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Abstract

In this study, valious sets of membership functions (fuzzy sets) are formalized. At
first, the set of membership functions [1,7] is defined. Next, sine curve, cosine curve and
Gaussian function that renges are limited to interval [0, 1] are formalized. On the other,
not only curve membership functions mentioned above but also membership functions
composed of straight lines like triangular and trapezoidal are formalized. Moreover
different from the definition in [3] fomalizations of triangular and trapezoidal function

composed of two straight lines, minimum function and maxmum functions are proposed.
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Listing 1. FUZZY_1 mode

definition
let C be non empty set ;

mode Membership_Func of C is [.0,1.] —valued Function of C,REAL;
end;
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Let C' be a non empty set and let & be a membership function of C.
A set is called a FuzzySet of C, h if :
(Def.2) It =[C,h°C ).
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Listing 2. FUZNUM_1 mode

definition

let C be non empty set ;

mode FuzzySet of C is Membership_Func of C;
end;
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Listing 3. FUZZY 5:def 1, FUZZY _5:2

definition
let X be non empty set;
func Membership_Funcs (X) —> set means :: FUZZY_5:def 1
for f being object holds f in it iff f is Membership_Func of X ;
end;

theorem :: FUZZY_5:2
Membership_Funcs (REAL) ={f where f is Function of REAL,REAL : f is FuzzySet of REAL};
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Listing 4. FUZZY _5:15,35,57,61

theorem :: FUZZY_5:15
for g be Function of REAL,REAL holds
{f where f is Function of REAL,REAL : for x be Real holds f.x= min(1,max(0, g.x))} ¢c= Membership_Funcs (REAL);

theorem :: FUZZY_5:35
{f where f is Function of REAL,REAL, a,b,c,d is Real: for x be Real holds f.x= max(0,min(1, c*sin(a*x+b)+d))}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:57

{f where f is Function of REAL,REAL, a,b,c is Real: b <> 0 & for x be Real holds f.x= max(0,min(1, exp_R(—(x—a)
"2/(2xb2))+c))}

c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:61
{f where f is Function of REAL,REAL, a,b is Real: for x be Real holds f.x= max(0,min(1, AffineMap (a,b).x))}
¢= Membership_Funcs (REAL);
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Listing 5. FUZZY _5:13,69

theorem :: FUZZY_5:13
for a,b,c,d being Real holds |. max(c,min(d,a)) — max(c,min(d,b)) .| <= |. a—b .|;

theorem :: FUZZY_5:69
for f be Function of REAL,REAL, a,b,c be Real st
(b <> 0 & for x be Real holds f.x= max(0,min(1, cx(1—|.(x—a)/b.|))) ) holds f is Lipschitzian;
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Listing 6. ROLLE:4, SIN_COS:64

theorem :: ROLLE:4

for x, t being Real st 0 < t holds

for f being PartFunc of REAL REAL st [.x,(x + t).] c= dom { & f | [.x,(x + t).] is continuous &
f is_differentiable_on ].x,(x + t).[ holds

ex s being Real st (0 <s&s<1&f.(x+t)=(f.x)+ (t=* (diff (£;(x + (s *t))))) )

theorem Th63: :: SIN_.COS:64
for p being Real holds
( sin is_differentiable_in p & diff (sin,p) = cos . p );

Listing 7. FUZZY _5:40

theorem :: FUZZY_5:40
for x being Real holds |. sin x .| <= |.x.|;
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Listing 8. FUZZY _5:45

theorem :: FUZZY_5:45
for f be Function of REAL,REAL, a,b,c,d be Real st
for x be Real holds f.x= max(0,min(1, cxsin(a*x+b)+d)) holds f is Lipschitzian;
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Listing 9. FUZZY 5:28,29

theorem :: FUZZY_5:28
for F being Function of REAL,REAL, a,b,c,d being Real, i be Integer st
a<>0 & i<>0 & for x be Real holds F.x= max(0,min(1, cksin(a*x+b)+d)) holds F is (2 x PI)/a * i —periodic;

theorem :: FUZZY_5:29
for F being Function of REAL,REAL, a,b,c,d being Real st
for x be Real holds F.x= max(0,min(1, cxsin(a*x+b)+d)) holds F is periodic;
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Listing 10. FUZNUM _1:def 7,8

