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Abstract

In the article we formalized introductory basic definitions and propositions of Alge-
braic Geometry. The formalization in the article is covered the first half of chapter 1
of [M]. Namely “Algebraic Set”, “Ideal of an Algebraic Set” and related propositions.
Throughout the article we denote k™ a set theoretical n-ple product of a field or ring
k. In actual coding Funcs(n, k) is regarded as k™. We introduced modified evaluation
function (E_eval) for multivariate Polynomial and its first argument requires Element of
Polynom-Ring(n,k) to avoid using transformation of Polynomial attribute to Element

of Polynomial Ring.
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Listing 1. ALGGEO_1 - def 6

definition ::Zero set of f
let R,n;
let f be Polynomial of n,R;
func Roots(f) —> Subset of Funcs(n,[#]|R) equals
{x where x is Function of n,R : eval(f,x) = 0.R};
end;

OB Ko TUTOZIEROES S 1T 3HEELAES, HIb S OHEZEITANT
WEALRZEPHEFEEIRTEERET 2. ZOEEDOHAIIZEIEL Zero- ZEA L
TSOEZDIERLNERT LI 00HBD 5.

Listing 2. ALGGEO_1 - def 7
definition ::Zero set of S ={F1,F2,...Fn}
let R,n,S;
func Zero_(S) —> Subset of Funcs(n,[#]R) equals
;s ALGGEO_1:def 7

meet {Roots(f) where f is Polynomial of n,R : f in S};
end;

B Zero_ TlX, (EED SOEZR x :n — k TEZHERXOES F OBEZRZFHN L TV 523,
Polynomial of n,k 23 S IZJE T 25 L WIHFRHFTEVRZ TS, BIHABRE[(X, Xo... X,)]
DEFIX Mizar TDJEMEIX Polynomial of n,k Ti&72  Element of Polynom-Ring(n, k)
¥ 72 %. Element of Polynom-Ring(n, k) B D % £ TitHE 3 235E Polynomial J& 1% %
518U & % BEFEHMRE%K eval \3AH T Z 3 MER DT, Element of Polynom-Ring J&
Z 58Iz e 5 EHEBIE E_eval ZEA L THL.

Listing 3. ALGGEO_L - def 4

definition
let n be Ordinal, L be right_zeroed add—associative right_complementable
well—unital distributive non trivial doubleLoopStr;
let f be Element of Polynom—Ring (n,L),x be Function of n,L;
func E_eval(f,x) —> Element of L means
2 ALGGEO_1:def 4
ex p be Polynomial of n,L st p = f & it = eval(p,x);
end;

Z D & 51T Element of Polynom-Ring(n, k) EMICHIE L7 E#K72 L ARDOZIHEA D
B FAznt s 2RHlib AT D & 5 ICERATREL 72 5.

Listing 4. ALGGEO_1 - def 5

definition

let Rn,F x;

func E_eval(F,x) —> FinSequence of the carrier of R means
:: ALGGEO_1:def 5

dom it = dom F & for i be Nat st i in dom F holds it.i = E_eval(F/.i,x);
end;
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ZHAROEROBEY THETEREEGOERELSVIRZ 2 L TOEY TH 5.
EIE 1

Zero_(S) = {xz € k"|Vf(element of Polynomial Ring) A f € S, E_eval(f,z) = 0.R}

2.3.2 RHHES

E&E 1 EEEEL, K" OEDEEV 23 n BHZ JC klzi,z2... 2, DBEREDHES
BES={F(r1,22...20),  Fr(x1,200...20,)} DERF, ZOHEFRRRI2LEV %
REMEE 2 WS,

DEREEPREIEETDH 2 &\ S BFEIFLLT D attr & mode Z AW TIEL
L7z. attr zero_points_derived 3 REEVFERDPOSHKR L ZEETH 2 L\ 5 HHEZRD
L, REBIVESRIFERAHROEEEZR T DL LT mode TEFHEL 7.

