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Abstract

In this paper, the hierarchical neural networks is formalized by finite sequence of
mappings. The input-output map of the this neural network is represented as a com-
posite map of this finite sequence. The compactness of the set of these composite map

is proved by applying Ascoli-Arzela’s theorem.
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Listing 1. NEURONS1:def 1def 2

definition
let n be Nat,
k be FinSequence of NAT,
N be FinSequence;
pred N is_Multilayer_perceptron_with k,n
means
:: NEURONS1:def 1

len N=n&len N+ 1=1Ienk
&
for i be Nat st 1<=i & i < len k holds
N.i is Function of REAL—NS (k.i),REAL—NS (k.(i+1));
end;

definition
let N be FinSequence;
attr N is Multilayer_perceptron_like
means
:: NEURONS1:def 2
ex k be FinSequence of NAT

st

len N + 1 =1len k

&

for i be Nat st 1<=i & i < len k holds
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N.i is Function of REAL—NS (k.i),REAL—NS (k.(i+1));
end;

NEURONSLI : def 1 I3 AAE n, AABDOHERY k L HRII N Z5I1 8 N, k,n iZd
OMFERZERL TS, E,NDEIVRZNZENn+1l, nTHY NOKEEN, 1<i<n
D3 ki KICFBAN T FOVZERIRE 06 ki ROCEER 7 PV RFi NAOBRTH 5
ExFETHRFETHS. 22 TREAL — NS(ki) 1 k; RILOEAR 7 bVZER RF ¢ —
2V RINA ||z = 2R a2 x = (1,20, 1) ERFICED VL ARERKL
7eFE NV AEMERL TS (1),

NEURONSLI : def 2 E BRI {N,;}1<icn KOO TINDEHROGRIITH D, B
HotBGHE S LoHE T 2 @8, RO R I E R T ARKDOEIRI {ki}i<icni 2°
HFHETLILE2RTEETHS.

CDEMEE S SBROGIRINBPELET DI EEZRTDODBLTD cluster 55 TH
N ,mode TZ DEMZ b o7, B K% Multilayer_perceptron &9 ZEITERL /.

Listing 2. cluster and mode

registration
cluster Multilayer_perceptron_like for FinSequence;
end;

definition

mode Multilayer_perceptron

is Multilayer_perceptron_like FinSequence;
end;

2.2 ALAODOBERERIEREREBRNER

B TR R7 & ) AR TS 2 X7 Pz AR § 2 5BRRIER 7 b L2 1
DEMHEALL,(O) ROGHROGRINC k> T2 =TV 2y b V=0 %FKBTE. 2h
5 ZHEINAHAK L 72 (8) ROEH

NnONn_10~'~ONQON1

DPEEMN =2 —F V3 y b7 =7 D AMNDOBRE LT ERTH Y, ky RICFEH~RZ b
ZEH RM 225 kg1 KITFEBAY P VER] Rt ADBRTH 5. ZOHREBRDERZ
LT 212id, LT D & ) IZERMER S N2 ERDERI {pi}1<i<n 2\ 5.

p1 =N

p2 = Naopg

p3 = N3z opo

Pn = Npopn_1 (4)
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Listing 3. NEURONS1:def 3

definition
let n be Nat,
k be FinSequence of NAT,
N be FinSequence;
assume N is_Multilayer_perceptron_with k,n;
assume len N <> 0;
func OutPutFunc(N,k,n)
—> Function of REAL—NS (k.1), REAL—NS (k.(n+1))
means
:: NEURONS1:def 3

ex p be FinSequence
st
lenp=1len N & p.1 =N.1
& (for ibe Nat st 1 <=1 & i <len N holds
ex NN be Function of REAL—NS (k.(i+1)),REAL—NS (k.(i+2)),
pp be Function of REAL—NS (k.1),REAL—NS (k.(i+1))
st NN=N.(i+1) & pp =p.i & p.(i+1) = NN*pp )
& it = p.(len N) ;
end;