definition
let a, b, ¢ be Real,;
assume that Z1: a <band Z2: b < ¢
func TriangularFS (a,b,c) —> FuzzySet of REAL equals :TrDef: :: FUZNUM_1:def 7
(((AffineMap (0,0)) | (REAL Y Layc.)) ++ ((AffineMap (1 / (b — a)),(— (a / (b — a)))) | [a,b.])) + ((AffineMap ((— (1
/ (e~ b)) / (e — b)) | [bel);

end;
definition

let a, b, ¢, d be Real;

assume that Z1: a < band Z2: b < cand Z3: c < d ;

func TrapezoidalF'S (a,b,c,d) —> FuzzySet of REAL equals :TPDef: :: FUZNUM_1:def 8
((((AffineMap (0,0)) | (REAL \ J.a,d.[)) 4= ((AffineMap ((1 / (b — a)),(— (a / (b — a))))) |

4 [b,c])) 4+ ((AffineMap ((— (1 / (d —¢))),(d / (d = ¢)))) | [.e,d]);

end;

)

[.a,b.])) +* ((AffineMap (0,1)) |
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Listing 11. FUZZY _5:80,86

theorem :: FUZZY_5:80

for a,b,p,qg be Real st a > 0 & p > 0 & (1-b)/a < (1—q)/(—p) holds

for x be Real holds (TrapezoidalF'S ((—b)/a,(1-b)/a,(1-q)/(—p).a/p)).x .

= max(0,min(1, ( (AffineMap (a,b) [|.—infty,(q—b)/(a+p).[) +* (AffineMap (—p,q)|[-(a—b)/(a+p),+infty.[) ) .x ));

theorem :: FUZZY_5:86

for a, b, c being Real st a < b & b < ¢ holds

for x being Real holds TriangularF'S (a,b,c).x =

max(0,min(1, ( (AffineMap ( 1/(b—a),— a/(b—a) )|].—infty,b.[) +* (AffineMap ( — 1/(c—b),c/(c—b) )|[.b,+infty.[) ).x ));
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Listing 12. FUZZY _5:88

theorem :: FUZZY_5:88

for a,b,p,q be Real, f be Function of REAL,REAL st

a>0&p>0&

for x be Real holds

£ = max(0,min(1, ( ((AffineMap (a,b))|(].—infty,(q—b)/(a+p).-[)) ++ ((AtfineMap (—p,a)|(-(a—b)/(a+p),+infty.)) ) x))
holds f is Lipschitzian;
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FUZZY _5 Set of Membership Functions

by Takashi Mitsuishi

Summary: We have been working on the formalization of the fuzzy logic. In [1], we
defined membership function and encoded some theorems concerning the membership
functions. In this article, we present formalization of the set of membership functions.
First, we define the set of membership function and show the membership functions
whose graphs are various shapes for example, sine, cosine and piecewise linear function.
Next, we describe continuity and periodicity of membership function. Moreover different
from the definition in [B] fomalizations of triangular and trapezoidal function composed

of two straight lines, minimum function and maxmum functions are proposed.

Listing 13. FUZZY_5 - abstract

environ

vocabularies NUMBERS, XBOOLE_0, SUBSET_1, XXREAL_1, CARD_1, RELAT_1, TARSKI,
FUNCT.1, XXREAL_0, PARTFUN1, ARYTM_1, ARYTM_3, COMPLEX]1, FUZZY_1,
MSALIMIT, FUZNUM_1, REAL_1, ORDINAL2, FCONT_1,SQUARE_1,FUNCT_3,
RCOMP_1, NUMPOLY1, JGRAPH 2, FUNCT_4,FUNCT.7, SIN.COS,POWER, FUNCT_9,
INT_1,VALUED_1, FDIFF_1, SIN_COS9, FUZZY_5;

notations TARSKI, XBOOLE_0, SUBSET_1, RELSET_1, NUMBERS,COMPLEX1, RELAT_1,
SQUARE_1, STRUCT_0, NORMSP_1, METRIC_1, FUNCT_.1, ORDINAL1, INT_1,
XCMPLX_0,XXREAL_0,XREAL_0, XXREAL_2, VALUED_1,PARTFUN1, FUNCT_2,
FUNCT_.3, FUNCT 4,FUNCT.9, FDIFF_1, MEMBERED, FINSEQ_1, FINSEQ_2,
SIN_COS, RCOMP_1, MEASURES5, RFUNCT.1, PRE_TOPC, COMPTS_1, TOPMETR,
TAYLOR-1, POWER, SIN_COS9, FCONT_1, FUZZY_1,FUZNUM_1,LFUZZY _1;

