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Abstract

In this paper, we formalized the definitions of higher-order derivatives and partial
derivatives of vector-valued functions on normed spaces using an inductive construction

method and proved some fundamental theorems.

1 FLC®IC

ARTIE 7 v 2220 L OB @R IO W TEE S OB Lo FHKIc O W TR E
T 5. —ZEREGEBUEREL O @ FERE BB — AT I i 0y O FRLE TLERAYEE L < Eai S
TW3. Mizar Mathematical Library (WA MML) TIEATFD X5 2B ILL Tw 5.

Listing 1. LinearOperator

definition

let f be PartFunc of REAL, REAL;
let Z be Subset of REAL;
func diff(f,Z) —> Functional Sequence of REAL,REAL means

:: TAYLOR_1:def 5

it.0 = f|Z & for i be Nat holds it.(i+1) = (it.i) ‘| Z;

end;

definition
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let f be PartFunc of REAL,REAL;

let n be Nat;

let Z be Subset of REAL;

pred f is_differentiable_on n,Z means

:: TAYLOR_1:def 6

for i be Nat st i <= n—1 holds diff(f,Z).i is_differentiable_on Z;
end;

theorem :: TAYLOR_1:33
for n be Nat,f be PartFunc of REAL ,REAL,x0,r be Real st
] x0—1,x0+r.[ c= dom f & 0 < r & f is_differentiable_on n+1,].x0—r,x0+r.|
for x be Real st x in |.x0—r,x0+r.[
ex s be Real st 0 <s & s <1 & fx=
Partial_Sums(Taylor(f,].x0—r,x0+r.[,x0,x)).n + (diff(f,].x0—r,x0+r.[).(n+1)).(
x0+s#(x—x0)) * (x—x0) |* (n+1) / ((n+1)!);

ZERFREREE D WD £ TR ORY FARITHIE HWTREBLORWRENT
5. LA, =M TR e —EBBEBOEGE B D B ULAEL k5. f
ZAFHEE (1] TEUTO & 51T Taet 2 B LB OV TORMT Tl L TWw 5.
“fEROBES U TERINI-EHEE TS, (P EBEEr 2L, fDr RET
DEFED IR FREL

aa1+a2+---+anf

(axl)al,_.(axn)anao‘i207a1+062+"'+04n§r (1)

METU THEL, LEADINSLU IRBWOEMRTHZ L X, f% U Lo r [EEGHH
DRIRERR B E 720 O By k.7
EHIR 26 R™ ADEAG fIZDOWTIHMEIHD R T M V% BRI TER @ DIE
73 BARK
(21,22, @n) ER" = fi(z1, 39, 2n) ER

METU LT r BHEGMOAIRER & & f 25 r BEEGMOPTREL ER L TV 5.

R™R™ % /7 )V AZE[# e LT, — 258 L ToMp oMb 21T 213 —2 %
FHEBER OGS L BLOER, GEIFONREUIZHENELRS. LrLEDS,
ZNTERINLIWMDZ, AREFIROEEHIES /L L% M LR, R™) DITLTH D,
R, RETHENS K51

Rma ‘C(an Rm)a E(an E(Rn7 Rm))v E(Rn7 £(Rn7 L(Rnﬂ Rm))) T

EWVWSTED LR, R™) 235585 /7 VLZEEO TAKWF) PRERENS. 512 ZUCHERE
DIFEEREEAT 2 XD EHHET 2. ZHEIEL D KEHE R AR ETH
%, AT, ZoERic oW TRELETHE T 3.

2 JILLZER OB OSSR

S, T %/ NVAREERE T2 E, Sho T ADERL BRFEEBRTH 27-0DD%
¥ EFlE MML T, BIT®D X 512 LinearOperator of S,T ¥ WO ZHAZEA T2 Z &
WD L T 3.
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Listing 2. LinearOperator

definition

let S,T be non empty addMagma;

let L be Function of S,T;

attr L is additive =~ means:: VECTSP_1:def 20

for x,y being Element of S holds L.(x+y) = L.x+L.y;
end;

definition

let S,T be non empty RLSStruct;

let L. be Function of S,T;

attr L is homogeneous means:: LOPBAN_1:def 5

for x being VECTOR of S;r being Real holds L.(r*x) = rxL.x;
end;

definition

let S, T be RealLinearSpace;

mode LinearOperator of S, T is additive homogeneous Function of S,T;
end;

T HIZZDRIEER L VAT (Hikt) TH 27D D52 LIT D & 512 Lipschitzian &
WO JEME (attribute) ZHWTIERLL TV 5.