Listing 5. ALGGEO_1 - Th.16

definition
let R,n;
let IT be Subset of Funcs(n,[#]R);
attr I'T is zero_points_derived means
2 ALGGEO_1:def 8

ex S be non empty Subset of Polynom—Ring(n,R) st IT = Zero_(S);
end;

registration

let Rn;

cluster zero_points_derived for non empty Subset of Funcs(n,[#]R);
end;

definition
let n,R;
mode Algebraic_Set of n,R is

zero_points_derived non empty Subset of Funcs(n,[#]R);
end;

2.3.3 FERESOME

FRESOMHE L L TmEREEHENS. UTRZOHITH 5.

i 1
Vf,g € Rlx1,xa,...1xy), Zero(fg) = Zero_(f) U Zero_(g) holds.
Mizar TOEHRILIZ,

Listing 6. ALGGEO_1 - Th.21

theorem :: ALGGEO_1:21
for R be non degenerated domRing, f,g be Polynomial of n,R holds

Zero_({t+'g}) = Zero_({f}) \/ Zero_({g});
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il 2
Va = (a1, az,...,a,) € R", Zero_({x; —a1,Xa — ag,...,X, —ay}) = a holds.
Mizar TDEHR{LIZ,

Listing 7. ALGGEO_1 - Th.24
theorem :: ALGGEO_1:2/
for a be Function of n,R holds Zero_(polyset(a)) = {a};

Z 2T {x1 —ai,Xo —ag,..., X, — ay} & polyset(a) LBAFILLTL E > T\ 373,
BR x; — a; \ZAT D HILBASIS : def3 TERESI N TWSHIARX 1.1 [6] ZFH L TER
L2175 7=.

Listing 8. ALGGEO_1 - def.10

definition

let n,R;

let a be Function of n,R, i be Element of n;

func wpoly(a,i) —> Element of Polynom—Ring(n,R) equals
2 ALGGEO_1:def 10
1.1(1,R) — (a.i)*1_(n,R);

end;

2.3.4 k" OFRESDT T 7 ILOREHIL

EE2LMOWMDESEX 2D, X DITRTHETERERZZHEAEAKE I(X) L EF
LXDATT7ILERT.

ZOFERILIZLL T ORRICOBED X DITARTHETE R &2 ZHEASRIHIST 2
B ldeal ZEHRTH I LITL 3.

Listing 9. ALGGEO_1 - def.11

definition ::Ideal of X ¢= Funcs(n,R);
let R, n, X

func Ideal X —> non empty Subset of Polynom—Ring(n,R) equals
:Defl1:

{f where f is Polynomial of n,R : X c¢c= Roots(f)};

I(X) BZBHEAIEOA T 7 MR B ZEHREN [X O 77 LI BFLT
H5.
2.3.5 B/ "B RBNES

REEIEE TR - TR OMEZUTO XS ITERT 5. IZLDICAINEZERL, £
DEERX IO ZERT 5.

ERE 3 k" OIRBIVES V 5 TH % L IXRENES Vi, Vo BTEEL 1)
neqVa ANV =ViUVo BAE=TEEERZNS. VIR TRVWE ZFHIE WS,
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2.3.6 B Zero_ L EA¥ Ideal . DIEE1ER
BEEL Zero_ ¥ BAEK Ideal. % WV - miBREDSRERH X L 5.

WE3 X, Y Ck",SCklry,z2...2,], VZ K" OREINES L 5. ZORLIT AL
T 5.

1. X CY = Ideal Y C Ideal X,

2. Ideal_(0) = k[z1, 22 ... z4),

3. (0) C Ideal _(k™),

4. Ideal_(Zero_(S)) D S,

5. Zero_(Ideal (X)) D X,

6. Zero_(Ideal_(Zero_(S))) = Zero_S,
7. Ideal_(Zero_(Ideal (X))) = Ideal X,

8. V =1Ideal_(Zero. V).

LRI 3.3 kSR THIESHRIT 5. I T O @A LT
T

O

o

& 4
Vf € klz1,x2...2p] A f is non-zero = Ja € k™ st f(a) # 0.k

e 4. OFEIHIE MML 24 79V —OBEEE» SEHIZSD L ZAM L TWiR
V. BEFEOZIEX OFHMEREECIIFEAD R, KE T ORMEL2ERT 3.

3 ZEHZIERAOFEMEEBKICOWVT

BIETCHLD B 7 4. DR Z# L < LTW B R2is 5. %3 I3MEZ Bl
LHEZERT 5.

3.1 M&E

a5 k 2EMEOTTZE ELW, f(r,y) ZEF O TRV EFE 2EBDOZHEAL T 5.
ZOLE f(a,b) £0 LT2B (a,b) EIERIEGEET 5.

