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Abstract

A derivation of Polynomial over R has formalized in [0] and a polynomial was re-
garded a real differentiable function. In this article we treat more algebraic aspect about
derivation rather than analytic case. A derivation is defined for a commutative ring A
asamap D : A — A satistying D(z+y) = Dax+ DyD(zy) = xDy+yDzx Vz,y € A [2].
Form the definition various properties of a derivation are derived axiomatic way. In the
article most formalized theorems are on to polynomial ring. Because generic theory is
rather simpler than polynomial ring case, it is worth to investigate polynomial case for
further formalization. There is a certain difficulty in handling with polynomial rings due
to an element of the rings has 2 deferent attributes namely ‘Polynomial’ and ‘Element
of the carrier of the ring’. The article formalized a finite sequence of polynomial and
properties of a derivation of a polynomial ring. We also formalized Leibnitz Formula

for power of derivation of R[X] as example of justification of the current work :
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D(z+y) = Dx+ Dy, D(zy)=axDy+yDzx Va,y € A.
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Listing 1. POLYDIFFA - Def.5
definition
let p;
func poly_diff(p) —> sequence of F_Real means
:: POLYDIFF:def 5
for n being Nat holds it.n = p.(n+1) * (n+1);
end;
CAUTH L THHAER O S IHABRDOMIT T DX B2 7 X =8 & L TROE#Z
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Listing 2. POLYDIFFA- Def.3
definition
let R;
let f be Polynomial of R;
let r be Nat;
func D_(f,r) —> sequence of R means
POLYDIFFA:def 3
for i being Nat holds it.i = In((i+r)!/(i!),R) * f.(i4r) ;
end;
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Listing 3. POLYDIFFA - Th10&Th31

theorem :: POLYDIFFA:10
for f be Polynomial of F_Real holds D_(f,1) = poly_diff(f);

D1f )& D(fL)OTHEHRTH 5.

theorem :: POLYDIFFA:31
D1(fx'g) = (D1(f)) g + £'(D1(g));
proof
per cases;
suppose that
A1l: f is non constant;
thus thesis by A1, Th28;
end;
suppose that
A2: f is constant;
thus thesis by A2, Th27;
end;
end;Z 2T
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Th27,13 A FDHIL : Th28

theorem :: POLYDIFFA:29
theorem Th27:
for p, q be Polynomial of F_Real
st p is constant holds D1(px’q) = (D1(p))*’q + p*’(D1(q))

theorem :: POLYDIFFA:30
theorem Th28:
for x,y be Polynomial of F_Real st x is non constant
holds D1(xx’y) = (D1(x))*’y + xx’(D1(y))

2 ZHEAROWMAPOEEDR L
2.1 EFNLZEEOERL
HOTHABLCMST D D7z $1E 13 FM 5812 “RINGDER1” I TREA(L L 7.
i) D(1R)=0R&D(OR)=0R
ii) D(nx)=nD(x)
iii) Dzt = (n + 1)z™Dx
iv) D"tz = D(D"z)
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Listing 4. POLYDIFFA - Th12-15

theorem :: POLYDIFFA:12
D1(0-.F_Real) = 0_.F_Real;

theorem :: POLYDIFFA:13
for n,m be Nat, f be Polynomial of F_Real holds
In(n,F_Real)*f + In(m,F_Real)*f = In(n+m,F_Real)x{;

theorem :: POLYDIFFA:1/
D_(fr) is Polynomial of F_Real;

theorem :: POLYDIFFA:15
DI(D_(fx)) = D_(Lr-+1);
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HIRFNEEZ LR 72\ DT, Polynomial J&14:2> 5 Element of the carrier of Polynom-Ring
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Listing 5. POLYDIFFA - Def.5

definition

let f be Polynomial of F_Real;

func HWZ(f) —> FinSequence of the carrier of Polynom—Ring F_Real means
:: POLYDIFFA:def 5

len it = len f & for i be Nat st i in dom it holds
iti="(D-(fi " 1));

end;
the carrier of Polynom-Ring A OTLOHFRIIORANIPAFD 74 77 Vh o HBAI N
5. L LadoLHADEREG DM IZHHICERT 2080 D 5.
Listing 6. POLYDIFFA - Def.7
definition

let S be FinSequence of the carrier of Polynom—Ring F_Real;
func D1(S) —> FinSequence of Polynom—Ring F_Real means
:: POLYDIFFA:def 7

len it = len S & for i be Nat st i in dom it holds
iti = "DI1(7(S/.1));

end;

