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Abstract

In this paper, we report on the formalization of the implicit function theorem and
the inverse function theorem with higher-order derivatives and partial derivatives of

vector-valued functions on normed spaces.

1 ELC®IC

$E 51X TN E TIZ Laurent Schwartz 12 K 2FFH (1] IZL72A3oC, [0 T/ VL%
L oREERCEM %, [B] THRBUER T 22 AT L 5 1IERLL 7.

Listing 1. NDIFF_9:21

theorem :: NDIFF_9:21

for E be RealNormSpace,
G,F be non trivial RealBanachSpace,
Z be Subset of [:EF],
f be PartFunc of [:EF:], G,
a be Point of E; b be Point of F, ¢ be Point of G,
z be Point of [:E,F:]

st Z is open & dom f = Z
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& f is_differentiable_on Z & f ‘| Z is_continuous_on Z
& [a,b] in Z & f.(a,b) = ¢ & z = [a,b]
& partdiff2(f,z) is invertible
holds
ex rl,r2 be Real
st 0 <rl & 0 <12
& [:Ball(a,rl),cl_Ball(b,r2):] c= Z
& ( for x be Point of E st x in Ball(a,rl) holds
ex y be Point of F st y in Ball(b,r2) & f.(x,y) =c¢)
& ( for x be Point of E st x in Ball(a,rl) holds
for y1,y2 be Point of F st y1 in Ball(b,r2) & y2 in Ball(b,r2)
& f.(x,y1) = ¢ & f.(x,y2) = ¢ holds yl=y2 )
& ( ex g be PartFunc of E,F
st dom g = Ball(a,rl) & rng g c= Ball(b,r2)
& g is_continuous_on Ball(a,rl) & g.a =b
& ( for x be Point of E st x in Ball(a,rl) holds f.(x,g.x) = ¢ )
& g is_differentiable_on Ball(a,rl)
& g ‘| Ball(a,rl) is_continuous_on Ball(a,rl)
& ( for x be Point of E, z be Point of [:E,F:]
st x in Ball(a,rl) & z = [x,g.X]
holds diff(g,x) = — ( Inv partdiff‘2(f,z)) * partdiff‘1(f,z) )
& ( for x be Point of E, z be Point of [:E,F:]
st x in Ball(a,rl) & z =[x,g.x]
holds partdiff‘2(f,z) is invertible ) )
& ( for gl,g2 be PartFunc of E|F
st dom gl = Ball(a,rl) & rng gl c= Ball(b,r2)
& ( for x be Point of E st x in Ball(a,rl) holds f.(x,gl.x) = ¢ )
& dom g2 = Ball(a,rl) & rng g2 c= Ball(b,r2)
& ( for x be Point of E st x in Ball(a,rl) holds f.(x,g2.x) = ¢ )
holds gl = g2);

Listing 2. NDIFF10:17

theorem :: NDIFF10:17
for E,F be non trivial RealBanachSpace,
Z be Subset of E,
f be PartFunc of E,F,
a be Point of E, b be Point of F
st Z is open & dom f = Z
& f is_differentiable_on Z & f ‘| Z is_continuous_on Z
&ainZ &fa=>b
& diff(f,a) is invertible
holds
ex A be Subset of E,B be Subset of F,
g be PartFunc of F.E
st A is open & B is open
Ac=domf& ain A & bin B
ftA=B& domg=B&mgg=A
dom(f|A) = A & rng(f|]A) =B
(f|A) is one—to—one & g is one—to—one
g = (f]A)° & (fA) = ¢ & gb=a
g
g
(

is_continuous_on B & g is_differentiable_on B
‘| B is_continuous_on B & ( for y be Point of F st y in B
holds diff(f,g/.y) is invertible )

&
&
&
&
&
&
&
& ( for y be Point of F st y in B holds diff(g,y) = Inv diff(f,g/.y) );

X 52 @] TIEARIOTER ETozh s 0fAIEREE L L. £, [6) THE
L7z NDIFF12.abs Ti&/ L A ZEf ECOEMBMT, RS OBEREEIToT05. A
T, OB EHW v L% Eo SR s o rTREBIRNC B 3 2 R2RIEUE R & i BEEK
EFOERILICOVWTHE T 5.