DD R 7 v FI, T f(a,y) DMEF O RSBV =a B3R, Z5LTTE
72 kly] DZIHERK f(a,y) OBROERIITE 2B 2 VDOTHRE X > T fla,b) #0 &
7% (a,b) ZHERIEFET 5.

ZOREATIHERETER VAL fla,y) DX I ICHAETLZERLTEHEiT 2 Z 212D
3. flz,y) % kz|ly] DZHERE AT 2 L BAEETH 3. f.(y) € klz]y] L RKiLT 3.
L L Zhz—ZBDOZEA L E X T eval BT k[x] DEZRZRALTOFHE L 4 5.
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RBGH S % 52 |k DFE o T eval BIECHMIL 720 D% f,(y) e RDTAUE, ZHUZ kly]
DEHEY LTEOEETIIENS. f.(y) ZATEEICT 2 E 0 IR S5 XX b 0n
WETH B, ZOERT MBI & BEFBIBDS LS 2 Z &, Bl% f(a,b) = eval(f, (a,b))
Y fuly) BELNZ L 2HE DR, @R 5. OO RILBBEN L 72 5.

4 SEROFIL

AR CTER L-MEORIIRBIEOFETH D, FER L7 iR D Bag #HE
EREHELTUOCHDO LS WY LT T2 22 THS. Mizar D 40 FORXITHR
JERIZBEWT ZOZERO DI D o5 nWpFo—or Bbh 3. ERLFE-—OM
AER, WHAKOH2EHHZ 74 77 VEEI SRS, REES OB D RDE A
WIEA T 7LD 5 RS BT 2 O THEZR AL 7 7L [6] Ot b B 125, RECRAOE
AT HIR, ZHEAER, X —ZRERICE 202 9HTHD MML 54 75 V) 26
BLIEALZWEERILTWRWDT Mizar Y AT ADAR ST a5 3 v 7HiHi b
HENBGTHB.

ZTERER BRI BRI 28 T H 2 25 5 1+ RERETH 5 Z e R
L@ L CTED X Z e CHEXNS. &b B REEE Eo® o Rzt
D77 —Fbd 5. P LEORM, FEE b e VR TR ERE (1) 125H X
N5 Max-Plus REDOFEAR L EH#ED 27 a0 —F b S5HDOEER L 20,

BE Xk
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Mizar article information
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ALGGEO_1 Intrduction to Algebraic Geometry

by Yasushige Watase

Summary: In the article we formalized introductory basic definitions and propositions
of Algebraic Geometry. The formalization in the article is covered the first half of chapter
1 of [M]. Namely ” Algebraic Set”, ”Ideal of an Algebraic Set” and related propositions.
Throughout the article we denote k™ a set theoretical n-ple product of a field or ring
k. In actual coding Funcs(n, k) is regarded as k™. We introduced modified evaluation
function (E_eval) for multivariate Polynomial and its first argument requires Element of
Polynom-Ring(n k) to avoid using transformation of Polynomial attribute to Element

of Polynomial Ring.

Listing 10. ALGGEO_1 - abstract

2 Introduction to Algebraic Geometory I
;2 by Yasushige Watase

:: Received May 27, 2019

;2 Copyright (c) 2019—2021 Association of Mizar Users

o (Stowarzyszenie Uzytkownikow Mizara, Bialystok, Poland).

:: This code can be distributed under the GNU General Public Licence

:: version 3.0 or later, or the Creative Commons Attribution—ShareAlike

:: License version 3.0 or later, subject to the binding interpretation

:: detailed in file COPYING.interpretation.