Listing 3. Lipschitzian

definition

let S,T be RealNormSpace;

let L. be LinearOperator of S, T;

attr L is Lipschitzian means :: LOPBAN_1:def 8

ex K being Real st 0 <= K & for x being VECTOR of S holds ||. Lx .|| <= K * ||. x .|[;
end;

Lltk, ARTIE S 226 TAOFH (i) ML EREARIIES 2 L LRIEZ2ERZ L(S,T)
TRY. MEOHIK L, A TIIMEBHZE <A, 2D/ VL% %Z MML Tl LOPBAN1
o] T

R_NormSpace_of_BoundedLinearOperators(S, T)

PRLERELTWVWS, D/ IIVLAEBDOILL FIESHh5 T NOBERBEESLTHD,
HFEEHBOML+ F
L+F:z2eS—Lx+FxeT

TERIN, EH L OREUEE, BREGEOEH AL TERLTWS,
AM:xeS—AL.xeT

T/ v ||L)) &
IL[| = sup{[[L.z|| : x € S&l[]| < 1}

TEHRINS.

2.1 —kEWR

fEZOER dom fH S ODEAEETHY, TIWEE L 25435, MML TIX
ZDXIIT S EHTIIRL, SOHMPES L TERINSEG FHHEE) 2 RITEHE

PartFunc of S,T
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FEZELTWVS. S OELETESE XN S Function of S, T X PartFunc of S, T %
HEINCRRT 208, 2R L CI3mEIC XIS 5. DI Z 0 & 5 7B 557 B
CIER. S, BB 5 WVIFEBE F O E L GA SRR ER T 5. Dk, /v aZe
(/v 77 4 YZ2EH) ETORRBOMD 2 RRIICE L7 2R E 3] DLiRIiES.

SO xg € SITBWT SHE T NOHFEEBRL & S o T NOFHT

|| R-A]
AT 1 .

Z AT Rag DiLfEN BEEL, N ADEEDE 2 € ST

fx— faxo=L.(x—x0) + R.(z — x0) (3)

DD OE &, Bif fld g T(7L vy =) MOARETH % & MXh 2 OF S
B L% [ Dz 2B BMH5 IR,

f 23y THAFIRECTHIUR, T &S BHEIIEESR L IZ—BIIFHEL, 2L f(x) &
ETRTH, AU L(S,T) DILTH 5.

MML Tl& Zh % diff(f,x0) £ RKiZ L NDIFF 1 TUTO XS IERLTWVW3.

FFZD NDIFF _l:def 5 23 (2) icxfii L, NDIFF_l:def 6 28 (8) 2USHET 5.

Listing 4. diff

definition
let S, T;
let IT be PartFunc of S,T;
attr R is RestFunc—like  means:: NDIFF_1:def 5
R is total & for h st h is non—zero holds (||.h.||”)(#)(R/*h) is convergent & lim ((||.h.||”)(#)(R/xh)) = 0.T;
end;

theorem :: NDIFF_1:23
for R be PartFunc of S,T st R is total holds
R is RestFunc—like iff for r be Real st r > 0 ex d be Real st d > 0 &
for z be Point of S st z <> 0.S & ||.z.|| < d holds ( ||.z.||”* ||- R/.z .||) < 1;

definition

let S, T;

let f be PartFunc of S,T;

let x0 be Point of S;

pred f is_differentiable_in x0  means:: NDIFF_1:def 6

ex N being Neighbourhood of x0 st N c= dom f & ex L,R
st for x be Point of S st x in N holds f/.x — f/.x0 = L. (x—x0) + R/.(x—x0);
end;

definition
let S,T;
let f be PartFunc of S,T;
let x0 be Point of S;
assume
f is_differentiable_in x0;
func diff(f,x0) —> Point of R_NormSpace_of_BoundedLinearOperators(S,T) means :: NDIFF_1:def 7
ex N being Neighbourhood of x0 st N c= dom f & ex R st for x be Point of
S st x in N holds f/.x—f/.x0 = it.(x—x0) + R/.(x—x0);
end;

EREAEL f 23S DEIF D EA X CSDETDE s € X THMOARETHZ = f1I X
L TWATRIRETH D L ES. DL ZEBEEK

reEX %f(x) € L(S,T) (4)
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T f OEBEEFERD, ZUT X 25 L(S,T) NODEMHRTHH MML TlE f|X TK
LUTDOESITERL TV,

Listing 5. f‘X

definition

let X,S,T;

let f be PartFunc of S,T;

pred f is_differentiable.on X  means:: NDIFF_1:def 8

X c=dom f & for x be Point of S st x in X holds {|X is_differentiable_in x;
end;

definition
let S, T,X;
let f be PartFunc of S,T;
assume
f is_differentiable_on X;
func f|X —> PartFunc of S,R_NormSpace_of BoundedLinearOperators(S,T) means :: NDIFF_1:def 9
dom it = X & for x be Point of S st x in X holds it/.x = diff(f,x);
end;

AR O FIH EARRE TR Z G < DU EOWIT IR T 2 8B Z Do dEREH
NDIFF_1 [3] ~ NDIFF 6 [5] @RI TW5. KETIEEN S Ot E SREEE
WHEIR U 7= RIS O W T HUIR 2 S 5 5.