FH o1, Lilod NDIFF 9:21 THESRIES LTV SR g 1oV T, KT
NDIFF13:65 @ & 512 f 2EbE B M AIRET H 2 & Z1T, ¢ [AIBRIC S P ERL M 7 T RE
ThdZeE2RITEHEE ZOMHOERLEIT- /-
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Listing 3. NDIFF13:65

theorem :: NDIFF13:65

for E be RealBanachSpace, F,G be non trivial RealBanachSpace,
Z be non empty Subset of [:E,F:].c be Point of G,
A be Subset of E, B be Subset of F
st Z is open & A is open & B is open & [[A,B:] c=Z

holds
for i be Nat,
f be PartFunc of

st dom f = 7 & f is_

[E,F:],G, g be PartFunc of E,F
differentiable_on i+1,Z

& diff(f,i+1,Z) is_continuous_on Z
& dom g = A & rng g c= B & g is_continuous_on A

& ( for x be Point
& ( for x be Point

of E st x in A holds f.(x,g.x) = ¢ )
of E, z be Point of E,F:] st x in A & z = [x,g.x]

holds partdiff‘2(f,z) is invertible )

holds

g is_differentiable_on i4+-1,A & diff(g,i+1,A) is_continuous_on A
& for x be Point of E, z be Point of [:E,F:] st x in A & z = [x,g.X]

holds diff(g,x) =

— (Inv partdiff‘2(f,z)) * partdiff‘1(f,z);

ZOBWEIIRDED TH 5.
E % 7 )V LZELF, G % N F 25 (RealBanachSpace), Z % E, F OEMEZEM E x F
DBEDIES, c % GDE, A, BEZhZTNE,F OB%EET

AxBCZ

35,

fi(x,y) €ZCEXFw f(z,y) €G

B Z 006 GANDEST Z ETi+ 1 BEfMaraEe 35, 72, g% AD S BADE
BRTAREEND EDTEEDH € AI2OWT

f(z,9(z)) = c

i)

of
5?%%@)

WA THELT5H. ZOLE, gldi+ 1 FBEEHRMOTRETDHH, AITEENDS E DfE
BEDE e AIToWnWT

-1

/@)= (Gwa@n) oG wta) m

TH5.

X 51, RO NDIFF13:67 D & 512, Ll OHiBEBUER NDIFF10:17 OB f 53
n+ 1 FEEBM I PIRETH 2 L X, ZOREDRIESINZEE g D n + 1 BEEGH I THE
ThH?ZeZRTEEYL ZDHOERLEIT- 72

Listing 4. NDIFF13:67

theorem :: NDIFF13:67
for E,F be non trivial

RealBanachSpace,

Z be Subset of E, f be PartFunc of EF,

a be Point of E, b

be Point of F, n be Nat

st Z is open & dom f = Z & f is_differentiable_on n+1,Z & diff(f,;n+1,Z) is_continuous_on Z
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& ain Z & f.a = b & diff(f,a) is invertible
holds
ex A be Subset of E,B be Subset of F, g be PartFunc of F.E
st A is open & B is open & A c¢= dom f
&ainA&binB&f{:A=B
& dom g =B & rng g = A & dom(f|A) = A & rng(f|A) =B
& (f|A) is one—to—one & g is one—to—one
&g=({HA) & (fl]A) =g” & gb=a
( for y be Point of F st y in B holds diff(f,g/.y) is invertible )
( for y be Point of F st y in B holds diff(g,y) = Inv diff(f,g/.y) )
& f is_differentiable_on n+1,A & diff(f,n+1,A) is_continuous_on A
& g is_differentiable_on n+1,B & diff(g,n+1,B) is_continuous_on B;

Sl

ZOWEIRDED TH 5.
E, F % \F N7/ (RealBanachSpace), Z % E OB ES,

fix€eZCEw— f(x)eF

B 2o FADEBRTZ ETn+ 1 BEEGEMIAIEEE T 5. a,b ZZNEFNE F OJT
L, alZdZ12EFEN

fla) =0 (2)
£ (a) BFL3E (3)

55, ZOrE, fOERKZICEETND a DBLE A & b DOBEHE B XU B 25
ADENDEG g BEIEL,

f(A)=B, g(b) =a
Zii7=5. f DA EAOHIR fIA & g ZRHEHTH D, BWVHERIZRoTWS. Lo
b, fIAL gl3ZhZEN A B En+ 1 EEEMAOFRETDH 5. £/, BOEEDHye B

12OV T
f(9(v))
AT H D,
gy = flg)™"
R (i Y I

2 RoOW?

ZIT, 3EL 4 BETHARZEHOAHTHW SN2 LRI O W TR TEL.