FRRERICGZ o AR n, HABRDOERI k L RS n ODFROHRII N T
NEURONSL1 : def 1 TE I 117235iE N is_Multilayer_perceptron_with k, n 23
DVDbD, Thbt BEM=_2—7 1%y b7 =7 %K T2bDICo0T ELEOS
RIC X 5% LT D X 5 IZEI$ N, k,n % b 57 Functor OutPutFunc(N, k,n) T&
#LTw3. 2D Functor OutPutFunc(N,k,n) DEFEDIEYSHE (52 507 N k,n
IZDWTERDEM 22T R 26 ~NOBEBEB RIS 5 2 &) Oz @) X
TEHEINDGEBRDOARI {p; }1<i<n D—BFAEZIEIITIUI I V. UTICZ D72 GE
DR —E 2 ke L 236 B § 5.

BRI {pih1<i<n DFAEZGEHT 2 I3 FHRIVERZ AT 5.

MML T FHRNE #IE A (scheme) & LT RECDEF 1 & SRS fiCw
5. AREOERE T T2 VTV S,

iy

Listing 4. RECDEF _1:sch 4

scheme :: RECDEF_1:sch 4
FinRecExD{D() —> non empty set,A() —> Element of D(), N() —> Nat,
Plobject,object,object]}:
ex p being FinSequence of D() st len p = N() & (p.1 = A() or N() = 0) &
for n st 1 <=n & n < N() holds P[n,p.n,p.(n+1)
provided
for n being Nat st 1 <=n & n < N() for x being Element
of D() ex y being Element of D() st P[n,x,y];

FED schemeRECDEF_1 : sch 4 Tii, 22 ThWES D OERDOHRI {p;}i1<i<n
DRI TR E BFHPN TV 5, ZHEARFEOHRI {pih1<icn ITHTED 5121,
DEEF p, DWERTH L LD 6K p 22 TEHEUM O DOEMRDESZEANT 505D
H5H. LpLars [ RnmLzk)ic

N;:z € RF s Nyj(z) e RF+1 1<i<n

% N; DERE, HEE RY R TH D, & N, IHBEOERE, ETiEAw. 2
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0)7]?_ &55[[4]“9,‘\ {:R,k1 }lgign @/m&#%é

X=JrM
i=1

BFEAL, % N, OEER, EEIETIOETES X DWMTEEICESTVRE X D
25 X OHRANDITBIBETBOEA PFuncs(X, X) Z v 5. 2® PFuncs(X, X) (%
PARTFUN1 :def 3IZTD LI ITERIN T3,

Listing 5. PARTFUNI1:def 3

definition
let X)Y;
func PFuncs(X,Y) —> set means
:: PARTFUNI1:def 3
x in it iff ex f being Function st x = f & dom fc= X & rmg fc=Y;

end;
Z® X & PFuncs(X,X) T (@) olifllz £ 3 bFEZ G L Tw 2 D23
TOHITTHS.
Listing 6. PFuncs
set

X0 = { the carrier of REAL—NS (k.i)
where i is Nat : 1<=i & i <=len N+1 } ;

1<=1 & 1 <=len N +1 by NAT_1:11;

then

the carrier of REAL—NS (k.1) in X0 ;

then

reconsider X =union X0 as non empty set by TARSKI:def 4;

defpred P1[ Nat , object , object |
means
ex pp be PartFunc of X,X,
NN be Function of REAL—NS (k.($1+1)),REAL—NS (k.($1+2))
st pp=$2 & NN= N.($1+1) & $3=NNxpp;

Z 512 schemeRECDEF 1 :sch 4 Z#A T 2 7 DI T OFfiE % FEH L 7=,

Listing 7. Lemma A3

A3: for i being Nat st 1 <=1 & i < len N holds
for x being Element of PFuncs(X,X)
ex y being Element of PFuncs(X,X) st P1[i,x,y]

= DR A3 & schemeRECDEF 1 : sch 4 % Tt (8) T/E# L 7= B0 AT
{piti<i<n ZEAL7EIRDLL T ORI TH 5.