DL T, & (1) oLz I T oAl ,

Listing 7. POLYDIFFA - Th39

theorem :: POLYDIFFA:39
for f be non constant Polynomial of F_Real holds
“Sum(HWZ(f)) = D1("Sum(HWZ(f))) + f;
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Listing 8. POLYDIFFA - Def.8

definition

let n;

let x,y be Element of the carrier of Polynom—Ring F_Real;

func LBZ(n,x,y) —> FinSequence of the carrier of Polynom—Ring F_Real means
:: POLYDIFFA:def 8

len it = n+1 & for i st i in dom it holds

it.i = "(In(n choose (i—'1),F_Real)*((D_("x,n+1-"1))* (D_("y,i — 1))));
end;

ZDES D™ (fg) = Sum(LBZ(D,n, z,y) fefEIC CREBHL LT O @215 5. DL
ToEMIZ FM it “RINGDER1” 12 TR L 720 O @B R E 1 280 % EHABR
B d 3 ERILTH H SBRERLE FE.

Listing 9. RINGDERI1 - Th25

theorem Th25:
(D|"n).(xy) = Sum(LBZ(D,nx.y))
theorem :: RINGDER1:25
(D|"n).(x*y) = Sum(LBZ(D,n,x,y));

AEX LBZ(D,n,z,y) & () D" fDig lSMIE L T 5. HLIBAMETIRIRA T O30
ZHIEL CTw 5. 2 2 TRIFBATOIHKE O 1 DSR2 A NDI & D3z LIERARE
DFfFOME L\, LBZ1 & LBZ2 3#lAAHE DB IFEDOE () D" fDig =
(1) + ((J)DrifDitlg LB L 72 & ED O DHDOFEZ > DI L THIRANIC L,
Z OB EDLEDEDFRDOHY:, B LD THEBTE 2HDJH & RROEZ R TH
BOH, HE0HZ L > TZNZFNLBZL & LBZ2 f0ICT Tw 3. s 2 Hfig L T
LT LBZ(D,n,z,y) =Y i (1) D" fDig B3 n DR D 2 TEn+1 THRD LD Z
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Listing 10. POLYDIFFA - Def.9-11

definition

let m;

let x,y be Element of Polynom—Ring F_Real;

func LBZ0(m,x,y) —> FinSequence of the carrier of Polynom—Ring F_Real means
:: POLYDIFFA:def 9

len it = m & for i st i in dom it holds

it.i =" (In((m choose (i—'1))+(m choose i),F _Real)x

(D(xm+1 1)« (D-("y.i)));

end;

definition

let m;

let x,y be Element of the carrier of Polynom—Ring F_Real;

func LBZ1(m,x,y) —> FinSequence of the carrier of Polynom—Ring F_Real means
:: POLYDIFFA:def 10

len it = m &

for i st i in dom it holds

it.i = "(In(m choose (i—1),F_Real)*((D_("x,m+1 —’1))*x’(D_("y,i))));
end;

definition

let m;

let x,y be Element of the carrier of Polynom—Ring F_Real;

func LBZ2(m,x,y) —> FinSequence of the carrier of Polynom—Ring F_Real means
:: POLYDIFFA:def 11

len it =m &

for i st i in dom it holds
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en(ilt:,,i = "(In(m choose i,F Real)*((D_("x,m +1 —’1))*’(D_("y,i))));
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Summary: A derivation of Polynomial over R has formalized in [{l] and a polynomial
was regarded a real differentiable function. In this article we treat more algebraic aspect
about derivation rather than analytic case. A derivation is defined for a commutative
ring A asamap D : A — A satisfying D(x+y) = Dx+DyD(xy) = xDy+yDz Vr,y €
A [?2]. Form the definition various properties of a derivation are derived axiomatic way.
In the article most formalized theorems are on to polynomial ring. Because generic
theory is rather simpler than polynomial ring case, it is worth to investigate polynomial
case for further formalization. There is a certain difficulty in handling with polynomial
rings due to an element of the rings has 2 deferent attributes namely ‘Polynomial’ and
‘Element of the carrier of the ring’. The article formalized a finite sequence of polynomial
and properties of a derivation of a polynomial ring. We also formalized Leibnitz Formula

for power of derivation of R[X] as example of justification of the current work :

D™(zy) = zn: (:‘) D"z Diy.