2.1 SAT=ZwYord®

JNVLKZEM S, E,F 20T ShH ENOERur, SHo FADERBEZS
Nz &, ZhodB/Re SH6 Ex FADER

u@uv: x €8 (u(z),v(x)) e EXF (4)

HERTZ 2.
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JIVLZER S EF,G Y S ORES Z, BFEOEARE n1TOWVWT, EXF 25 G

DH SRR B AR

B: (z,y) e ExFw— B(x,y) € G

BIY, Z LT BEERMOAREERTH L2 Z2NZN S 026 ENOFRut, SHhH F

NDFE/ v BEZ N E, ThoDFHE S»6 @) KX D Ex FAOER

uoOv: z €S (uz),v(z) € ExF
ZHOTEREIND S 26 F ANDEBR
Bo(u®v): z€ 8~ (Bo(u®v))(z) = B(u(z),v(z)) € F
& n BERTMAO TTRETH 5. EESIZThEMUTO X5 R L

Listing 5. NDIFF13:42

theorem :: NDIFF13:42
for i be Nat,S,E,F,G be RealNormSpace, Z be Subset of S,
B be Lipschitzian BilinearOperator of E,F,G,
u be PartFunc of S E, v be PartFunc of S,F,
w be PartFunc of S,[:E,F:], W be PartFunc of S,G
st W=Bxw & w=<:uv:>
& u is_differentiable_on i,Z & diff(u,i,Z) is_continuous_on Z
& v is_differentiable_on i,Z & diff(v,i,Z) is-continuous_on Z
holds
W is_differentiable_on i,Z & diff(W,i,Z) is_continuous_on Z;

Z ORFEDFI I DBEE n 12O W T DIFNEZ W 3.
n=11I2VWTIZET,

Listing 6. NDIFF12:14

theorem :: NDIFF12:1)
for f be Lipschitzian BilinearOperator of E,F,G, Z be Subset of [:E,F:]
st Z is open
holds
f is_differentiable_on Z & f ‘| Z is_continuous_on Z;

5 H FUEGAGRIEEAR B 37 DERIB E x F EEGMDAIRETH 5.
FRERuOvIZ

Listing 7. NDIFF13:29

theorem :: NDIFF13:29

for S, T,U be RealNormSpace,Z be Subset of S,
u be PartFunc of S, T, v be PartFunc of S,U,
w be PartFunc of S,[:T,U:]

st u is_differentiable_on Z & u ‘| Z is_continuous_on Z

& v is_differentiable_on Z & v ‘| Z is_continuous_on Z
& w = <u,v:>

holds
w is_differentiable_on Z & w ‘| Z is_continuous_on Z;

Mo Z LEGMIARETH S.
B uovDER Bo(uowv) &
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Listing 8. NDIFF13:23

theorem :: NDIFF'13:23
for E,F,G be RealNormSpace, Z be Subset of E,
T be Subset of F, u be PartFunc of E,F,
v be PartFunc of F,G
stu.:Zc=T
& u is_differentiable_on Z & u ‘| Z is_continuous_on Z
& v is_differentiable_on T & v ¢| T is_continuous_on T
holds
viu is_differentiable_on Z & v+u ‘| Z is_continuous_on Z;

76 Z EEGMIARETH S,
RIZIFINEDBEIC X D T DFEB n ICOWTEEDK DO DL T 5. DIEOH
74 7=y Y DRR

(Bo (u®w))(z)ds = B(u(x)ds,v(z)) + B(u(z),v'(z) ds) (5)
&5, ZREM o LS IEfbsitnag.