:: See COPYING.GPL and COPYING.CC—BY—SA for the full text of these
:: licenses, or see http://www.gnu.org/licenses/gpl.html and

:: hitp://creativecommons.org/licenses/by—sa/3.0/.

environ

vocabularies NUMBERS, SUBSET _1, RELAT_1, ORDINAL4, FINSEQ_1, XBOOLE_0,
FUNCT_1, XXREAL_0, TARSKI, NAT_1, ARYTM_3, ZFMISC_1, CARD_1, YELLOW 8,
ORDINALI, ARYTM._1, PRE_POLY, QC_LANG1, GROUP_1, ALGSTR.0, RLVECT_L,
VECTSP_1, POLYNOM1, POLYNOMZ2, AFINSQ-1, FINSEQ-2, CARD_3, SQUARE_1,
STRUCT.0, PARTFUN1, FINSET_1, SUPINF_2, FUNCOP_I, ALGSEQ_1, RATFUNCI,
FUNCT_-2, HILBASIS, VECTSP_2, CARD_FIL, RSSPACE, IDEAL_1, MESFUNC1, INT_2,
SETFAM_1, XCMPLX_0, PRE_TOPC, POLYNOM5, LATTICES, BSPACE, NEWTON, RING_1,
ALGGEO_1;

notations
TARSKI,XBOOLE_0, XTUPLE_0, ZFMISC_1, SUBSET_1, SETFAM_1, RELAT_1, FUNCT_1,
ORDINAL1, RELSET_1, PARTFUN1, MCART_1, FUNCT_2, BINOP_1, DOMAIN_1,
FUNCOP_1, FUNCT_4, FINSET_1, CARD_1, PBOOLE, ORDERS_1, NUMBERS, XCMPLX_0,
XXREAL_0, XREAL_0, NAT_1, INT_1, MEMBERED, VALUED 0, INT_2, NAT_D,
CLASSES2, FINSEQ-1, FINSEQ_2, VALUED_1, RVSUM_1, AFINSQ_1, FINSEQ_7,
PRE_POLY, STRUCT_0, ALGSTR_0, ORDERS_2,PRE_TOPC, RLVECT_1, GROUP_1,
VECTSP_1, ALGSTR_1, VECTSP_2, GROUP_2, GROUP_3, POLYNOM1, ALGSEQ_1,
PRVECT_1, BINOM, POLYNOM2, POLYNOMS3, POLYNOM4, POLYNOMS5, UPROOTS, GROUP_9,
HURWITZ, IDEAL_1, RING_1, RING_2, POLYALG1, HILBASIS, POLYNOM?7, GROEB_1,
RATFUNCI1, GROUP_1A, RING_4, HILB10_2, FIELD_1;

constructors
TARSKI, XTUPLE_0, ZFMISC_1, SUBSET_1, SETFAM_1, RELAT_1, RELAT_2, RELSET_1,
RECDEF_1, DOMAIN_1, ORDINAL2, FUNCT_4, PBOOLE, NAT_D, BINOP_2, FINSEQ_7,
ORDERS_2, GROUP_1, GROUP_4, FVSUM_1, POLYNOM1, ALGSEQ_1, WAYBEL 4,
PRVECT_1, QUOFIELD, BINOM, POLYNOM?2, POLYNOM3, BAGORDER, POLYNOM4,
POLYNOMS5, UPROOTS, GROUP_9, HURWITZ, HILBASIS, POLYALG1, POLYNOMSG,
POLYNOM?7, GROEB_1, RATFUNC1, GROUP_1A, RING_4, HILB10_2, FIELD_1;
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registrations XBOOLE_0, RELAT_1, FUNCT.1, ORDINAL1, XREAL_0, NAT_1, CARD_1,
VALUED.0, VALUED_1, RELSET_1, INT_1, STRUCT_0, VECTSP_1, PRE_POLY,
MEMBERED, POLYNOM?2, AFINSQ_1, ORDINAL2, POLYNOMS6, HILB10_2, XXREAL_O0,
SUBSET_1, FUNCT_2, FINSEQ_1, FINSEQ_2, MATRIX11,FVSUM_1, AFINSQ_2,
FUNCOP_1, ALGSTR.1, ALGSTR_0, HILBASIS, PRVECT_1, POLYNOM?7, GCD_1,
POLYNOMI, VECTSP_2, POLYALG1, RLVECT.1, GROUP_1A, PRE_CIRC, WAYBEL_2,
IDEAL_1, RING_1, RING.2, POLYNOM3, XXREAL_2, UPROOTS,POLYNOMS5, PBOOLE,
BAGORDER, RELAT_2, ORDERS_2, GROEB_1, TERMORD, BINOM, GROUP_1, MOD _4,
RINGCAT1, ALGSEQ_1;

requirements NUMERALS, SUBSET, ARITHM, REAL;