3 EREERERDIFHIER

[ 2 ZOEFE dom f 737 VLZEM S DEDFEETDHZ S H 5 )V LZER- T O
5B (PartFunc of S,T) £ 3 5.

fHS OBETEE X C S ETHMAIARETH 2 & = f OB f|X OERK
dom f'|1X = X 1S DEHBEATHD, f|X 13/ VLZEH S 05 2 VL7220 L(S,T) ~
DEABTH 2 Z e D ORIEDOMD DERDOMERE T 205 L(S,T) NEETIUIZOD
ERTZTOEZF f|X CHATE 2. Z0EBEBU

(f1X)|X:ze X — %(fﬂX)(x) € L(S,L(S,T))

THY, 2 KEEKEFINS.
BT 2D 2 KERIHICH CRE2AT AL, 2 DEREUZ

(XXX sz e X %((f’lX)'lX)(x) € L(S,£(5,L(5,T)))

THD, 3TCEBEBEIINS. 2L FAROREZED IR, SHOEEBHMIERTE
%. NDIFF_6 [5] Tl& Z OWRARITIETU T O & 5 ICERE OB E E&R L 7.

3.1 BRBEEGHIES/ILLZERD T ANF]
3, UTOBFFSEEGRIES /) LV AZERO TART) OF| dif SP 2 EHRT 5.

Listing 6. NDIFF_6:def 2

definition let S,T be RealNormSpace;
func diff SP(S,T) —> Function means:: NDIFF_6:def 2
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dom it = NAT & it.0 = T & for i be Nat holds

it.(i+1) = R-NormSpace_of_BoundedLinearOperators(S,modetrans(it.i));
end;
definition

let S,T be RealNormSpace,i be Nat;

func diff_ SP(i,S,T) —> RealNormSpace equals :: NDIFF_6:def 3

diff_ SP(S,T).j;
end;

FEDFERF D modetrans ¥ W9 Functor 3L T TEFEEXNS.

definition let S be set;

assume S is RealNormSpace;

func modetrans(S) -> RealNormSpace equals :: NDIFF_6:def 1
S;

end;

ZAUE TEBR) BT % Mizar ORI S 2 FI51 72 S O TR E
RKOBET, ZOFFE TR, ZHI object Z D it.i A% RealNormSpace(/ /LA ZE[H]) &
HEMNEERES X W=, 1% RealNormSpace IZHAR X 572 DIZEAXLTWV
2. BUEINCIIERE B 72700,

diff SP(S,T,1) 13

T,L(S,T),L(S,L(S,T),L(S,L(S,L(S,T))---

WS, JALZERD TART) OFZRLTWS.

3.2 EfEMo DY

7% S OBIDEEY L, [ RAIE L FARICZEDER dom f 75/ )V L7%ER- S O
PEETHD S5 NVLZEE T OB T 5.

FRROBFRIIESIIE S /L L2 O TANT F diff SP(S,T,1) % FuWT @k
FDHNERD LS ITER L.

Listing 7. NDIFF _6:def 5
definition let S,T be RealNormSpace,f be PartFunc of S,T,
7 be Subset of S;
func diff(f,Z) —> Function means:: NDIFF_6:def 5

dom it = NAT & it.0 = f|Z & for i be Nat holds it.(i+1) = modetrans(it.i,S,diff_SP(i,S,T)) ‘| Z;
end;

definition
let S,T be RealNormSpace,f be PartFunc of S,T,
Z be Subset of S,i be Nat;
func diff(f,i,Z) —> PartFunc of S,diff SP(i,S,T) equals:: NDIFF_6:def 6
diff(f,2) .i;
end;

FFEDFELARH modetrans ® FiIH & [FERICEIIRY 72 & O TR E R DOBIET, it.d A3
JOVIZER] S 6 2 oV K ZE R diff SP(i,S,T) ~O#EB7EI%EL (PartFunc of S,diff SP(i,S,T))
EHBMCEEIRREI R WD, CThEHABRZLDDHDTH 5.