Listing 9. NDIFF13:35

theorem :: NDIFF13:35

for S,E,F,G be RealNormSpace,Z be Subset of S,
B be Lipschitzian BilinearOperator of E,F,G,
W be PartFunc of S,G, w be PartFunc of S,[:E,F:],
u be PartFunc of S,E, v be PartFunc of S,F

st u is_differentiable_on Z & v is_differentiable_on Z
&W=Bx*xw&w=<:uv:>
holds
W is_differentiable_on Z

& for x be Point of S st x in Z holds
for ds be Point of S
holds

((W42)/.x).ds = B.(((u‘|2)/ .x).ds, v/.x) + B.(u/.x, ((v|Z)/.x).ds);

(B) ROEE ) L L7 S DIE ds 12 S 2B G ~OF TV ELEANE 272 £(5,G)
TETH B H RIS 4
(Bo(uow)) (z)

PEHLTWAZ 2R LT WA,
(Bo(uowv))

XS H5 L(S,G) NDEERTH 3.
F Oitve FIZEALTER

B,:z€ Ew~ B(z,v)
& E o GANOFRBIEEGDHES2EM L(E,G) DILTH 5.
H
By :ve Fs By € L(E,G)

G F 25 L(E,G) NOBERSIEEHTH 5.
(8) oG5 1 HIZX
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B(u'(z) ds,v(x)) = By (v (x) ds)
= (B1ov)(x)(v/(x) ds)
= ((Biov)(z) ou'(x)) ds (6)

CHEXRES. FARICE Otue E WAL TER
B, :z€ F~ B(u,z)

& F 55 GAOEFIIEEGRMES 2 L(F,G) DILTH 5.
A
By:u€ Ew B, € L(F,G)
& E D5 L(F,G) NDAFIREEHTDH 5.
(8) oG5 2 HIZ

B(u(z),v'(z)ds) = (Bz ou)(x) ov'(x)) ds (7)

rEERED.
@)(@) XH 5, @) R

(Bo (uv)) (@) ds = (By ov)(x) o (x)) ds + (By o u) () o v/ () ds  (8)
rEEXREL. IO
(Bo(u®v))(x) = (B ov)(x) o (&) + (B o w)(a) o v/ () (9)

155,
B By ov 3HFHREER By & n BEEGM D ATRER BB v L OB TH D, LIFD
IS & D n BEEGE T AIRET D 5.

Listing 10. NDIFF13:26

theorem :: NDIFF13:26
for E,F,G be RealNormSpace, Z be Subset of E,
u be PartFunc of E,F.L be Lipschitzian LinearOperator of F,G
holds
for i be Nat
st u is_differentiable_on 1,7 & diff(u,i,Z) is_continuous_on Z
holds Lxu is_differentiable_on 1,Z & diff(L+u,i,Z) is_continuous_on Z;

F/z, RE»S uldn+ 1 BEGMIAIRETDH 27280, du/dr 1Z n BHEGMDTEET H
%. BROGHIFHERIEESRTH 2500, RNEDIRED &

(B1ow)(x) ou/(z)
o FEEB I AIRETH 5. [FARRIC,

(B2 ou)(x) o0/ ()
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b n FEEBM I ATRETH 5.
LLEAS (8) RITED
(Bo(uow))
& n BESEGMPTRETH 5.
&I

Listing 11. NDIFF13:33

theorem :: NDIFF13:33
for E,F be RealNormSpace,
n be Nat, Z be Subset of E,
g be PartFunc of E)F
st g‘|Z is_differentiable_on n,Z & g is_differentiable_on Z
& diff(g‘|Z,n,Z) is_continuous_on Z
holds g is_differentiable_on n+1,7Z & diff(g,n+1,Z) is_continuous_on Z;

ZHWALT, Bo(u®v) 2 n+ 1 BEEGHIAIRETH 2 Z ARSI NS . ML ETHIT DR
BB 3 2 WL DRERADER T 5.

2.2 BREZOMS

FIEOMEZ FHWAUELLR D X 512 2 5 OEFHHM ) AT RE 72 BA% D A i EASHS H G M 7
AREICR B Z BRT D TE S,

JVKER B F,.G i v E - F, v: F - GIZHLT, vl Z(C E) kT,
v T(C F) Lcexhvein BEM s iTRE T,

w(Z)CT
EizTdb0r T 5. ZOLE, uv DAREH
vou
&, Z LT o BEERMAREESRTHS. IhEeBALLZb OB RTH 5.