=0

Listing 11. POLYDIFFA - abstract

environ

vocabularies VECTSP_1, POLYNOM1, PARTFUN1, NUMBERS, REAL_1, RELAT_1, TARSKI,
STRUCT.0, FUNCT_1, SUBSET.1, ALGSEQ_1, NAT_1, XXREAL_0, SUPINF_2, INT_3,
POLYNOMS3, ARYTM_3, CARD_1, FUNCT.7, MESFUNC1, FINSEQ_1, INT_1, XBOOLE_0,
HURWITZ, ARYTM_1, AFINSQ_1, REALSET1, CARD_3, ORDINAL4, XCMPLX_0, COSP1,
POLYDIFF, FINSEQ_3, FIELD_1, RFINSEQ, RATFUNC1, XREAL.0, RAT_1, GAUSSINT,
POLYNOMS5, VECTSP_2, FOMODELI1, ALGSTR_0, ZFMISC_1, FINSEQ_2, FINSEQ_5,
POLYDIFA;

notations TARSKI, XBOOLE.0, ZFMISC_1,SUBSET.1, RELAT_1, FUNCT.1, ORDINALL,
RELSET.1, PARTFUN1, FUNCT_2, BINOP_.1, FUNCT_.3, FUNCOP_1, NUMBERS,
XCMPLX_0, XXREAL_0, XREAL_0, NAT_1, INT_1, RAT_1, VALUED_0, INT_2, NAT D,
FINSEQ_1, FINSEQ.2, NEWTON, RFINSEQ, FINSEQ_5, STRUCT.0, ALGSTR.0,
RLVECT.1, VECTSP_1, COMPLFLD, GROUP_1, FUNCSDOM, VECTSP_2, GROUP 4,
NORMSP_1, VFUNCT_1, FVSUM_1, POLYNOM1, ALGSEQ_1, POLYNOM3, POLYNOMS5,
UPROOTS, INT_3, HURWITZ, COSP1, EC_PF_1, RATFUNC1, GAUSSINT, RING_3,
RING_4, POLYDIFF, FIELD_1, FIELD 4;

constructors TARSKI, XBOOLE_0, ZFMISC_1, SUBSET_1, RELAT_1, FUNCT.1, ORDINALL,
RELSET.1, PARTFUN1, FUNCT_2, BINOP_1, FUNCT_.3, REALSET1, XCMPLX_0,
FINSET_1, NUMBERS, SQUARE_1, NAT_1, INT_1, RAT_1, INT_2, NAT_D, BINOP_2,
NEWTON, RFINSEQ, FINSEQ_5, FUNCT_7, STRUCT.0, ALGSTR.0, RLVECT_1,
VECTSP_1, GROUP_1, COMPLFLD,
VECTSP_2, VFUNCT.1, GROUP_4, FVSUM.1, POLYNOM1, ALGSEQ_1, BINOM,
POLYNOMS3, POLYNOM4, POLYNOMS5, UPROOTS, INT_3, COSP1, VECTSP11, EC_PF_1,
RATFUNC1, GAUSSINT, RING_3, POLYDIFF, FIELD_1, FIELD 4;
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registrations RELSET_1, FUNCT_2, VECTSP_1, STRUCT.0, XBOOLE_0, RELAT_1,
FUNCT_1, NAT_1, XREAL_0, NUMBERS, XCMPLX_0, ORDINAL1, POLYNOM3, MEMBERED,
FUNCOP_1, RATFUNC1, INT_1, POLYNOMS5, FINSEQ_1, VALUED_1, VALUED.0,
FDIFF_1, RCOMP_1, POLYNOM4, RLVECT_1, XXREAL.0, ALGSTR_1, POLYDIFF,
RING_4, AFINSQ_1, NEWTON, GAUSSINT, COMPLFLD, RAT_1, INT_3, FIELD 4,
RING_5, FINSEQ_5;

requirements SUBSET, BOOLE, NUMERALS, REAL, ARITHM,;

definitions TARSKI, FUNCT_1, FUNCT_2, FDIFF_1, ALGSEQ_1, RATFUNC1, XBOOLE.0,
RELAT_1, RELAT_2, RLVECT.1, GROUP_1, VECTSP_1, ALGSTR.0;

equalities SUBSET_1, STRUCT.0, ALGSTR.0, VECTSP_1, POLYNOM3, HURWITZ,
POLYNOMS5, FUNCSDOM, VALUED_1, FINSEQ_1, XCMPLX_0, POLYDIFF, RLVECT._1,
RATFUNCI, BINOP_1, FINSEQ_2, XBOOLE_0, NUMBERS, XREAL_0, INT_3, COMPLEXI,
RING_4, FUNCOP_1, SQUARE_1, PARTFUNI;