Z DM DINIZLLT DHEH LKA D L > TV 5.
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Listing 8. NDIFF_6:11

theorem :: NDIFF_6:11
diff(f,2).0 = {|Z & diff(f,Z).1 = (f|2)‘| Z & diff(f,Z).2 = ((f|Z)‘| Z) ‘| Z;

theorem :: NDIFF_6:13
diff(f,i+1,2) = diff(f,i,2) |Z;

3.3 =MW ETaEEtE
Z DEFEW T OF % T n BEWD ATREMEZ LAT @ & 5 1I27hGE
is_differentiable_on n,Z

TERT 5.

Listing 9. NDIFF _6:def 7

definition

let S,T be RealNormSpace,f be PartFunc of S,T;

let Z be Subset of S,n be Nat;

pred f is_differentiable_on n,Z  means:: NDIFF_6:def 7

Z c= dom f & for i be Nat st i <= n—1 holds modetrans(diff(f,Z).i,S,diff_SP(i,S,T)) is_differentiable_on Z;
end;

D EDEHZRDS £12, NDIFF_6 TlEEFEM 7 rIRErE & 2 OREEZ ooV,
RO Z 1T o 2. UTFIZ2D—#%2RT.

Listing 10. NDIFF6

theorem :: NDIFF_6:17

for S, T be RealNormSpace,f be PartFunc of S, T,
Z be Subset of S;n be Nat st
f is_differentiable_on n,Z for m be Nat st m <=n
holds f is_differentiable_on m,Z;

theorem :: NDIFF_6:18
for n be Nat,f be PartFunc of S, T
st 1 <= n & f is_differentiable_on n,Z holds Z is open;

theorem :: NDIFF_6:20

for n being Nat,f,g being PartFunc of S,T
st 1<=n & f is_differentiable_on n,Z & g is_differentiable_on n,Z
holds
for i being Nat st i<=n holds diff(f+g,i,Z) = diff(f,i,Z) + diff(g,i,Z);

theorem :: NDIFF_6:21

for n be Nat,f,g be PartFunc of S, T
st 1 <= n & f is_differentiable_on n,Z & g is_differentiable_on n,Z
holds f+g is_differentiable_on n,Z;

4 EREFRERROFHNES
4.1 —PERERIL

7 v L ZEE O FRRANE PRVECT 2 [6] T RealNormSpace-Sequence & W5 28U TE
RINTWVWE. HEERBnDPFEL Tz DERBOHAMDOE I ES Segn={i e N:
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i€i<n}&—HT25% r ZHRY (FinSequence) LR, n % x DRI EEW, len x
TERT. FHZEART 20, JILLAEMOEX n DERY G =< +xG1,Ga, -+ ,Gpx > D
ZEHEMZEM [],.,<, Gi & PRVECT2 [6] TEAT D & 51Z product & W5 £ D functor
ERCTERIN TV .

definition

let G be ReallLinearSpace-Sequence;

func product G -> non empty strict RLSStruct equals :: PRVECT_2:def 9
RLSStruct(# (product (carr G)),(zeros G),[:(addop G):1,[: (multop G):] #);
coherence ;

end;

definition

let G be RealNormSpace-Sequence;

func product G -> strict non empty NORMSTR means :: PRVECT_2:def 13
the RLSStruct of it = product (G qua RealLinearSpace-Sequence)
& the normF of it = productnorm G;

end;

7 v LZE[E product G OXZ FILDESE product (carr G) 13K i€l Tay G D
TETH AR v =< *xx1, 70, , 2% > DERETH 3. product G D 2 DDITL x,y €
product G ONE x +y 3B LTOM

r+y:i€Segn—x; +y; €G;
Thh, EHN L OFREEE \r 135 B L TORKE

Ar i € Segn— Ax; € G;

lall= [ > llal?
1<i<n

IX PRVECT 2 [6] TU T O & S5 1c&HIN TV 3.

