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Abstract

In this article we formalize the Ascoli-Arzela’s theorem in Mizar. First, we gave
definitions of equicontinuousness and equiboundedness of a set of continuous functions.
Next, we formalized the Ascoli-Arzela’s theorem using those definitions, and proved this

theorem.
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Zv FOERIZOWTORE 6] THAR & 512, #xfa v 7 FZEMICE 5B
DIEOREMIEER ) NV A2/ S BEDFNENZEZERB L 72D TH L. ARTIEIZHUTD
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Listing 1. ASCOLI:23

theorem :: ASCOLI:23

for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace, U be compact Subset of T,
F be non empty Subset of R_NormSpace_of_ContinuousFunctions(S,T),
G be Subset of Funcs(the carrier of M, the carrier of T)
st S = TopSpaceMetr(M) & T is complete & G = F & for { be Function st f in F holds rng f ¢c= U

holds

( CI(F) is compact implies G is equibounded & G is equicontinuous )

( G is equicontinuous implies CI(F) is compact );

S IIFHEEZERT M 22 SR XN S a7 M RAMHZERTH D, TIX/ VAR>S54
BE N B AAMHREZEMTH 5. Z OAAEFIEZERICOWTIE [8] THRFH L7720 T, 7 L <X
INESEINTZWV. T/ VLAZERTH % e RRRCHZERTH 5.

T IR REST 5.

R_NormSpace_of _ContinuousFunctions(S, T)

XS5 T ADHEHEMSEEROESHES /L LAZEMTHD T O5EHED» S Z DZEM S
SHTH 2. LUk, 20/ L aZ2f% MML 0tz 53 258 %% £(S,T) THT.

Funcs(the carrier of M, the carrier of T)

I M OTLDEEDND T DTLDEENDEREHDOESZEKT. MML Tld (4] & FERIC
Famr gL 35 ULeiToT0a. BRI, (IHHZEM R CECAN R EE L E
B2 Eh RN E NS HHEIR (struct) &, ZHORPEDMHEZ R TEN (attribute) %
EFRTHZ o TERbEh 3.

P72 OfERIZ METRICL [10] T T X S iR beh T3,

Listing 2. METRIC_1

definition

struct(1—sorted) MetrStruct
(# carrier —> set, distance —>
Function of [:the carrier,the carrier:] REAL #);

end;
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carrier I M OEETOEEZFEL, distance 1Z M DEED 2 025 2 %
[: the carrier, the carrier ] 2°5 R NDEMHRTH 5. [: the carrier, the carrier :| |Z
carrier D 2 HEFETH 5.

Z OERICIERE distance IZDOWT DT OMIER =AFRE X2 L DB ER
b,

Listing 3. METRIC_1:def 2 ~ def 5

definition
let A be set;
let f be PartFunc of [:A,A:], REAL;
attr f is Reflexive means :: METRIC_1:def 2

for a being Element of A holds f.(a,a) = 0;
attr f is discerning means :: METRIC_1:def 3

for a, b being Element of A st f.(a,b) = 0 holds a = b;
attr f is symmetric means :: METRIC_1:def /
for a, b being Element of A holds f.(a,b) = f.(b,a);

attr f is triangle means :: METRIC_1:def 5
for a, b, ¢ being Element of A holds f.(a,c) <= f.(a,b) + f.(b,c);

end;
FEAEZEMNIME R METRIC1 T LD B ZH - 72282 MetrSpace & L TUT
DESIWTEHEAZATVS.
Listing 4. METRIC_1
definition
mode MetrSpace is Reflexive discerning symmetric triangle MetrStruct;
end;
fAHZEE TopSpace S AHIRE24H NormedLinearTopSpace b [FIFRICHEEE (struct)
Y, ThOREDNE %R TIEIE (attribute) ZEFKRT 2 Z Ik > THERLEh TV 3.
CI(F) X NifHZEM S DA F OFETH 5. PRETOPC [ T FD X 5 IZE
HINTW3.
Listing 5. PRE_TOPC:def 7
definition

let S be TopStruct, F be Subset of S;
func Cl F —> Subset of S means :: PRE_TOPC:def 7
for p being set st p in the carrier of S holds p in it
iff for G being Subset of S st G is open holds p in G implies F meets G;
projectivity;
end;

WEEIR Y Z DR TH 5 carrier IXEEICXFI XN 3.