expansions FDIFF_1, ALGSEQ_1, FUNCT_1, POLYNOM1, NUMBERS,
STRUCT_0, VECTSP_1, TARSKI, FUNCT_2, FINSEQ_1, RING_4, RFINSEQ,
RATFUNC1, POLYDIFF, RLVECT_1, GROUP_1, SUBSET_1,XREAL_0, NORMSP_1,
SQUARE_1, XBOOLE.0, VECTSP_2, IDEAL_1;

theorems FUNCT_2, POLYNOM5, UPROOTS, FINSEQ_5, ORDINAL1, XREAL_.0, ALGSEQ_1,
XXREAL_0, XREAL_1, NAT_1, RATFUNC1, HURWITZ, INT_1, FINSEQ_1, FINSEQ_3,
RLVECT.1, NORMSP_1, PARTFUN1, NAT_D, FVSUM_1, POLYNOM4, NEWTON, POLYNOMS3,
POLYDIFF, XCMPLX_1, BINOM, RING_4, RFINSEQ, FIELD_1, RING_5, FUNCT_1,
SUBSET.1, FINSEQ_2, FINSEQ_4, PRE_POLY, TARSKI, INT_3, FIELD_4, COSP1,
POLYALG1, VECTSP_2, POLYNOM1, FUNCT_3, ZFMISC_1;

schemes FUNCT_2, NAT_1, FINSEQ_1;

begin :: Preliminaries
reserve R1 for non degenerated comRing;
reserve R for (INT.Ring)—extending comRing;

reserve c for Complex;

reserve x0,r for Real;

reserve ij.k, m,n.d,r for Nat;

reserve x,y,z for Element of the carrier of Polynom—Ring F_Real;

registration
cluster F_Real —> (INT.Ring)—extending;
end;

registration
let R;
let i be Integer;
reduce In(i,R) to i;
end;

reserve f for Element of the carrier of Polynom—Ring R;

theorem :: POLYDIFFA:1
for p be Polynomial of R holds p‘"n is Polynomial of R;

definition
let R1;
let p be Element of the carrier of Polynom—Ring R1;
func "p —> Polynomial of R1 means

:: POLYDIFFA:def 1

it is Polynomial of R1 & it = p;
end;

definition
let R1;
let p be Polynomial of R1;
func "p —> Element of the carrier of Polynom—Ring R1
means
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:: POLYDIFFA:def 2

it is Element of the carrier of Polynom—Ring R1 & it = p;
end;

theorem :: POLYDIFFA:2
for p,q be Polynomial of R1 holds “(p+q) = ("p) + ("q);

theorem :: POLYDIFFA:3

for p be Element of the carrier of Polynom—Ring R1 holds

theorem :: POLYDIFFA:
for p be Polynomial of R1 holds “("p) = p;

theorem :: POLYDIFFA:5
for p,q be Element of Polynom—Ring R holds

“(p+a) = ("p) + (Ta);
theorem :: POLYDIFFA:6

for p,q be Element of the carrier of Polynom—Ring R holds

(p+a) = ("p) + (Ca);

theorem :: POLYDIFFA:7
for p,q be Element of Polynom—Ring R holds

“(pxa) = ("p) ¥ (Ta);

theorem :: POLYDIFFA:8
for p,q be Polynomial of R1 holds “(px'q) = ("p) * ("q);

theorem :: POLYDIFFA:9

for p,q be Polynomial of F_Real holds “(p*'q) = ("p) * ("q);

definition

let R;

let f be Polynomial of R;

let r be Nat;

func D_(f,r) —> sequence of R means
:: POLYDIFFA:def 8

for i being Nat holds it.i = In((i+r)!/(i!),R) * f.(i+r) ;
end;

registration

let R;

let f be Polynomial of R;

let r be Nat;

cluster D_(f;r) —> finite—Support;
end;

theorem :: POLYDIFFA:10
for f be Polynomial of F_Real holds
D_(f,1) = poly_diff(f);

definition

let f be Polynomial of F_Real;

func D1(f) —> Polynomial of F_Real equals
:: POLYDIFFA:def 4

poly_diff(f);
end;

reserve f for Polynomial of F_Real;

theorem :: POLYDIFFA:11
D_(f,0) =1

theorem :: POLYDIFFA:12
D1(0-.F_Real) = 0_.F_Real;