definitions TARSKI, XBOOLE_0, MEMBERED, RLVECT_1, ALGSTR.0, STRUCT.0, GROUP_L1,
VECTSP_1, SUBSET.1, FUNCT_2;

equalities FINSEQ_1, STRUCT.0, ALGSTR_0, POLYNOM]1, VECTSP_1, FINSEQ_2,
ORDINALIL, SUBSET_1, AFINSQ_1, XBOOLE.0, FUNCT_2, BINOP_1, FUNCOP_1;

expansions POLYNOM1, FUNCT_2, ORDINAL1,IDEAL_1, SUBSET_1,FUNCT_1, BINOP_1,
VECTSP_2, RLVECT_1, ALGSTR_0, GROUP_2, TARSKI, STRUCT.0, VECTSP_1,
GROUP_1, XBOOLE_0, ZFMISC_1, GROUP_6, INT_1;

theorems TARSKI, FUNCT_1, CARD_1, NAT_1, ZFMISC_1, XREAL_1, FINSEQ_3,
FINSEQ_1, FINSEQ_5, FINSEQ_2, ORDINALI, HILB10_3, XBOOLE_0, RELAT_1,
PRE_POLY, FUNCT_2, POLYNOM1, POLYNOM2, FUNCOP_1, PARTFUNI,
XBOOLE_1, RLVECT_1, POLYNOM?7, SUBSET_1, IDEAL_1, ALGSTR_1, RING_1,
SETFAM_1, BINOM, GROUP_1, XCMPLX_1, FVSUM_1, VECTSP_2, TARSKIO0,
HILBASIS, XXREAL_0, TOPZARII;

schemes FINSEQ_2, NAT_1;
begin :: Preliminaries

reserve K for Field;

reserve R for non degenerated comRing;

reserve 0,01,x,x1,y,yl for object;

reserve q,l for Ideal of R;

reserve n for non zero Nat;

reserve m,d,i,j for Nat;

reserve S, T for non empty Subset of Polynom—Ring(n,R);
reserve F,G for FinSequence of the carrier of Polynom—Ring(n,R);
reserve X for non empty set;

reserve A for non empty set;

reserve x1,x2,z for set;

reserve A B for non empty set;

;2 Affine Space (X,V)
definition ::numerical space

let R, n;

func NumSp(R,n) —> non empty set equals
2 ALGGEO_1:def 1

Funcs(n, [#]R);

end;

reserve t for Element of n—tuples_on [#]R;
reserve t1 for FinSequence of [#]R;

definition
let n be Nat;
let K be Field;
let p be n—element [#]K—valued XFinSequence;
func @p —> Function of n,K equals
2 ALGGEO_1:def 2
b;
end;
definition

let n be Nat;
let K be Field;
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let p be n—element [#]K—valued XFinSequence;
func @p —> Function of n,K equals
2 ALGGEO_1:def 3
b;
end;

definition
let n be Ordinal, L be right_zeroed add—associative right_complementable
well—unital distributive non trivial doubleLoopStr,
p be Polynomial of n,L;
redefine func {p} —> Subset of Polynom—Ring(n,L);
end;

definition
let n be Ordinal, L be right_zeroed add—associative right_complementable
well—unital distributive non trivial doubleLoopStr;
let f be Element of Polynom—Ring (n,L),x be Function of n,L;
func E_eval(f,x) —> Element of L means
2 ALGGEO_1:def 4

ex p be Polynomial of n,L. st p = { & it = eval(p,x);
end;

zmew Function for FinSeq of Polynomial is introduced
reserve x for Function of n,R;
definition
let Rn,F x;
func E_eval(F,x) —> FinSequence of the carrier of R means
2 ALGGEO_1:def 5
dom it = dom F & for i be Nat st i in dom F holds it.i = E_eval(F/.i,x);
end;

theorem :: ALGGEO_1:1
for NO be Nat for x,F st len F = NO+1 holds
E_eval(Fx) = (E_eval(F|NO,x)) " <*E_eval(F/.(len F),x)*>;

theorem :: ALGGEO-1:2
for x,F st len F = 0 holds E_eval(Sum F,x) = Sum E_eval(F,x);

theorem :: ALGGEO_1:3
for x,F st len F <> 0 holds E_eval(Sum F,x) = Sum E_eval(F x);