Dk, RO X %8 5 72 D FFEEEM M O S O%E S the carrier of M 2> 5 (iAHZE
1 T DR DESE the carrier of M ADEAR % JEEEZEH M 5> & (iHHZEH T AND G4 L
KT 5.

G HSEEHEZER M 20 5 /L L 22 T NOEREHOES

Funcs(the carrier of M, the carrier of T)

DETEE L T 5 & &, FREEA R equibounded & [FIF2EE i equicontinuous [1]
2] @] 6] ZATD XS ITERT 5.
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Listing 6. ASCORI:def 2 def 4

definition
let M be non empty MetrSpace ,T be RealNormSpace;
let G be Subset of Funcs(the carrier of M,the carrier of T);
attr G is equibounded means :: ASCORI:def 2
ex K be Real st for f be Function of the carrier of M,the carrier of T
st f in G holds for x be Element of M holds ||.f.x.|| <= K ;
end;

definition

let M be non empty MetrSpace, T be RealNormSpace;

let G be Subset of Funcs(the carrier of S,the carrier of T);

pred G is_equicontinuous means :: ASCORI:def
for e be Real st 0 < eex d be Real st 0 < d

&
for f be Function of the carrier of M,the carrier of T
st f in G holds for x1,x2 be Point of M st dist(x1,x2) < d holds ||.f.x1—{.x2.|| < e;

end;

BTN L7z BB ASCOLIL:23 IXFIREH M equibounded ¥ [FIFEEEE K
equicontinuous 3/ L 4 ZEf] 7 5 A AR E 15 MAHRRE 22 AN OB O R E G 23—
FROIMECRE S 2 a2 0 b THEZ e DRBETDFEHTHE e ZRL TS, KE
DI, Z Uz OWTIRSS 5.

3 fECER

HIE TRz & 512 MML TIENAHZE R & RN RERIT RS © B3 2 SRR
SN BHEER (struct) &, ZHOREDHHEZRTIEN (attribute) ZEFRT LI LI
FoTERMbE N 5. HERICIEIE L R 2MEZ IR LS R 2 b6, T oREERE%R
HObDdHDH, BEAMIIZ BN, THOEERRICH - THHFERICH 2 FIKD
MML TIZZ D & 5 WCHEBRT S5NTOWRWBDAH 5. ZDHE, —HORERICE L
THERAEX MML IR IR TWE 5D TH->ThH, BEEMNIIREEREGREH 2 DICH
Bbo3d, ZOEEG5HTERVDDND 5.

Mizar I3Z B ORI LREE DE W Z B I XA 5. Z4ud, AFIIRS T, HEEOR
FSHIDOIFNZ X - TR, 2D B O EHEFHOMEEZ TS > X7 20 61T %
B/BlnwzeTdbH3.

Bl 20X, FHEMIC XA BEFTED 70 75 AT, A UHEE T TH > THEBRNER L
BT, NIRRT 240 RO R0 T MR R 255035 D, BB YA S 5]
BOBPELNE, 27— X ve—V2HNTEHRELFEILTH 5.

PACLIENIAHZE M CER SN, BRI CRERTH 2720, FEHDO DL TD X ST
PR T Ot E ER L 7.

Listing 7. ASCOLLdef 1

definition

let X be non empty MetrSpace, Y be Subset of X;

func C1' Y —> Subset of X means :: ASCOLI:def 1

ex Z be Subset of TopSpaceMetr X st Z =Y & it = Cl Z;
end;

theorem :: ASCOLI:1
for X be RealNormSpace, Y be Subset of X, Z be Subset of MetricSpaceNorm X
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st Y = Z holds CI(Y) = CI(Z);

registration
let X be non empty MetrSpace;
let H be non empty Subset of X;
cluster CI(H) —> non empty;
end;

F 72, BUANIE 2 v 222N, BEEEZEE T H D, BB T Hh 5. — T, /
VL ZERNIRE R TH D, MAHEERTd H 5. ME TR L 72 X 512 COSP3 [17]
WX Z D /v L2/ 2 BT U ERE 22 O fiE % f8%F 2 NormedLinear TopSpace
A UTD, & HICHMEEZ S8 2 7= DB OHEFEICE L TOL T offidEr HE L.