“("p) = p;
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theorem :: POLYDIFFA:13
for n,m be Nat, f be Polynomial of F_Real holds
In(n,F_Real)*f + In(m,F_Real)*f = In(n+m,F_Real)xf;

theorem :: POLYDIFFA:1/
D_(f,r) is Polynomial of F_Real;

theorem :: POLYDIFFA:15
DI(D-(£r)) = D(L,r-+1);

theorem :: POLYDIFFA:16
for f be non constant Polynomial of F_Real holds
degf>=1&lenf>=2&lenf=degf+1&lenf-’1=lenf—-1&
len f > 1;

reserve p for Polynomial of F_Real;
reserve p for Polynomial of F_Real;
reserve f for Polynomial of F_Real,

theorem :: POLYDIFFA:17
n = len f implies len (D_(fn)) = 0;

theorem :: POLYDIFFA:18
for f be Polynomial of F_Real holds D_(f,len f) = 0_.F_Real;

theorem :: POLYDIFFA:19
n = len f —1 implies len (D_(fn)) = 1;

theorem :: POLYDIFFA:20
n = len f —1 implies D_(fn) = <% In(n!,F_Real)*f.n %>;

theorem :: POLYDIFFA:21
for p being constant Polynomial of F_Real holds D_(p,1) = 0_.F_Real;

theorem :: POLYDIFFA:22
for p being constant Polynomial of F_Real holds D_(p,1) = 0_.F_Real;

reserve a for Element of F_Real;

theorem :: POLYDIFFA:23
for i be Nat, p be Polynomial of F_Real
holds ((a]F_-Real)+’p).i = a*p.i;

theorem :: POLYDIFFA:2
for f,g being Polynomial of F_Real for a be Element of F_Real
st f = a|F_Real holds D1(fx’g) = (a|F_Real)+’(D1(g));

theorem :: POLYDIFFA:25
for f being Polynomial of F_Real for a be Element of F_Real
st f = anpoly(a,0) holds D1(f) = 0_.F_Real;

theorem :: POLYDIFFA:26
for f being Polynomial of F_Real for a be Element of F_Real
st f = anpoly(a,1) holds D1(f) = anpoly(a,0);

reserve f,g for Polynomial of F_Real;

theorem :: POLYDIFFA:27
for f,g st f = anpoly(1.F_Real,1) holds
for i be Element of NAT holds (fx’g).(i+1) = g.i &(f*’g).0 = 0.F_Real;

theorem :: POLYDIFFA:28
for f,g st f = anpoly(1.F_Real,1) holds
D1(fx’g) = (D1(f))*’g + f+'(D1(g));

theorem :: POLYDIFFA:29
for p, q be Polynomial of F_Real
st p is constant holds D1(px’q) = (D1(p))*’q + p*’(D1(q));
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theorem :: POLYDIFFA:30
for x,y be Polynomial of F_Real st x is non constant
holds D1(x+’y) = (D1(x))*’y + x+’(D1(y));

theorem :: POLYDIFFA:31
D1(fx¥'g) = (D1(f))*’g + £’ (D1(g));

theorem :: POLYDIFFA:32
for n,f holds D1(In(n,F_Real)*f) = In(n,F_Real)*D1(f);

theorem :: POLYDIFFA:33
for f be Polynomial of F_Real holds
D1(f"(m+1)) = In(m+1,F_Real)*(f'"m)*'D1(f);

reserve f for non constant Polynomial of F_Real;

reserve a for Element of F_Real,

B+ F'+F’+ ... F"(n) — D(F + F’'+F’+ ...F"(n)) = F

s:reserve f for non constant Element of the carrier of Polynom—Ring F_Real;
::L—polynomial—membered

definition

let f be Polynomial of F_Real;

func HWZ(f) —> FinSequence of the carrier of Polynom—Ring F_Real means
:: POLYDIFFA:def 5

len it = len f & for i be Nat st i in dom it holds
iti="(D_(fi — 1));
end;

definition

let f be Polynomial of F_Real;

func HWZ2(f) —> FinSequence of the carrier of Polynom—Ring F_Real means
:: POLYDIFFA:def 6

len it = len f & for i be Nat st i in dom it holds
iti= "(D-(fi));
end;

definition
let S be FinSequence of the carrier of Polynom—Ring F_Real;
func D1(S) —> FinSequence of Polynom—Ring F_Real means
:: POLYDIFFA:def 7