THbB. 2D/ VA

definition

let G be RealNormSpace-Sequence;

func productnorm G -> Function of product carr (G qua
ReallinearSpace-Sequence) ,REAL means :: PRVECT_2:def 12

for x being Element of product carr G holds it.x = |.normsequence(G,x).|;

end;

NDIFF_5 [ T product G D RNZ bl x =< xx1, 22, ,Tpx > DH i HHOER %
Heb 31

proj(i) : < #x1,xo, - ,Tp* >E H Gk — z; € Gy
1<k<n
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KO i |/E OEFRZ BT 51

reproj(i,x) : 7 € Gy =< %1, Lo, ,Ti1,7, Tig1, -, Tpk >E H Gy
1<k<n

B ZNFNLLT D functor TEFEL TW3.
definition

let G be RealNormSpace-Sequence;
let i be Element of dom G;

func proj i -> Function of product G,G.i means :: NDIFF_5:def 3
for x be Element of product carr G holds it.x = x.i;

end;

definition

let G be RealNormSpace-Sequence,i be Element of dom G,

x be Element of product G;

func reproj(i,x) -> Function of G.i,product G means :: NDIFF_5:def 4
for r be Element of G.i holds it.r = x +x (i,r);

end;

G =< *¥G1,Ga, -+ ,Gpx > OZEEEZM product G 205 / )V LZEM F ANDERTT
ESpdd
f:x €dom f Cproduct G — fx e F

DE T T DOVWTD ¢ =< *x1, %9, -, Tpx >E product G 2B} 2 —FE DM 7RI
BEME E IR DL T DO LS ICERINT WS,

definition
let G be RealNormSpace-Sequence,F be RealNormSpace,let i be set,
f be PartFunc of product G,F;
let x being Element of product G;

pred f is_partial_differentiable_in x,i means :: NDIFF_b5:def 6
fxreproj(In(i,dom G),x) is_differentiable_in proj(In(i,dom G)).x;
end;

definition

let G be RealNormSpace-Sequence,F be RealNormSpace;

let i be set,f be PartFunc of product G,F;

let x be Point of product G;

func partdiff (f,x,1i)
-> Point of R_NormSpace_of_BoundedLinearOperators(G.In(i,dom G),F) equals
:: NDIFF_b:def 7

diff (f*reproj(In(i,dom G),x),proj(In(i,dom G)).x);

end;
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NDIFF_5:def 6 1%, 544

reGiv flw, @, wi, i, en) €[] G

Dr=wx; THOARERL E, flde THi ST OWTRMIATRETDH 2 Z L ZERT
%. NDIFF_5:def 7 &

d
Bmif(xl’xg’ . ,$n) = %f(xl,x% RIS I R o7 S IR 73%) o,
ZEKT 5.
B E ¥ [[IBRIC product G DEBNEES X LDHE i Blim I CB§ 32— DIRMD AIRENE &
REABNERTZ 3.
definition

let G be RealNormSpace-Sequence,F be RealNormSpace;

let i be set,f be PartFunc of product G,F;

let X be set;

pred f is_partial_differentiable_on X,i means :: NDIFF_b5:def 8
X c= dom f & for x be Point of product G st x in X

holds f|X is_partial_differentiable_in x,i;

end;

definition

let G be RealNormSpace-Sequence;

let S be RealNormSpace;

let i be set;

let f be PartFunc of product G, S;

let X be set;

assume f is_partial_differentiable_on X,1i;

func f ‘partiall (X,i) -> PartFunc of product G,

R_NormSpace_of_BoundedLinearOperators(G.In(i,dom G),S)
means :: NDIFF_5:def 9

dom it = X &

for x be Point of product G st x in X holds it/.x = partdiff(f,x,i);

end;

D EDEHZRDD 21T, FE 513 NDIFF.5 (1] TRM7 PIRENE & 2 DR OfRIEEZ D
fzconWT, WmEHEOERIAEAZIToTWwWa. DT Z0—ETH 5.

Listing 11. NDIFF5

theorem :: NDIFF_5:56
for G be RealNormSpace—Sequence,S be RealNormSpace,f be PartFunc of product G,S,
X be Subset of product G,x be Point of product G
st X is open & x in X &
(for i be set st i in dom G holds f is_partial_differentiable_on X,i & f‘partial|(X,i) is_continuous_on X)
holds
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f is_differentiable_in x & for h be Point of product G

ex w be FinSequence of S st dom w = dom G &

(for i be set st i in dom G holds w.i = partdiff(f,x,i).(proj(In(i,dom G)).h))
& diff(f,x).h = Sum w;

theorem :: NDIFF_5:57
for G be RealNormSpace—Sequence,F' be RealNormSpace,f be PartFunc of product G,F,

X be Subset of product G

st X is open holds

(for i be set st i in dom G holds f is_partial_differentiable_on X,i & f‘partial|(X,i) is_continuous_on X)
iff f is_differentiable_on X & f*|X is_continuous_on X;

FfiZ, @ NDIFF _5:57 135 — 3 Tl N2 BZHBUC O W T OEFHRM S ATREMEIC & 5
WM ATREME D E T & AR TR TV 2 8 7 I REME D ER D FETH 2 Z 2 Z/R LT
W3,

4.2 BSMEREERK

T BB RN & [AIRR IS — B DRI ) AT BETE: ¥ AR % VAU, IR S DRI 5 53
ERTEL. BT, UTOERSEESES /) VAZEBD T AT DF Partdiff SP
BERTS.