Listing 12. NDIFF13:44

theorem :: NDIFF13:44
for i be Nat, E;F,G be RealNormSpace, Z be Subset of E,
T be Subset of F, u be PartFunc of E,F,
v be PartFunc of F,G
stu:Zc=T
& u is_differentiable_on i,Z & diff(u,i,Z) is_continuous_on Z
& v is_differentiable_on i,T & diff(v,i,T) is_continuous_on T
holds
vxu is_differentiable_on 1,Z & diff(v*u,i,Z) is_continuous_on Z;

Z DED NI DFEE n iSO W T DIRNEE W 5.

n =1 1Z2WTIX NDIFF13:23 TR X TV 3. M7 DFEED n DBE IR D LD
HDET 3. w,vo B n+ 1 FEEGMOTTRETH 2 T3, MOOMEE RF2-H12, &
B DI

(vou)'(z) =v'(u(x)) ou'(x) = (v" 0 u)(z) o u'(x) (10)

ZHWS. 2T bEnTws.
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Listing 13. NDIFF13:19

theorem :: NDIFF13:19
for E,F,G be RealNormSpace, Z be Subset of E,
T be Subset of F, u be PartFunc of EF, v be PartFunc of F,G
st u:Zc="T
& u is_differentiable_on Z & v is_differentiable_on T
holds
v*u is_differentiable_on Z
& for x be Point of E st x in Z

holds ((v+u) | Z) /. x = (v T) /. (u /. %)) * ((w] Z)/x);

w,v B+ 1 BEGMATTRET D 2005, vk n BEEGMAOTTEETH D, o H nRE
FMAARETD 5. Lizh o T, NEDIRED S, (M) A DOBEE v ou B n FEEHH
DAEETH B, TIUX E DD 7 VAZEE F 5 G NOBFEREESIE S22/ L(F,G)
NDEIRTH 5.

u'iE, EDDSJIVLZER E S F ANOFREEEMES %M L(E, F) ~O n FEH
B PIRER IR TH S. 22T, TNENL(E,F), L(F,G) DILTH % 2 DDHFH
EGEERL L(E,G) DILTH 2GR EE4EED HT 54 B

B (2,y) € L(E,F) x L(F,G) > y o € L(B,G) (11)
PEATE., U TomEIC X 5.

Listing 14. NDIFF13:38

theorem :: NDIFF13:38
for E,F,G be RealNormSpace
ex B be Lipschitzian BilinearOperator of
R_NormSpace_of_BoundedLinearOperators(E,F),
R_NormSpace_of_BoundedLinearOperators(F,G),
R_NormSpace_of_BoundedLinearOperators(E,G)

st
for u be Point of R_NormSpace_of_BoundedLinearOperators(E,F),
v be Point of R_NormSpace_of_BoundedLinearOperators(F,G)
holds B.(u,v) = vxu;

D B HIETHA - NDIFF13:29 1 X 2 5%

(Wou)ou': z€ Ew ((vVou)(x),u'(z)) € LIE,F) x L(F,G)
Z WA (m) K&

(vou)(z) = (Bo((v ou)®u')(z) (12)
YEF S, ZHUCHITED@E NDIFF13:42 A 34U, ERXOEDOREE n S
MAFRETH D (vou) & n BHEKRMIARETH 5.
RRICHTEFRAEICHRE NDIFF13:33 2 LT, vouddn+ 1 BHEKM I AIHETH 2
ZeREND. LT OFEBUCEE T 2 IRNIEDREHMNTER T 5.

3 [EEBEEDIFNEICK B3

W DB n I2OWTORMEEZH WS (1. n
NDIFF9:21 CREHIEATH 5.

I
S
5
o
v
11§
A
@E
P

a(.,
3
e
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WA DRER n IZOWTEHDPHIZLLTWS T 5. 2T,
fi(v,y) €ZCEXFw f(r,y) €G

Z 0o GANDEMRT Z LT+ 1 BEEHMOTTREE 5. £/, g% ADDH BAD
BRTACEENS EDEEDH € AIZOWVWT

f(z,9(z)) = ¢

D

of , .
3, ®9@)

WAETHB T 5. fI3Z ETn+1 BEEGMOAIRETH 5005, LIRO@ENDIFF13:37
XD fFOMNE Z T n BB TRET H B.

