st a <> p &
£ = (‘AffineMap (a,b) [|.—infty,(q—b)/(a—p).|
h+ikd( AffineMap (p,q) |[.(a—b)/(a—p),+infty.[ ) & (q-—b)/(a—p) in A
olds
f| A = ( AffineMap (a,b) |[.lower_bound A,(q—b)/(a—p).] )
+x ( AffineMap (p,q) |[.(q—b)/(a—p),upper_bound A.] );

theorem :: FUZZY_6:41
for a,b being Real holds
AffineMap (a,b) | A is bounded & AffineMap (a,b) is_integrable_on A;

theorem :: FUZZY_6:42
for a,b,p,q being Real, f be Function of REAL,REAL st a <> p &
£ = ('AffineMap (a,b) ||.—intty,(q—b)/(a—p).| )
4+ ( AffineMap (p,) |[.(a—b), (a—p),-+intty.[ )
holds
( (g—b)/(a—p) in A implies
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integral(f,A) = integral(AffineMap (a,b),['lower_bound A,(q—b)/(a—p)’])
+ integral(AffineMap (p,q),[’(q—b)/(a—p),upper_bound A’]) )
&
( (g—b)/(a—p) <= lower_bound A implies
integral(f,A) = integral(AffineMap (p,q),A) )
&
( (q—b)/(a—p) >= upper_-bound A implies
integral(f,A) = integral(AffineMap (a,b),A) );

theorem :: FUZZY_6:48

for a,b,p,q being Real, f be Function of REAL REAL st a <> p &

f| A = (AffineMap (a,b) | [lower_bound A,(q—b)/(a—p).])

e (MineMap (p) | [(a-b)/(a-p).tpper-bound AJ) & (a-b)/(a-p) in A
olds

integral((id REAL) (#) f,A)

= integral((id REAL) (#) (AffineMap (a,b)),[’lower_bound A,(q—b)/(a— ) D

+ integral((id REAL) (#) (AffineMap (p,q)),['(q—b)/(a—p),upper_bound A’]);

theorem :: FUZZY_6:44
for a,b being Real holds

(id REAL) (#) (AffineMap (a,b)) = (a (#) ( #Z 2)) + (b () ( #Z 1));

theorem :: FUZZY_6:45

for a,b,c,d being Real st ¢ <= d holds
integral((id REAL) (#) (AffineMap (a,b)),c,d)
= 1/3xax(dxd*d — cxckc) + 1/2xbx(dxd — cxc);

theorem :: FUZZY_6:46
for a,b being Real holds

AffineMap (a,b) = (a (#) (#Z 1)) + (b () (#2 0));

theorem :: FUZZY_6:47
for a,b,c,d being Real st ¢ <= d holds
integral(AffineMap (a,b),c,d) = 1/2%a*(dxd — cxc) + bx(d — ¢);

theorem :: FUZZY_6:48

for a,b,p,q,c,d,e being Real, f be Function of REAL,REAL st a <> p &

f| A = AffineMap (a,b) | [lower_bound A,(q—b)/(a—p).]

b ld+* AffineMap (p,q) | [.(q—b)/(a—p),upper_bound A.] & (q—b)/(a—p) in A
olds

centroid(f,A) =

( 1/3%a*(((q—b)/(a—p))"3 — (lower_-bound A)"3)
+ 1/2%bx(((q—b)/(a—p)) "2 — (lower_bound A)"2)

+ 1/3%p*((upper-bound A)"3 — ((q—b)/(a—p))"3)
+ 1/2*Q*((upperfb0und A)2 — ((a— )/(aA p))2))/
( 1/2xax(((q—b)/(a—p)) 2 —(lower_bound A)"2) + bx((q—b)/(a—p) — lower_bound A)
+ 1/24p+((upper-bound A)°2 —((a—b)/(a—p))2) + a(upper-bound A —(a-b)/(a-p)) )

’

theorem :: FUZZY_6:49
for f being Function of REAL,REAL holds
max+ f = max(AffineMap(0,0),f);
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