Listing 12. PartdiffSP

definition
let S be RealNormSpace—Sequence, T be RealNormSpace,
I be non empty FinSequence of (dom S) ;
func Partdiff SP(S,T,I) —> RealNormSpace—Sequence means:: NDIFF1/:def 8
dom it = dom I & it.1 = R_NormSpace_of_BoundedLinearOperators(S.(In(I.1,dom S)),T)
& for i be Nat st 1<=i & i < len I holds it.(i+1) = R_NormSpace_of_BoundedLinearOperators
(S.(In(I.(i+1),dom S)),modetrans(it.i));

end;

definition
let S be RealNormSpace—Sequence,T be RealNormSpace,l be non empty FinSequence of (dom S),
i be Nat ;
assume 1<=i & i <=len I;
func Partdiff_SP(S,T,I,i)) —> RealNormSpace equals :: NDIFF1j:def /
Partdiff_SP(S,T,I).i;
end;

definition

let S be RealNormSpace—Sequence,T be RealNormSpace,l be non empty FinSequence of (dom S);
func PartdiffSP(S,T,I) —> RealNormSpace equals :: NDIFF1j:def 5

( Partdiff_SP(S,T,I) ).(len I);
end;

CHRBIZIZT %/ V%, S EREX 3D/ VAZEROERY S, = X, S, =Y, 85 =
Z,domS ={1,2,3} L, I ERX 4D domS = {1,2,3} DERIN I, =2,1, = 1,13
2,1, =1 £33k & Partdiff SP(S,T,I) i

LY, T), L(X, LY, T)), LY, L(X, LY, T))), £(X, LY, L(X, L(Y, T))))

LR 2ARINTH S, ZORIEEGRIIES 2 VLD TART) 2V TERIRY
TDHNE AT TER L.

Listing 13. PartDiffSeq
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definition
let S be RealNormSpace—Sequence, T be RealNormSpace,Z be Subset of product S,
I be non empty FinSequence of (dom S),
f be PartFunc of product S,T;
func PartDiffSeq(f,Z,I) —> FinSequence = means:: NDIFF1/:def 6
dom it = dom I & it.1 = f‘partial|(Z,1.1)
& for i be Nat
st 1<=i & i < len I holds
ex g be PartFunc of product S,Partdiff_SP(S,T,I,i)
st it.i = g & it.(i+1) = g'partial|(Z,1.(i+1));
end;

definition
let S be RealNormSpace—Sequence, T be RealNormSpace,Z be Subset of product S,
I be non empty FinSequence of (dom S),
f be PartFunc of product S,T;
let i be Nat ;
assume 1 <=i & i <= len [;
func PartDiffSeq(f,Z,1,i) —> PartFunc of product S,Partdiff_SP(S,T,1,i) equals :: NDIFF1/j:def 7
PartDiffSeq(f,Z,1).i;
end;

BN OB & [k T % 7 VL 25, S K& 3D /7 VLAZEMOERY S, = X, S, =
Y,S3=Z,dom S={1,2,3} L, [ 2RX4Ddom S = {1,2,3} DHWRF I, =2,
L,I3=2I1,=13%% B

fry2)e [ Si=XxYxZe flay2) el

1<i<3
D 4 FEDRERIEL PartDiffSeq(f,Z,1) 1355 1,2,3 DEH z,y, 2 W T 2 RHEEEKE 22
M f, 2 f, 2 f LR T,
0? o3 o*
Ox Oy 5 Oy Ox Oy / Ox Oy Ox Oy f
ThHb. ZOEMBRMS DT %RV TEBRBD IR Z LIT D & 5 (2 ihaE

0
@Jﬂ

is_partial_differentiable_on
TEHET 5.

Listing 14. NDIFF14:def 8

definition

let S be RealNormSpace—Sequence, T be RealNormSpace,Z be Subset of product S,
I be non empty FinSequence of (dom S),
f be PartFunc of product S,T;

pred f is_partial differentiable_on Z, I means :: NDIFF1/j:def 8

f is_partial_differentiable_on Z,1.1

& for i be Nat st 1 <=1 & i < (len I)
holds PartDiffSeq(f,Z,1,i) is_partial_differentiable_on Z,I.(i+1);

end;
¥ oERERMY 2 LT TERT 5.
Listing 15. NDIFF14:def 9
definition

let S be RealNormSpace—Sequence, T be RealNormSpace,
Z be Subset of product S, I be non empty FinSequence of (dom S),
f be PartFunc of product S,T;
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func f ‘partial| (Z,I) —>

PartFunc of product S,Partdiff_ SP(S,T,I,len I) equals:: NDIFF1j:def 9
PartDiffSeq (f,Z,L,len I);
end;

D EDEFRD D 212, NDIFF14 TlXERERMS TREN: & 2 DRSS ORI EICO W
T, UTomEOEALIEHEZIT 7. LT ICZ0—i%ErRT.