Listing 8. Lemma A16

consider p being FinSequence of PFuncs(X,X)
such that
Al4:len p =len N
and
Al5:p.l1=Nlorlen N=0
and
Al6:
for i being Nat st 1 <=1 & i < len N holds P1[i,p . i,p . (i + 1)]
from RECDEF _1:sch 4(A3);
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CDE)ITL THALZGROERI {pi}i1<icn D—BIEICDWTIE MML IT[ER S
T 5 AP (scheme) RECDEF 1 : sch7 2w Tw 3,

Listing 9. RECDEF _1:sch 7

scheme :: RECDEF_1:sch 7

FinRecUn{A() —> object, N() —> Nat, F,G() —> FinSequence,

P[object,object,object] }:

F() = G()
provided
fornst1

N() for x,y1,y2 being set st P[n,x,yl] & P[n,x

=A( orN() =0) & fornst 1 <=n & n < N()
a

holds P[n,F().n,F().(n+1)] and
len G() =N() & (G().1=A()or N() =0) & fornst 1 <=n & n < N()
holds P[n,G().n,G().(n+1)];

Z O scheme 133 X 2RI DR T & 12D THIIfEASH U Ch USRI
TARFILFELCTH S 2 ERHEIC L > TRTHDTHS. D scheme % fli>TH (@)
TER L GROGRIN {pi}1<icn D—HEMER L BT TH 3,

Listing 10. Uniqueness

defpred P1[Nat,object,object]
means
ex NN be Function of REAL—NS (k.($1+1)),REAL—NS (k.($1+2)),
pp be Function of REAL—NS (k.1),REAL—NS (k.($1+1))
st NN=N.($1+1) & pp =$2 & $3 = NNspp ;

A34:1len pl =len N & (pl.1 = N.1 or len N = 0)
& for i be Nat st 1 <=1 & i < len N holds P1[i,pl.i,pl.(i+1)] by A32;

A35:len p2 =len N & (p2.1 = N.1 or len N = 0)
& foribe Nat st 1 <=i& i<len N
holds P1[i,p2.i,p2.(i+1)] by A33;

A36: for i being Nat st 1 <=1i & i <len N holds

for x, y1, y2 being set st P1[i,x,yl] & P1[i,x,y2] holds yl = y2 ;
pl=p2 from RECDEF _1:sch 7(A36,A34,A35);

hence F1=F2 by A32,/A33;

3 BEBER-1—JILRXYNI—VDEE
R CHEEZ N7 bLiiz A 2885 A2 L (m) =X
N;:xz € R¥ s Ny(z) e RF+1 1<i<n

DBEBDEIIN L > T=a—F 03y b7 =2 2L 7. 206 Z2EINCHKL 7
@) RDE
NnoNn—lo"'oNQONl

DEEH= 2 —F V%Y b7 =27 DANNOBRZRTEBRTH D, by ZOuFEHXT bL
R RF D26 Ky RICFEELAR 7 b VZER] REvit ADBRTH S, DLTD X9 Ic, AR
n & ARKDOEIRT k1K L <, %% NEURONSI : def 1 D4

N is_Multilayer_perceptron_ with k,n Zjii7z fEEMN =2 - L %y F 7—271ZD
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\WTC NEURONSL1 : def 3 TERSINLBEREMN=_2—I L%y b7 —7 D AR DEIR
%954 OutPutFunc(N, k,n) D& D %EA NEURONS(n, k) ZBLF D & 95 IZE
=L

Listing 11. NEURONS

definition
let n be Nat,
k be FinSequence of NAT;

func

NEURONS(n,k) —> Subset of

Funcs(the carrier of REAL—NS (k.1),the carrier of REAL—NS (k.(n+1)))
equals
:: NEURONS1:def 4

{ F where F is Function of REAL—NS (k.1),REAL—NS (k.(n+1))
: ex N be FinSequence
st N is_Multilayer_perceptron_with k,n
& F = OutPutFunc(N,k,n) } ;
end;

KT O NEURONS (n, k) DB EAICHIEE S L 72 Ascoli-Arzeld O 7EH % il
Hd 3.