Listing 8. ASCOLL:3

theorem :: ASCOLI:3
for S be non empty TopSpace,T be NormedLinearTopSpace,
f be Function of S, T, x be Point of S holds
( f is_continuous_at x iff for e be Real st 0 < e holds ex H being Subset of S st
( H is open & x in H & for y be Point of S st y in H holds ||.fx—fy.|| <e) );

theorem :: ASCOLI:
for S be non empty MetrSpace, V be non empty compact TopSpace,

T be NormedLinearTopSpace, f be Function of V,T

st V = TopSpaceMetr(S)

holds

f is continuous
iff for e be Real st 0 < e holds ex d be Real st 0 < d

& for x1,x2 be Point of S st dist(x1,x2) < d holds ||.f/.x1—{/.x2.|| < ;

FRREZZRNCIE TBSP_1 3] TRFIDOUIUR convergence, 26 54 totally_ bounded
RS2 ME complete 72 ¥ OREEERIN TV 3.

Listing 9. TBSP_1

definition

let N;

attr N is totally_bounded means :: TBSP_1:def 1

for r st r>0 ex G st G is finite & the carrier of N = union G & for C st C in G ex w st C = Ball(w,r);
end;

reserve Sl for sequence of M,
S2 for sequence of N;

theorem :: TBSP_1:}
f is sequence of N iff dom f = NAT & for n holds f.n is Element of N;

definition
let N,S2;
attr S2 is convergent means :: TBSP_1:def 2
ex x being Element of N st for r st r>0
ex n st for m st n<=m holds dist(52.m,x)<r;
end;

definition

let M,S1;

assume

S1 is convergent;

func lim S1 —> Element of M means :: TBSP_1:def 8

for r st r>0 ex n st for m st m>=n holds dist(S1.m,it)<r;
end;

definition
let N,S2;
attr S2 is Cauchy means :: TBSP_1:def 4
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for r st r>0 ex p st for n,m st p<=n & p<=m holds dist(S2.n,S2.m)<r;
end;

definition
let N;
attr N is complete means :: TBSP_1:def 5
for S2 st S2 is Cauchy holds S2 is convergent;
end;

JOVAZER T FHIO X 5 I EERE distance %
distance.(x,y) = ||.x —y.||

TERTIVIFEBEZERIC S 72 2 NORMSP_2 [14] T Z % MetricSpaceNorm T TH
LERLTWS.

MetricSpaceNorm T DFEEEDIED 756 T OFEfMEIX T 2 AKX N 5 B2
il MetricSpaceNorm T 2S5l TH 2 2 LRMETH D, LT OEN D LD,

Listing 10. ASCOLI:7

theorem :: ASCOLI:7
for T be RealNormSpace, H be non empty Subset of MetricSpaceNorm T
st T is complete holds (MetricSpaceNorm T) | CI(H) is complete;

F 7= 2B totally bounded & FATIDER DL ST S D Lo TV 5.

Listing 11. ASCOLI:8

theorem :: ASCOLI:8
for T be RealNormSpace,
H be non empty Subset of MetricSpaceNorm T
holds
(MetricSpaceNorm T) | H is totally_bounded
iff (MetricSpaceNorm T) | C1(H) is totally_bounded;

D oD b 212, el 7 v L2220 T 2 &8RS 5 5 ER k2=
MetricSpaceNorm T 22\ T, ZDEnHEAE H O2F 1M totally_bounded, Fftl
CI(H) @ riFla > o827 MM4E sequentially _compact, tHxf 2 > 87 MEDMAAL S [FET
H5ZenITUTomErEAL 7.