Listing 16. NDIFF14:30-31

theorem :: NDIFF14:30
for S be RealNormSpace—Sequence, T be RealNormSpace,Z be Subset of product S,
I be non empty FinSequence of (dom S),
f,g be PartFunc of product S,T
st Z is open & f is_partial_differentiable_on Z,I & g is_partial_differentiable_on Z,I
holds f+g is_partial_differentiable_on 7,1
& for i be Nat st 1<=1 & i <= len I holds PartDiffSeq(f+g,Z,1,i)
=PartDiffSeq(f,Z,1,i) + PartDiffSeq(g,Z,1,i);

theorem :: NDIFF1}:51
for S be RealNormSpace—Sequence, T be RealNormSpace,Z be Subset of product S,
I be non empty FinSequence of (dom S),
f be PartFunc of product S,T,a be Real
st Z is open & f is_partial_differentiable_on Z,1
holds a(#)f is_partial_differentiable_on Z,I
& for i be Nat st I<=i1& i <=lenl
holds PartDiffSeq(a(#)f,Z,1,i) =a(#)PartDiffSeq(f,Z,1,i);

5 BRWEREERCAHEHOWD

:@/]l/i\%ﬁiﬂ@ S, T,U Q:OL\"C, f % S 27))6 T«@%K%Eﬁﬁ, g %f T 71))6 U~
AP T2 %, f9 DABBE g - f O BB 2 ERIUATHD 2.

Listing 17. NDIFF_2:13

theorem :: NDIFF_2:13
for f1 be PartFunc of S, T st f1 is_differentiable_in x0 for {2 be
PartFunc of T,U st 2 is_differentiable_in (f1/.x0) holds f2xf1
is_differentiable_in x0 & diff(f2%f1,x0) = diff(f2,f1/.x0)=diff(f1,x0);

I n BEMT IR S 5 72 DI21E, Wor OFEENCEE T 2 BUARIENTE Z -V % 53,
Z DB L EGDW T % V2 B0 D 5.

E,F.G%/NVLZERE T2 %, E.FhH5GANDOMIEER (BilinearOperator of
E,F,G) 13 LOPBAN R [§] T/EZE XN, U TOEHTREM T &h, ZE BilinearOp-
erator of E,F,G 23 EA XN T3,

Listing 18. LOPBAN_8:12

theorem :: LOPBAN_8:12
for E,F,G be RealNormSpace,L. be Function of [:E,F:],G
holds
L is Bilinear

(

=

for x1,x2 be Point of E,y be Point of F holds L.(x14+x2,y) = L.(xL,y) + L.(x2,y) )

o~

( for x be Point of E,y be Point of F,a be Real holds L.(a*x,y) = a * L.(x,y) )
&
( for x be Point of E,y1,y2 be Point of F holds L.(x,y1+y2) = L.(x,y1) + L.(x,y2) )
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&
( for x be Point of E,y be Point of F,a be Real holds L.(x,a*xy) = a * L.(x,y) ) );

definition

let E,F,G be RealNormSpace;

mode BilinearOperator of E,F,G is Bilinear Function of [:E,F:],G;
end;

¥/, B (ER) WETEGEIELIT O X 5 2RI o1, ERI ATV S.

Listing 19. LOPBAN_9:def 3

theorem :: LOPBAN_8:13
for E,F,G be RealNormSpace,
f be BilinearOperator of E.F,G
holds
( f is_continuous_on the carrier of [:E,F:] iff f is_continuous_in 0.( [:E,F:] ) )
&
( f is_continuous_on the carrier of [:E,F:]
iff
ex K be Real st 0 <= K & for x be Point of E,y be Point of F
holds ||. £.(x.y) || <= K * [lx/| * [l )

definition

let E,F,G be RealNormSpace;

let f be BilinearOperator of E,F,G;

attr f is Lipschitzian means :: LOPBAN_9:def 3

ex K being Real st 0 <= K &

for x being VECTOR of E,y being VECTOR of F holds ||. f.(x,y) .|| <= K * ||. x .|| * ||. ¥ .||;
end;

AH (dERE) #IEER, A5 (i) METEEBIEZLLT O & 5 ITERE DR Tl o
ARETH 5.