4 BRRTZEMICEITBIBEHROERICDOWVWTD Ascoli-Arzela
DEE
g8 50, wifmEl, LN oAb L 72 Ascoli-Arzelda DEM 2 e L 7.

Listing 12. ASCORI:19

theorem :: ASCORI:19
for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace,
F be non empty Subset of
R_NormSpace_of_ContinuousFunctions(S,T),
G be Subset of Funcs(the carrier of M, the carrier of T)
st S = TopSpaceMetr(M) & T is complete & G = F
holds
CI(F) is compact
iff
( for x be Point of M holds G is_equicontinuous_at x )

for x be Point of S,
Fx be non empty Subset of (MetricSpaceNorm T)
st Fx = {f.x where f is Function of S,T :f in F }
holds
(MetricSpaceNorm T) | Cl(Fx) is compact;

FRloEH CHEROMHEE T 234 RRIGZEM D5 E 3G HEAEE X compact FBEICR
5720, T DKL) ISR Ao 5.

Listing 13. NEURONS1:27

theorem :: NEURONS1:27
for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace

st S = TopSpaceMetr(M) & T is complete & T is finite—dimensional
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& dim (T) <> 0

holds

for G be Subset of Funcs(the carrier of M, the carrier of T),
H be non empty Subset of
(MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T))
st G=H
holds
Cl(H) is sequentially_compact

iff

G is equibounded & G is_equicontinuous;

HIE T L 72, BB n & BRBDERI {k;}1<i<nr LT,
E# NEURONSL1 : def 1 D5:fF N is_Multilayer_perceptron_with k,n %7z 3

Listing 14. LayerFunc

definition

let X,Y be RealNormSpace ;

let F be Function of X,Y ;

let D,K be Real ;

pred F is_LayerFunc D,K means

:: NEURONS1:def 5
( for x,y be Point of X holds ||.F.x—F.y.|| <= Dx||.x—y.|| )
&

( for x be Point of X holds ||.F.x.|| <=K);
end;

definition
let n be Nat;
let k be FinSequence of NAT;
let DK be Real ;
let N be FinSequence;
pred N is_LayerFunc_Seq D,K.k,n
means
:: NEURONS1:def 6

len N =n

& N is_Multilayer_perceptron_with k,n

& for i be Nat st 1<=i & i < len k

holds
ex Ni be Function of REAL—NS (k.i), REAL—NS (k.(i+1))
st N.i = Ni & Ni is_LayerFunc D,K;

end;

NEURONSL1 : def 5 (&, B Ascoli-Arzed O BB D EIFLETR FU: equibounded &
A P FE5HE 1 equicontinuous (XS 9 5. NEURONSL : def 6 13 {N;}1<i<, D&EZ
RIERDBZ 050 %2HILTIEE2RL TS, O0) XKD=2—F V% b7 —7 2R
T2 K544 N; FEEMIE, BIZE, 2= (21,29, ,2,) € RFIZHTL T

Nz(‘r) = (9172/27 e 7yk1-+1) € qu#l (5)
h=k
Yj = Pal Z ajh T, —0) 1 <5 <kip (6)
h=1
EVIBZLTWVS. 22 Tp, 13 7 EA N ETIEN,
= ™

BETHS.aldyVEA PR p, DERORKMEZIRD 57 X =5 ThH 5.