Listing 12. ASCOLI:10

theorem :: ASCOLI:10
for Z be RealNormSpace, F be non empty Subset of Z,
H be non empty Subset of MetricSpaceNorm Z,

T being Subset of TopSpaceNorm Z st Z is complete & H=F & H=T
holds

( (MetricSpaceNorm Z)
( (MetricSpaceNorm Z)
( (MetricSpaceNorm Z)
( (MetricSpaceNorm Z)

His totally_boundediff CI1(H) is sequentially_compact) &

His totally_-boundediff (MetricSpaceNorm Z) | CI(H) is compact) &
His totally_boundediff C1(F) is compact) &

His totally_boundediff CI(T) is compact);

4 Ascoli—-Arzela OFIE

JARID & 51 HEREZE R M IZFAER Ball Z W THE S OZ EFR T X, MHZ22 M 2
KT%%. PCOMPS.1 [0H] IKiZZnEZ AT L5kl T3,
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Listing 13. PCOMPS_1

definition
let M be MetrStruct;
func Family_open_set(M) —> Subset—Family of M means :: PCOMPS_1:def 4
for V holds V in it iff for x st x in V holds ex r st r>0 & Ball(x,r) c= V;
end;
theorem :: PCOMPS_1:33
TopStruct (#the carrier of M,Family_open_set(M)#) is TopSpace;

definition
let M be MetrStruct;
func TopSpaceMetr M —> TopStruct equals :: PCOMPS_1:def 5
TopStruct (#the carrier of M, Family_open_set(M)#);

end;

Family_open_set(M) HBERIC X 2L A D/ETH D, TopSpaceMetr M 23 Z 41
W&o TR SN2 MHERMTD 5.
LA TEUTOMEZHNTNS.

Listing 14. TBSP_1:8, TBSP_1:9

theorem :: TBSP_1:8
TopSpaceMetr(T) is compact implies T is complete;

theorem :: TBSP_1:9
N is Reflexive triangle & TopSpaceMetr(N)
is compact implies N is totally_bounded;

ZAUC kD, FEBEZER M 23520 complete 72 51 M 2 SR XN 5.

fifHZER] TopSpaceMetr M & 52T b, TopSpaceMetr M 25 compact T &
E M Z2F R totally_bounded TH 5.

I, BB THIA =M Z W T Ascoli-Arzela OO E LU F DIEIZIT - 7.

DUF, T 0%ttt zikEs 5. T Ot & D,S 726 T Ao EBREERDE
BED /) IVLZER L(S,T) EEMTH 2. ZD /I LZER D SRR S5 EHEEZE M
MetricSpaceNorm L(S,T) 5 TH 2. HHZOLEBOIHEED L & H O
CI(H) D%|a > ,¢2 MME sequentially compact & 2FH 5 totally_bounded D[F/fE
HizoVWTOUTomE e 2Dt ZEAb L 7.

Listing 15. ASCOLL:11, ASCOLIL12

theorem :: ASCOLI:11
for S be non empty compact TopSpace,T be NormedLinearTopSpace
st T is complete holds
for H be non empty Subset of
(MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T))
holds
CI(H) is sequentially_compact iff
(MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T) )
| H is totally_bounded;

theorem :: ASCOLI:12
for S be non empty compact TopSpace, T be NormedLinearTopSpace
st T is complete holds
for F' be non empty Subset of
R_NormSpace_of_ContinuousFunctions(S,T),
H be non empty Subset of
MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T) st
H = F holds CI(F) is compact iff
(MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T) )
| H is totally_bounded;
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MetricSpaceNorm L(S, T) O#57%EE G 2 F 5 totally bounded 5 G DJT
DAMES L L H15F 1 OMROBRES {B(h,1): he L} 2FELT

Gc |JB(h1)
hel

d = max{||h|| : h € L}

EBLEEED feG,z€SIZDO0VWT,

fecc | B
heL
aRN5)
Ih—fll <1

Yi3 he L BEET 5.
|h—fIl| <1 2 BEED z € SITOVT,

1f(2) = h(z)]| <1

THD,
F @] < [[h@)]] + [If () = h(z)]| <d +1

BEDIYDZ s, FIEDOERICED G IZFAEEER equibounded TH 5.
R, EEDIEDFEBO < e ICOWT L AKIC G DILOARES L LY 1F /3 DB
EROHBRES {B(h,e/3):he L} %

G C | B(h¢/3)
hel
E7 B XOITESR.