Listing 15. NDIFF13:37

theorem :: NDIFF13:37
for S,E be RealNormSpace, Z be Subset of S, u be PartFunc of S,E, i be Nat
st u is_differentiable_on i+1,Z & diff(u,i+1,Z) is_continuous_on Z
holds
u‘|Z is_differentiable_on 1,7 & diff(u‘|Z,i,Z) is_continuous_on Z;

L7235 T, IRNEDIRED S g 1& n BHEBM D AIRETH D, AITEENS E DIEED
Haxe AlzonT

) 1y
/@)= (G o)) o Pt (13)
DAL D L5 TW3. NDIFF13:65 Tl

for x be Point of E, z be Point of [:E,F:]
st x in A & z = [x,g.x]
holds diff(g,x) = - (Inv partdiff‘2(f,z)) * partdiff‘1(f,z);

riidhEnTn3,
VIV LZER E 55 E B ANDE%EEG

dgp: xreE—xeFE

YE& g BAVT, @) ROBBICED VLB E2S E v F OEMZERE x F

DE
dp®g: v € Ew (r,9(x)) e EXF (14)
ZEANTS.
RIZLLN D

Listing 16. NDIFF13:66

theorem :: NDIFF13:66
for F,G be non trivial RealBanachSpace
ex I be PartFunc of
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R_NormSpace_of_BoundedLinearOperators(F,Q),
R_NormSpace_of_BoundedLinearOperators(G,F)
st dom I = InvertibleOperators(F,G)
& rng I = InvertibleOperators(G,F)
& I is one—to—one
& 1 is_continuous_on InvertibleOperators(F,G)
& ( ex J be PartFunc of
R_NormSpace_of_BoundedLinearOperators(G,F),
R_NormSpace_of_BoundedLinearOperators(F,G)
st J=1" & J is one—to—one & dom J = InvertibleOperators(G,F)
& rng J = InvertibleOperators(F,G) & J is_continuous_on InvertibleOperators(G,F) )
& ( for u be Point of R_NormSpace_of_BoundedLinearOperators(F,G)
st u in InvertibleOperators(F,G) holds I.u = Inv u )
& for n be Nat holds
I is_differentiable_on n+1,InvertibleOperators(F,G)
& diff(I,n+1,InvertibleOperators(F,G)) is_continuous_on InvertibleOperators(F,G);

ZHWT, JVLZER E S F NORRIEEGME S 220 L(E, F) DITLD 5 B Al
TLOEEE H(E,F), FRRIC F 56 EOR#MLHESREEREROEEE H(F E) &
LH(E,F)DJtu% H(F,E) DIt u ! ZXEXE 258 T

I: ueH(E,F)—u ' cH(FE) (15)

PEATS. ZOEENIMEEORBCHEGM D ATRETH 5.
oW RS IRV-R

J(2) = ((1 o % o (idp © g)) (x)) 0 ((gi o (idp © g)) @)) (16)

<g£ o (idp © g)) (z) € L(E,G) (17)
<HY,
(‘zg o (ids @g)> (2) € L(F.G)
CHHBE,
(105 otz 09)) (@) € £(G.F) (18)
B3,

& 5 I FUEREAGRIE 515
B:(hk) € L(E,G) x L(G,F) s koh e L(E,F) (19)

V3 Y (I0),(r),(8) 215 5

G, d
s =5 ((refetitron) . (Lottzon)w) )
1585,
JIVAZER] S E.F,G AFTEDARB n 122WT, Ex F 55 G NDOHFSEGAGRE
B

B:(z,y) e ExFr B(xz,y) €G
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BXU, nBEEMOTREEHETH 2 XO5RENENS 220 ENDEful, SPELF
NOFE{ o BREZ BN E, IhoDFRE S»6 @) Rk D E x FADER

uOv: x €S (ulx),v(xr) e ExXF
ZRWTEREINS SHhH FADFH
Bo(u®uv): z€S+— (Bo(udw))(z)=B(u(z),v(z)) € F

WERTE TR & 512 NDIFF13:42 12 & D n BB FIRET H 3.
ZIZT, (B0) % (@) TERINLIEHROEGHEHNTHZET L,

J(z) = <B o ((I o % o (idg ® g)) o <g£ o (idg ® g)))) (z) (21)

Eib.

0
Ioa—‘;;o(idE@g) (22)
(&, DUN DN n EEGIMTATRET H 5 2 L IR T E 5.
%9, (@) NTERSN LB Z

dp®g: € Ew— (idog)(z) = (x,9(x)) e EXF

X, BB idy PMEEOME, L7z TnBEGMOEETH D, g »5 n BEEGH
AJHETH 2005 idp © g B FAIFRIC n BEEGM O ATRETH 5.
R ToMmEICE 3.