{ajn}1<j<kips 1<n<n;
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i EP S W i+ L EANDRERE LTINS,

@ XD 7' A FEUIZY 7>y Vil ofRTH D, WRETE=a—TF L %y
N7 =2 2TDOY7EA FBIB p, D/8T X =5 0 RREERE a; ; OHOSEIC ERDEAE
T4, 5/ NEURONSLI : def 5 NEURONSL : def 6 (3iifi7- 3.

AFETIEID LI BEEH, N; DERNRIGICIELE AL T, RN AdEi 55 o5&
DWWk 5.

INSDEMED D LI NEURONS(n, k) DETHAIT Ascoli-Arzeld O Hil 2 i@

T3 LU TOMEBGFLNS,

Listing 15. NEURONS1:35

theorem :: NEURONS1:35
for n be Nat,
k be FinSequence of NAT,
S be non empty compact strict TopSpace,
X be non empty Subset of (REAL—NS (k.1)),
T be NormedLinearTopSpace
st
S is SubSpace of (TopSpaceNorm (REAL—NS (k.1)))
& the carrier of S = X
& X is compact
& T is complete & T is finite—dimensional
& dim (T) <> 0
& REAL—NS (k.(n+1)) = the NORMSTR of T
holds
for G be non empty Subset of R_NormSpace_of_ContinuousFunctions(S,T),
D,K be Real
st
0<D&0<K
&

G c¢= { F|X where F is Function of REAL—NS (k.1),REAL—NS (k.(n+1))
: ex N be non empty FinSequence
st N is_LayerFunc_Seq D,K.k,n
& F = OutPutFunc(N,k,n) }
holds
CI(G) is compact;

DEDEIIC, =a—F V%Y P =7 DKE N, &M ZHT I LEzhifdlic=a—7
Wty b7 — 7 2 RBLT 2GR OEA NEURONS (n, k) D7 #E A4S compact
EATHD I EWRENS. ZHIZ NEURONS(n, k) IKET 2 =2 —F L%y F7—2
Al S D OYEREFEII AN G 2 54, 213 O NEURONS(n, k) D54 Lo il
MBI DG G, 2 OFHIIBIBORK (/) i ZN%2 525 =2 —F L%y FT7—7 D
FUEZGEET 5. 72, ZOWMITEENTRHAREDYEE 2 EM & 0BX T LT XLT,
Z DT EENANDITLO MBI ER S N5 & Z I, Z DRI DR R DFAE %2 IRGET
5. 2D HRERT, EFLD compact EIZEHARMETH S.

5 F&OH

AFRTIEBEN =2 -7 1%y b7 =27 DFERLIcOTHRE LKL, =a—F 1%y
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7 — 7102 & B IR ORI TREEE R 2 b £, L E T wuk v, 51
V&, OIEEERE & 725 CTW> % Deep Learning (22 CTfil, hillfE 2232 itk o T, %
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COSP3 C(Q) space and Cy(02) space

by Hiroshi Yamazaki and Yasunari Shidama

Summary: In this article, first we give a definition of a functional space which is
constructed from all continuous functions defined on a compact topological space. We
prove that this functional space is a Banach spacea. Next, we give a definition of a
function space which is constructed from all continuous functions with bounded support.

We also prove that this function space is a normed space.

ASCORI Ascoli — Arzela’s theorem

by Hiroshi Yamazaki and Yasunari Shidama

Summary: In this article, the Ascoli-Arzela’s theorem is formalized. First, we gave
definitions of equicontinuousness and equiboundedness of a set of continuous functions.
Next,we formalized the Ascoli-Arzela’s theorem by those defintions , and proved this

theorem.

NERONS1 Formalizations for Multilayer perceptron
by Hiroshi Yamazaki and Yasunari Shidama
Summary:

In this article, the hierarchical neural networks (Multilayer perceptron) is formalized
by finite sequence of mappings. The input-output map of the this neural network is
represented as a composite map of this finite sequence. The compactness of the set of

these composite map is proved by applying Ascoli-Arzela’s theorem.
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