% h e L CG ¥ MetricSpaceNorm L(S,T) IZET 2 HEHEBHRTHD, Fiz S D
compact 5 —FEGETH 205 0 < d), PIFELT, SOEED2DODITL 2,y €S I
DWT dist(z,y) < dp 725

||h(z) — h(y)l| <€/3
DI DAL o TS (HTEOE ASCOLL4 ZDHDTH 3)
ZZT
d=min{dy : h € L}

EBIHE, GDEEDIT f € GIZOWT

feGc | Bhe/3)
heL
2
[P — fll <e€/3

Y% hel BFEEL
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S DIEED 2 DDIL x,y € S IDOWT dist(z,y) < d 726 dist(z,y) < d, TbH 5
"o

1f (@) = FI < |f () = (@) + [[2(2) = b + [[P(y) = F(W)I] < e/3+€e/3+e/3=e¢

MDD Z P OETEDERICE D G IXFEIREEEN equicontinuous TH 5. M L%
ERIL L2008 RDGETH 5.

Listing 16. ASCOLI:13

theorem :: ASCOLI:13
for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace
st S = TopSpaceMetr(M) & T is complete holds
for G be Subset of Funcs(the carrier of M, the carrier of T),
H be non empty Subset of
MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T) st
G = H & (MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T))
| H is totally_bounded holds
G is equibounded & G is equicontinuous;

iz, FRLom@E T, T 23VERXITZE /M 2 51X T iR % did ASCOLL:16 D% & LT,
FIFEEH FE equibounded | 8% equicontinuous (2 H 14 totally_bounded ®
B GAFIZI2 D DUT o an@Ds i b 2D, 6]

Listing 17. NEURONS1:26

theorem :: NEURONS1:26
for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace
st S = TopSpaceMetr(M) & T is complete & T is finite—dimensional
& dim (T) <> 0 holds
for G be Subset of Funcs(the carrier of M, the carrier of T),
H be non empty Subset of
(MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T))
st G=H
holds
(MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T))
| H is totally_bounded iff G is equibounded & G is_equicontinuous;

¥ 7z, Seli 72 BEEEZE ] MetricSpaceNorm L(S, T) OE7EAD2E T totally_bounded
2 MR compact i IFME A D TLUT D AVEDRL D iLD

Listing 18. NEURONS1:28

theorem :: NEURONS1:28
for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace

st S = TopSpaceMetr(M) & T is complete & T is finite—dimensional

& dim (T) <> 0 holds
for G be Subset of Funcs(the carrier of M, the carrier of T),

F be non empty Subset of R_NormSpace_of_ContinuousFunctions(S,T)

st G=F
holds CI(F) is compact iff G is equibounded & G is_equicontinuous;

L LRSS, KETIE T OAERIGTEB . WO 2 L TWiwn. Kb icllF
DRFEA 5t ASCOLL:16 DOfEM K D 32D, Z DaENARERE O FRL oL f
HETH 3. LITOFDIFFHDOREIE % 3R 3 .
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MetricSpaceNorm L(S,T) OE7HESE G P 2H T totally_bounded 72 5 AS-
COLL:13 7 5 G 3 [FRIFEEH#E equicontinuous TH 5.

Rz €S%kS DIERIL T 5. FREOEDFEHO0 < e IOWVWT LRI G DT
DOHRES L &Y% e OBEKROBERES {B(h,e):he L} %

Gc |J Bhe
heL
b L OITERN.
ZHEHWT T OBEROAERES

{B(h(x),€) : h € L}

DL bLk,
{f@): feacycJ U Blha,e

heLl
DD IL->TWB. T OEFDES {f(x): f € G} IZ2E R totally bounded THH, Z
DA compact TH 5.
W2 G DFEFEESERE equicontinuous TH DS DEEDIL 2 IZOWT{f(z): f € G}
DA compact TH23 LT 5.
EEDIEDFEE 0 < € 1I2OWT, G ORIFEEEGE» S EDEEBO0 < d BIFEL, S D
EED 272,y €S ITDOWVT

dist(z,y) <d BB | f(zx) - f)ll <e/8 (Vf€G) (1)