Listing 20. NDIFF12

theorem :: NDIFF12:20
for L be Lipschitzian LinearOperator of E,F
holds for i be Nat holds
diff(L,i,[#]E) is_differentiable_on [#]E & diff(L.i,[#]E) ‘| [#]E is_continuous_on [#]E;

theorem :: NDIFF12:21
for B be Lipschitzian BilinearOperator of EF,G
holds
for i be Nat
holds diff (B,i,[#][:E,F:]) is_differentiable_on [#][:E,F:]
& diff (B,i,[#][:E,F:]) ‘| [#][:E,F:] is_continuous_on [#][:E,F:];

Tz V5 L HRMREGAR & G BER O —FEM BT 2 EHAE o N 5.

Listing 21. NDIFF13:42

theorem :: NDIFF13:42
for i be Nat, S,E,F,G be RealNormSpace,Z be Subset of S,
B be Lipschitzian BilinearOperator of EF,G,
u be PartFunc of S E, v be PartFunc of S,F,
w be PartFunc of S,[:E,F:], W be PartFunc of S,G
st W=Bxw&w=<uv:>
& u is_differentiable_on i,Z & diff(u,i,Z) is_continuous_on Z
& v is_differentiable_on i,Z & diff(v,i,Z) is_continuous_on Z
holds
W is_differentiable_on i,Z & diff(W,i,Z) is_continuous_on Z;

theorem :: NDIFF13:44
for i be Nat,E,F,G be RealNormSpace,Z be Subset of E,
T be Subset of F,u be PartFunc of E,F,v be PartFunc of F,G
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st u:Zc=T

& u is_differentiable_on i,Z & diff(u,i,Z) is_continuous_on Z
& v is_differentiable_on i, T & diff(v,i,T) is_continuous_on T
holds

viu is_differentiable_on 1,Z & diff(v+*u,i,Z) is_continuous_on Z;

E 5 LR D EH R SRR L 72 AT D E# 215 7.

Listing 22. NDIFF13:61

theorem :: NDIFF13:61
for S,E,F be RealNormSpace,u be PartFunc of S;E,v be PartFunc of S,F,
w be PartFunc of S,[:E,F:],Z be Subset of S;i be Nat
st w = <mu,v:>
& u is_differentiable_on i+1,Z & diff(u,i+1,Z) is_continuous_on Z
& v is_differentiable_on i+1,Z & diff(v,i+1,Z) is_continuous_on Z
holds
w is_differentiable_on i+1,Z & diff(w,i+1,Z) is_continuous_on Z;

n BEEAEM O ATREIE , R TOZERBICE T 2 n BEEGHRM D TR FRETH 2 Z &
DLLT OEH DRz AL L 72

Listing 23. NDIFF14:36

theorem :: NDIFF1/:36
for G being RealNormSpace—Sequence,
X being non empty open Subset of (product G),
F being RealNormSpace,
f being PartFunc of (product G),F
for n being Nat st 1 <=n
holds ( f is_differentiable_on n,X & diff (f,n,X) is_continuous_on X )
iff
for I being non empty FinSequence of (dom G)
st len I <= n holds f is_partial_differentiable_on X,I & f ‘partial| (X,I) is_continuous_on X;

S BIT, /N LIDHIRI (S} <1< DB EERE ], <o, S 7 HHRI { Fibrcprm
D% BERZE [T, < e P NOBHBEUCOWTIUTF OEMAETAIL L 72,
ZREAVIUL, RY 25 R™ ~AOSERE f 0 k BEEGMA TR LT, $1
BEOEERAT (1) RO & 5 10 2EHUT DTl ATREME iV 7228 © Rh, R™
BN B, [ R —IREEE LTRo 7580 k Bl mTRE AR C
BB NEAH B, Z ORI WTIREE QS -1 LKA S 2.

Listing 24. NDIFF15:32

theorem :: NDIFF15:52
for S be RealNormSpace—Sequence, F be RealNormSpace—Sequence,

g be PartFunc of product F,product S, X be non empty open Subset of product F,
k be Nat

st X c=dom g & 1 <=k
holds ( g is_differentiable_on k,X & diff (g,k,X) is_continuous_on X )
iff

for i be Element of dom S
holds for I being non empty FinSequence of (dom F) st len I <= k holds
proj(i)*g is_partial_differentiable_on X,I & (proj(i)*g)‘partial| (X,I) is_continuous_on X;

6 F&o
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