Listing 17. NDIFF13:61

theorem :: NDIFF13:61
for S,E F be RealNormSpace, u be PartFunc of S E,
v be PartFunc of S,F, w be PartFunc of S,[:E,F],
Z be Subset of S, i be Nat
st w = <wu,vi>
& u is_differentiable_on i+1,Z & diff(u,i+1,Z) is_continuous_on Z
& v is_differentiable_on i+1,Z & diff(v,i+1,Z) is_continuous_on Z
holds
w is_differentiable_on i+1,Z & diff(w,i+1,Z) is_continuous_on Z;

R flEn+ 1 FEEBMAIRIRETH 2525, UMD f@E NDIFF13:52 12X D df /0y 1%
n FEEG D AIRET H 5.

Listing 18. NDIFF13:52

theorem :: NDIFF13:52
for i be Nat, E,F,G be RealNormSpace,
Z be non empty Subset of [:E,F:],
f be PartFunc of [:EF:],G
st f is_differentiable_on i+1,Z
holds
f ‘partial‘l| Z is_differentiable_on i,Z & f ‘partial‘2| Z is_differentiable_on i,Z;

MMA-WiP (2023), vol.5, no.2 - https://mizar-ip.org/journal/MMA-WiP/{2023.5.2 - ISSN 2434-5458 (Online) 12/m3


https://mizar-jp.org/journal/MMA-WiP/j2023.5.2

Mechanized Mathematics and Its Applications, Works in Progress Implicit Function Theorem (Nakasho and Shidama)

2oz (m) ATERSINSBE T
I:ueH(E,F)—u'ecH(FE)

BEEDREET, L oTnBERMOFREETSHS. ZObHD 3 2DFHKRIXMTID n
FEHEBTM I PIRE T H 255, BIE TRz 2 D OEEM T FTRER BRI E N ERICE 5
%t NDIFF13:44 % Wi (12) KXo EH

9
Ioa—]yco(idE@g)
D n BEEGMOTRETH B Z LA RENS. FEOFIET

~= o (idp © g) (23)

WOWTH f 2 n+ 1 BEEGEMIAIRETH %2 & @ NDIFF13:52 12 & D Of/0z &
n FOEGM I ATRECTH D, THEER idp © g 23 n BEEBM O FIEETH 5 Z & H ol
NDIFF13:44 %2 Fi\WT n BEEEM O ATRETH 2 Z LAV REN 5.

PlEick b, @@ NDIFF13:42 ZHwvwiux  (2m)

( ((I sz®g)>®<o ZdE@g>>

DOFADBEED n + 1 BEEGMATTRETH 2 28, Lo T ¢ 2 n @M ATRET
HBHIEIREINS.

WRRICHTE Tl \7z NDIFF13:33 Z5EHA LT, g2 n+ 1 FEEHGMIAIETHZ 2 &
PRENDG. DLETHD OREEBICE T 2 IR NEDIEHD TR T 5.

4 RBINEIC K DU BEHEIRDERE

HIEORZRIFCER (1] OFER & Atk 4 DR 323, TREZ RO T IR T
EEVENDOBE R TN

n =0 DEEIIME NDIFF10:17 CiFHHEATH 5.

W DEEBUC OV T DIFHRIEDIREIC L D n IZOWTIREMAWRD IO DT 5.
E, F % \F 28/ (RealBanachSpace), Z % E OBEBDES,

fix€eZCEw~ f(x)eF

706 GANDERT Z LT+ 1 BEEHRMOTTREE 5. a,b ZZNZNE, F OIT
L, ald ZI2&FhHh
fla) =10 (24)
f(a) H3]3 (25)
&35,

TOrE, fIIMENDIFF13:3712k D Z T nBEGMOTRETH 20056, f DE
R ZZEEND a OBLEEE A & b DFER BRUO BHh5H A D EANDER g HBIFTEL,

f(A) =B, g(b) =
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Ziizd. fOALANOHIR flA L gl ZEHFTHD, EVICHERICZR->TWS. L
b, fIAL g3z AB b n BEEGMIAIRETD 5.
F72 BOLEDE y € BIZOWT

f(g(w))
BRETH D,
g'(y) = f'(gly) " (26)

Z ZCHIETEA LM NDIFF13:66 12 X 2 54%, / VA% E 25 FADHR
MR EARDIME S 250 L(E, F) DITD 5 bA[HRItOEE%Z H(E, F), [FRIZ F 75 E /N
DR H A EGREMOEEE H(F,E) £ UH(E,F) ®itu% H(F,E) Dtu™! %
MISZELEB/RT ZHN5.