DB D> TWVW53
ZZ TS OKOES {Ball(x,d):x €S} 2L %%

S € | J Bali(x,d)
z€S

THo006 S OREETH 5.
S ¥ compact TH 255 S DITDHEMRI {z;}1<i<n BTFELT
sc |J Bali(x;,d)
1<i<n

DL D LD,
ZD {xi}lgign PHWTH i IZOWT {f(l‘l) : f S G} DEATL Cl{f(xl) : f S G} %
ZOEFZL TS T OWAEEGDOHRS

{CH f(z:) : f € G}licicn
DL 5. & CYf(x;): feGHIREIICKD compact TH 205 Z DEAEEFIDH]

B= |J Cl{f(z:)): f G}

1<i<n

% compact EETH 5.
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ZD T D compact ST EE BE2ES BOILOEARI L 20K/ E2HLE T 5442
/8 FAERD ARSI

{w;} 1<j<m, {Ball(wj, €/8)} 1<j<m;
BC |J Ball(wj,e/8) (2)

1<j<m

EHRT 5. ZOBEROERINZHCTUTOLSICLTm" lD G %27 5 BERE T
. BREOES i eN:1<i<n} »POEEG{jeN:1<j<m} NODERR2RDES

{o:{ieN:1<i<n}—>{jeN:1<j<m}}

ZPTKRTL, ZORMREEGOEZOBIIm" HTH2. 0 € PIIMNLT G OHTHEE
ZRIGSHE 5 EH K

Ko)={feG:(Vi:1<i<n)(f(x;) € Ball(w,,,€/8)}

ZIBEAT 5.
FEEDocePIIMLTGDEED2IT f,9 ITOWT f,g € K(o) BHIX

f(z:), g(x;) € Ball(we,,€/8) (Vi:1<i<n)
»5
1f (i) = g(@)ll < |1f (i) — wo, || + [[we, — glzi)|| <€/8+€/8=¢€/2 (Vi:1<i<n)

2135,
ZZTzxecS 2 IEREIGERY,

sc |J Bali(x;,d)

1<i<n

61 <i<nHPBHFEELTz € Ball(x;,d) &2, Zhn b dist(x;,z) <d TH%. (0)

R Wil)
1f (i) = (@) < /8, |lg(xi) — g(z)[| < €/8
THh,
1f () = g@)I| < |If () = f(@)ll + [1f (2:) = g(zo)ll + llg(xi) — g(@)]
<€/8+¢€/8+¢€/8
<€/2
fi =
lf—gll <e/2 (Vf,9 € K(0)) (3)

GOIEEDIT fIZonT B) XN 2OFED1<i<niHLTI<j<mMPFEELT

f(z;) € Ball(w;,€/8)
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> T,G DIEEDIT f IZDWT o0 € PHFELT
feK(o) (4)

ZIT, FED o ePIZOWT, K(0) £ ¢ BOIZF, e K(o) THB F, € G BFET 3.
gEK(o) THEIEED ge G IZoVWTEB) R 225

1Fo —gll < €/2

g € Ball(F,,¢)
fit->T
K(o) C Ball(Fy,€) (5)
G DFRDHIRI {Ball(Fy,€)}oep & (B) X 205

G C |J Ball(F,.€)
ceP

¥ o T GlE2ER totally_bounded TH 5.
Lo RO aEDEGEH 2157,

Listing 19. ASCOLI:16

theorem :: ASCOLI:16
for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace,
G be Subset of Funcs(the carrier of M, the carrier of T),
H be non empty Subset of
MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T)
st S = TopSpaceMetr(M) & T is complete & G = H holds
(MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T))
| H is totally_bounded
iff
G is equicontinuous &
for x be Point of S,
Hx be non empty Subset of MetricSpaceNorm T
st Hx = {f.x where f is Function of S,T :fin H }
holds (MetricSpaceNorm T) | Cl(Hx) is compact;

ZAUITER 2 Vv 5258 L(S, T) 22 4R E 15 5efmfEREZE MetricSpaceNorm £(S, T)
DEREE D EEF I totally_bounded ¥ [AFEEH S equicontinuous,

MetricSpaceNorm L(S,T) IZJE 3 2B D& S Dl 2 1T 2 {HDOEES DT D
compact EDFEMETHZ Z L RLTWA.