theorem :: ALGGEO_1:/
for F be FinSequence of the carrier of Polynom—Ring(n,R),
x be Function of n,R holds E_eval(Sum F,x) = Sum E_eval(F,x);

theorem :: ALGGEO-1:5
for G be FinSequence of the carrier of R holds
G = (len G)|—> O.R iff (for i be Nat st i in dom G holds G.i = 0.R);

theorem :: ALGGEO_1:6
for n be Nat holds
Sum (n|—>0.R) = 0.R;

definition ::Zero set of f

let R)n;

let f be Polynomial of n,R;

func Roots(f) —> Subset of Funcs(n,[#]|R) equals
2 ALGGEO-1:def 6

{x where x is Function of n,R : eval(f,x) = 0.R};
end;

theorem :: ALGGEO_1:7
Roots(0-(n,R)) = Funcs(n,[#]R);

theorem :: ALGGEO_1:8
Roots(1-(n,R)) = {};
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::1.2 Affine Space and Algebraic Sets

sreserve S, T for non empty Subset of Polynom—Ring(n,R);
definition ::Zero set of S ={F1,F2,...Fn}

let R,n,S;

func Zero_(S) —> Subset of Funcs(n,[#]R) equals
: ALGGEO_1:def 7

meet {Roots(f) where f is Polynomial of n,R : f in S};
end;

theorem :: ALGGEO-1:9
for n,R,S holds
{Roots(f) where f is Polynomial of n,R : fin S} <> {};

theorem :: ALGGEO_1:10
Zero_(S) = {} implies
{x where x is Function of n,R : for f be Element of Polynom—Ring(n,R)
st fin S holds E_eval(f,x) = 0.R} ={};

theorem :: ALGGEO-1:11
Zero_(S) <> {} implies
Zero_(S) =
{x where x is Function of n,R : for f be Element of Polynom—Ring(n,R)
st fin S holds E_eval(f,x) = 0.R};

theorem :: ALGGEO-1:12
Zero_(S) =
{x where x is Function of n,R : for f be Element of Polynom—Ring(n,R)
st {in S holds E_eval(f,x) = 0.R};

theorem :: ALGGEO-1:13
for p be Polynomial of n,R holds Zero_({p}) = Roots(p);

theorem :: ALGGEO_1:1}
for o be Function of n,R holds (not o in Zero_(S)) implies
(ex f be Polynomial of n,R st f in S & not o in Roots(f));

theorem :: ALGGEO-1:15
Zero_({0-(n,R)}) = Funcs(n,[#]R);

theorem :: ALGGEO_1:16
S ¢c= T implies Zero_(T) c= Zero_(S);

theorem :: ALGGEO_1:17
Zero_(S\/T) = Zero_(S)/\Zero_(T);

theorem :: ALGGEO_1:18
Zero_(S) = Zero_(S—Ideal);

definition

let Ryn;

let IT be Subset of Funcs(n,[#]R);

attr IT is zero_points_derived means
s ALGGEO-1:def 8

ex S be non empty Subset of Polynom—Ring(n,R) st IT = Zero_(S);
end;

theorem :: ALGGEO-1:19
[#]Funcs(n,[#]R) is zero_points_derived;

registration

let R,n;

cluster zero_points_derived for non empty Subset of Funcs(n,[#]R);
end;

definition
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let n,R;

mode Algebraic_Set of n,R is

zero_points_derived non empty Subset of Funcs(n,[#]R);
end;

definition

let R)n;

let IT be Subset of Funcs(n,[#]R);

attr IT is Alg_Set means
 ALGGEO_1:def 9

ex S be non empty Subset of Polynom—Ring(n,R) st IT = Zero_(S);
end;

theorem :: ALGGEO-1:20
for Z be Algebraic_Set of n,R holds
ex I be Ideal of Polynom—Ring(n,R) st Z = Zero_(I);

theorem :: ALGGEO_1:21
for R be non degenerated domRing, f,g be Polynomial of n,R holds