len it = len S & for i be Nat st i in dom it holds
iti= "DI("(S/.1));

end;

theorem :: POLYDIFFA:3
for S be FinSequence of the carrier of Polynom—Ring F_Real,
v be Element of the carrier of Polynom—Ring F_Real holds
D1(S"<xv*>) = (D1(S))"<*"D1("v)*>;

theorem :: POLYDIFFA:35
for S be FinSequence of the carrier of Polynom—Ring F_Real holds
D1("(Sum S)) = “Sum( D1(S));

theorem :: POLYDIFFA:36
(HWZ(f)).(Ien f) = <% In((deg f)!,F_Real)«f.(deg f) %> &
poly diff("(HWZ(f))/.(len f))) = 0_.F_Real;
theorem :: POLYDIFFA:37
for f be non constant Polynomial of F_Real holds
HWZ(f) = <+ f+>"Del((HWZ2(f)),len f);

theorem :: POLYDIFFA:38
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D1(HWZ(f)) = HWZ2(f);

theorem :: POLYDIFFA:39
for f be non constant Polynomial of F_Real holds
“Sum(HWZ(f)) = D1("Sum(HWZ(f))) + f;

reserve x,y for Element of the carrier of Polynom—Ring F_Real;
definition
let n;
let x,y be Element of the carrier of Polynom—Ring F_Real;
func LBZ(n,x,y) —> FinSequence of the carrier of Polynom—Ring F_Real
means
:: POLYDIFFA:def 8

len it = n+1 & for i st i in dom it holds
it.i = "(In(n choose (i—’1),F_Real)*((D_("x,n+1-"1))x(D_("y,i — 1))));
end;

theorem :: POLYDIFFA:40
LBZ(0,x,y) = < x¥y *>;

theorem :: POLYDIFFA:j1
LBZ(1xy) = < yx ("D1("x)), xx ("D1(7y)) *>;

definition
let m;
let x,y be Element of Polynom—Ring F_Real;
func LBZ0(m,x,y) —> FinSequence of the carrier of Polynom—Ring F_Real
means
:: POLYDIFFA:def 9

len it = m & for i st i in dom it holds
it.i ="(In((m choose (i—’1))+(m choose i),F_Real)x
L UD-CxmtT =)< DLy

end;

definition
let m;
let x,y be Element of the carrier of Polynom—Ring F_Real;
func LBZ1(m,x,y) —> FinSequence of the carrier of Polynom—Ring F_Real
means
:: POLYDIFFA:def 10

lenit =m &

for i st i in dom it holds

it.i = "(In(m choose (i—'1),F_Real)*((D_("x,m+1 —1))*'(D_("y,i))));
end;

definition
let m;
let x,y be Element of the carrier of Polynom—Ring F_Real;
func LBZ2(m,x,y) —> FinSequence of the carrier of Polynom—Ring F_Real
means
:: POLYDIFFA:def 11

lenit =m &

for i st i in dom it holds

it.i = "(In(m choose i,F_Real)*((D_("x,m +1 —1))*’(D_("y,1))));
end;

reserve pl,ql for FinSequence of the carrier of Polynom—Ring F_Real;

theorem :: POLYDIFFA:42
LBZ0(m,x,y) = LBZ1(m,x,y) + LBZ2(m,x,y);

theorem :: POLYDIFFA:43
Sum LBZ0(n,x,y) = Sum LBZ1(n,x,y) + Sum LBZ2(n,x,y);

theorem :: POLYDIFFA:}4
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D1(LBZ0(n,x,y)) = Del(LBZ2(n+1,x,y),n+1) + Del(LBZ1(n+1,x,y),1);

theorem :: POLYDIFFA:45
Sum(D1(LBZ0(n,x,y))) =
— (LBZ1(n+1,x,y)/.1) + Sum LBZ0(n+1,x,y) — (LBZ2(n+1,x,y)/.(n+1));

theorem :: POLYDIFFA:46
LBZ(n+1,x,y) = <*"((D_("x,n+1))*’"y)*>"(LBZ0(n,x,y)) "<+ ("x+'(D_("y,n+1)))*>
theorem :: POLYDIFFA:}7

Su{r1(<* “((D-(x,n+1))"y) *>"(LBZ0(n, X,y))A “("x#'(D_(Ty,n+1))) *>)
= "((D-("x,n+1))*7y) + Sum(LBZ0(n,x,y))+ " ("x+(D-("y,n+1)));
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