I:ueH(E,F)—u'eH(F E)(HH) (27)
HIE TR LS5 ZDEH] [IMEREORERT, L7dioTndhiorlRETd 5.
COEM{T EHANT (B) REEEFET L
9'(y) =1(f(9() = (Lo f og)(y) (28)
2158%. LRXoGHDOEH
Ioflog (29)
WZOWTHIE L ARO#HZ1T 5. EXFD 3 5DEH/
I g

FAS n BEEBM O PIRETH 2006, AIETHW 2 DD 77 ATRER BRI &
GBS % @ NDIFF13:44 % FiWvwiud (29) ROBAED n FEBMnlRETH 2 Z &
DREND. Lo T (E8) RiTkD ¢ b nFEERMAIFIRETH 2. RIRICHTEFC
NDIFF13:33 Zi#@H LT g 23 n+ 1 FEEHM O RIRETH 5 Z e AV, o OFEEICES
§ B IRANE DD E R T 5.

5 F&o

J v L ZE ] B o EbE S O BRBIECE B M S BIEBCEE . 2 h 5 OREFH O kiz oW
THE L. 48 03B AN VT, 2L 2220 LD Taylor ERIRRZE/TE (1]
RYEDEHEIFAEERIL L. X512, 2056 OEEHOMERD LMo ZEDE R
LZBBLTWS. ZABICOWTIEREILEICHE T 5.

MMA-WiP (2023), vol.5, no.2 - https://mizar-ip.org/journal/MMA-WiP/{2023.5.2 - ISSN 2434-5458 (Online) 14/m3


https://mizar-jp.org/journal/MMA-WiP/j2023.5.2

Mechanized Mathematics and Its Applications, Works in Progress Implicit Function Theorem (Nakasho and Shidama)

SE

[1] Schwartz L. Cours d’analyse. Hermann; 1981.

[2] Nakasho K, Shidama Y. Implicit Function Theorem. Part II. Formalized Mathe-
matics. 2019;27(2):117-131.

[3] Nakasho K, Futa Y. Inverse Function Theorem. Part I. Formalized Mathematics.
2021;29(1):9-19.

[4] Nakasho K, Shidama Y. On Implicit and Inverse Function Theorems on Euclidean
Spaces. Formalized Mathematics. 2022;30(1):165-175.

[5] Shidama Y, Nakasho K. On The Formalizations for Higher Derivatives of Vector
Valued Functions. Mechanized Mathematics and Its Applications, Works in Progress
(MMA-WiP). 2022;4(2):1-16. Available from: https://mizar-jp.org/journal/
MMA-WiP/3j2022.4.2.

Mizar article information

Works in Progress

NDIFF12 Derivatives of Lipschitzian Bilinear Operators

by Kazuhisa Nakasho and Yasunari Shidama

Summary: In this article, we formalized some fundamentally important theorems for higher-
order derivatives of bounded bilinear operators on normed spaces.

NDIFF13 Dif ferentiation of composite functions

by Kazuhisa Nakasho and Yasunari Shidama

Summary: In this article, we formalized some fundamentally important theorems for higher-
order derivatives of composite functions on norm spaces. Using these theorems, we proved the
inverse function theorem for norm-valued functions of normed spaces.

MMA-WiP (2023), vol.5, no.2 - https://mizar-ip.org/journal/MMA-WiP/{2023.5.2 - ISSN 2434-5458 (Online) 15/M3


https://mizar-jp.org/journal/MMA-WiP/j2022.4.2
https://mizar-jp.org/journal/MMA-WiP/j2022.4.2
https://mizar-jp.org/journal/MMA-WiP/j2023.5.2

	はじめに
	積の微分
	ライプニッツの公式
	合成関数の微分

	陰関数定理の帰納法による証明
	帰納法による逆関数定理の証明
	まとめ