Zero_({f+x’g}) = Zero_({f}) \/ Zero_({g});

theorem :: ALGGEQO_1:22 :::Integral Domain requires
for R be non degenerated domRing, I,J be Ideal of Polynom—Ring(n,R),
M be non empty Subset of Polynom—Ring(n,R) st
M = rng ((the multF of Polynom—Ring(n,R))|[:I,J:]) holds
Zero_(I) \/ Zero_(J) = Zero_(M);

theorem :: ALGGEO_1:23
for a be Element of R x,i be Element of n holds
1.1(i,R) is Polynomial of n,R & a|(n,R) is Polynomial of n,R;

definition
let n,R;
let a be Function of n,R, i be Element of n;
func wpoly(a,i) —> Element of Polynom—Ring(n,R) equals
2 ALGGEO_1:def 10
1.1(1,R) — (a.i)*1_(n,R);
end;

definition

let n,R;

let a be Function of n,R;

func polyset(a) —> non empty Subset of Polynom—Ring(n,R) equals
:: ALGGEO-1:def 11

{ f where f is Element of Polynom—Ring(n,R):

ex i be Element of n st f = wpoly(a,i)};

end;

theorem :: ALGGEO_1:2
for a be Function of n,R holds Zero_(polyset(a)) = {a};

definition let X be non empty set;
mode Point of X is 1—element Subset of X;
end;

::1.8 The Ideal of a Set of Points
reserve X,Y for Subset of Funcs(n,[#]R);
reserve a for Function of n,R;

definition ::Ideal of X ¢= Funcs(n,R);

let R, n, X;

func Ideal X —> non empty Subset of Polynom—Ring(n,R) equals
2 ALGGEO_1:def 12

{f where f is Polynomial of n,R : X c¢c= Roots(f)};
end;

theorem :: ALGGEO_1:25
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for p, q being Element of Polynom—Ring(n,R) st p in Ideal X & q in Ideal X
holds p + q in Ideal X;

theorem :: ALGGEO_1:26
for a, p being Element of Polynom—Ring(n,R) st p in Ideal X holds
axp in Ideal X;

theorem :: ALGGEO_1:27
for a, p being Element of Polynom—Ring(n,R) st p in Ideal X holds
p*a in Ideal _X;

theorem :: ALGGEO_1:28
for X holds Ideal X is Ideal of Polynom—Ring(n,R);

registration
let R, n, X;
cluster Ideal X —> add—closed for Subset of Polynom—Ring(n,R);
cluster Ideal X —> right—ideal for Subset of Polynom—Ring(n,R);
end;

2(6) If X ¢=Y , then I(Y) c= I(X).

=(7) I4}) = k[X],...,Xn]; I(An) = (0) if k is an inﬁnite field;

I (ad,...;an)}) = (X1 — al,...,Xn — an) for al,...,an \in k.

:2(8) S e= I(V(S))for any set s ofpolynommls Xe=V (I(X))for any set X of

2:points.

(9) V(I(V (5))) =V (S) for any set S of polynomials, and I(V (I(X))) = I(X) ::for any set X of points. So if V is
an algebraic set, V.=V (I(V)), and

:xif 1 is the ideal of an algebraic set, I = I(V (I)).

theorem :: ALGGEO_1:29 ::(6)
X c¢=Y implies Ideal Y c= Ideal X;

theorem :: ALGGEO_1:50 ::(7)
X = {} implies Ideal X = [#]Polynom—Ring(n,R);

theorem :: ALGGEO_1:31 ::(7)
X = Funcs(n,[#]R) implies {0.Polynom—Ring(n,R)} c= Ideal (X);

theorem :: ALGGEO_1:32
for S be non empty Subset of Polynom—Ring(n,R) holds S c= Ideal_(Zero_(S));

theorem :: ALGGEO_1:33
S c= Ideal_(Zero_(S));

theorem :: ALGGEO_1:84 ::(8)
X ¢= Zero_(Ideal X);

theorem :: ALGGEO_1:35 ::(9)
Zero_(Ideal_(Zero-S)) = Zero-S;

theorem :: ALGGEO_1:36 ::(9)
Ideal_(Zero_(Ideal X)) = Ideal X;

theorem :: ALGGEO_1:87 ::(9)
for X be Algebraic_Set of n,R holds X = Zero_(Ideal _X);

definition

let R,n;

let IT be Algebraic_Set of n,R;

attr IT is reducible

means

:: ALGGEO_1:def 13

ex V1,V2 be Algebraic_Set of n,R st IT = V1\/ V2 & V1 <> V2,
end;

notation
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let R,n;
let V be Algebraic_Set of n,R;
antonym V is irreducible for V is reducible;
end;
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