S IZSEIREEEEZE R D B E DO 2H T totally_bounded ¥ BT D 1% a >3
M, MHxfa Yo7 MEXMIADFEETH 220 5L T Oar@ED L D LD,

Listing 20. ASCOLI:17, ASCOLI:18

theorem :: ASCOLI:17

for M be non empty MetrSpace,S be non empty compact TopSpace,

T be NormedLinearTopSpace,

G be Subset of Funcs(the carrier of M, the carrier of T),

H be non empty Subset of

(MetricSpaceNorm R_NormSpace_of_ContinuousFunctions(S,T))
st S = TopSpaceMetr(M) & T is complete & G = H
holds
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Cl(H) is sequentially_compact
iff G is equicontinuous
&
for x be Point of S, Hx be non empty Subset of MetricSpaceNorm T
st Hx = {f.x where f is Function of S,T :fin H }
holds (MetricSpaceNorm T) | Cl(Hx) is compact;

theorem :: ASCOLI:18
for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace,
F be non empty Subset of
R-NormSpace_of_ContinuousFunctions(S,T),
G be Subset of Funcs(the carrier of M, the carrier of T)
st S = TopSpaceMetr(M) & T is complete & G = F holds
CI(F) is compact
iff
G is equicontinuous
& for x be Point of S,
Fx be non empty Subset of MetricSpaceNorm T
st Fx = {f.x where f is Function of S,T :fin F }
holds
(MetricSpaceNorm T) | Cl(Fx) is compact;

F 7z, AR ORI E R fBIemE LT T @ compact 14 % TopSpaceNorm T
® compact 1 YEETH 2 Z &, T ® compact 4 75 TopSpaceNorm T D5Efw M
complete 25 Z & 2RI T OmEL £ DiFHZ B L 7.

Listing 21. ASCOLI:20 ~ ASCOLI:22

theorem :: ASCOLI:20
for T be NormedLinearTopSpace holds
T is compact iff TopSpaceNorm T is compact;

theorem :: ASCOLI:21
for T be NormedLinearTopSpace, X be set holds
X is compact Subset of T iff X is compact Subset of TopSpaceNorm T;

theorem :: ASCOLI:22
for T be NormedLinearTopSpace st T is compact holds T is complete;

M EDHEFD D L ITHRBICARKO BT H 3 EH ASCOLIL:23 DiftHZ AL L 7-.

Listing 22. ASCOLI:23

theorem :: ASCOLI:23

for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace,
U be compact Subset of T,
F be non empty Subset of
R_-NormSpace_of_ContinuousFunctions(S,T),
G be Subset of Funcs(the carrier of M, the carrier of T)

st S = TopSpaceMetr(M) & T is complete
& G = F & for f be Function st f in F holds rng f c= U

holds

( CI(F) is compact implies G is equibounded & G is equicontinuous )

&

( G is equicontinuous implies CI(F) is compact );

5 F&o

AR CTIIPRBEZE R 2 S AR E D 3 280 MR IAHZER D & 7 L A2 RD AR E
2 PR TE 22 AN O E B DR AT DO W T O— AT 252 > 87 MEow
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BB L TOD Ascoli-Arzela OEH L ZDFEFHOERIL 2T L 7=, B EE
TN BERE AT R K, 2 VA BRI AR I N A VHEREER e L-DI3EE S
D=a—71%y bOERLICOWTORE [B) TRz & 512, Ha o7 b2/
BENLZEBDEOREMEES /7 V2 2R S> 12D TH L. 5%, 2O EHWT,
Za—I 2y MZX2IERERBOEMEMOIE 21T S .
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ASCOLI Ascoli-Arzela’ s Theorem
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Summary: . In this article we formalize the Ascoli-Arzela s theorem in Mizar . First, we gave
definitions of equicontinuousness and equiboundedness of a set of continuous functions. Next,
we formalized the Ascoli-Arzeld ~ s theorem using those definitions, and proved this theorem.
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