constructors ZFMISC_1, SUBSET_1, FUNCT_1, XCMPLX_0, XXREAL_0, XREAL_O,
COMPLEXI1, RFUNCT.1, INTEGRA1, SEQ-4, RELSET_1, FUZZY_1, FCONT_1,
FUNCT 4,FUZNUM_1,NUMPOLY1,LFUZZY _1,RELAT_1,SIN_COS,XXREAL_3,NUMBERS,
SIN_COS6,TOPMETR,SQUARE_1,TAYLOR_1,POWER, COMPTS_1, RCOMP_1, FINSEQ_1,
FINSEQ_2, INT_1,0RDINAL1,FUNCT.9, FDIFF_1, SIN.COS9,STRUCT_.0, NORMSP_1,
METRIC_1, VALUED_1, PARTFUNI,

registrations RELSET_1, NUMBERS, XXREAL_0, MEMBERED, XBOOLE_0, VALUED_0,
VALUED_1, FUNCT_2, XREAL_0, ORDINAL1, FCONT_1, RELAT_1, TOPREALB,
FUNCT 4, FUNCT_1, XCMPLX_0, NAT_1, RCOMP_1,FUZNUM_1,NUMPOLY1,
LFUZZY_1,SIN_.COS,XXREAL_3, SIN.COS6, TOPMETR, SQUARE_1, SIN_COS3,
CARD_3, INT_1, SUBSET_1, SIN.COS9, NORMSP_1,PARTFUN1;

requirements NUMERALS, REAL, SUBSET, BOOLE, ARITHM ;

definitions XBOOLE_0, TARSKI, XXREAL_2, FUZNUM_1, NUMPOLY1, FUZZY _1,
RELAT_1, XXREAL_3, NUMBERS, SIN.COS6, TOPMETR, SQUARE_1, COMPTS_1,
RCOMP_1, STRUCT.0, INT_1, SUBSET_1, SIN.COS9, VALUED_1, XXREAL_O,
SIN_COS, FCONT_1,FUNCT_3,PARTFUNI;

equalities FUZZY_1, RCOMP_1,FUZNUM_1,NUMPOLY1,RELAT_1,XXREAL.3,
NUMBERS,SIN_COS6,SQUARE_1,FUNCT 4;

expansions TARSKI, FCONT_1,FUZNUM_1,NUMPOLY1,FUZZY_1,RELAT_1,XXREAL_3,
NUMBERS,SQUARE_1,FUNCT 4;

theorems TARSKI, FUNCT_1, ABSVALUE, XBOOLE_0,POWER,TAYLOR_1,SIN_COS,
COMPLEX1, XXREAL_1,XREAL_0,FCONT_1, XCMPLX_1, RCOMP_1, FUZNUM._1,
FUNCT.9, SIN.COS4,ROLLE,FDIFF_1,VALUED_1,SIN_COS3, SQUARE_1,
XXREAL.0, FUNCT 4, XREAL_1, FUNCT_2, FUNCT_3, SIN.COS6,FUZZY _1;

schemes FUNCT_2;

begin
22 set of membership functions

definition
let X be non empty set ;
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func Membership_Funcs (X) —> set means
:: FUZZY 5:def 1
for f being object holds
f in it iff f is Membership_Func of X ;
end;

theorem :: FUZZY_5:1

for X be non empty set, x be object

st x in Membership_Funcs (X)

holds

ex f be Membership_Func of X st x = f & dom f = X;

theorem :: FUZZY_5:2
Membership_Funcs (REAL)

={f where f is Function of REAL,REAL : f is FuzzySet of REAL};

:: characteristic function (indicator function)

theorem :: FUZZY_5:3
for A,X be non empty set holds
{chi (A,X)} c= Membership_Funcs (X);

theorem :: FUZZY_5:
{chi([.a,b.],REAL) where a,b is Real : a <= b}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:5
{chi(A,REAL) where A is Subset of REAL : A ¢c= REAL}
¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:6

{f where f is FuzzySet of REAL : ex A be Subset of REAL st f=chi(A,REAL) }

c¢= Membership_Funcs (REAL);

:::: membership functions using min (mazx) operation

theorem :: FUZZY_5:7

for f,g be Function of REAL,REAL, a being Real st

g is continuous & for x be Real holds f.x= min(a, g.x)
holds f is continuous;

theorem :: FUZZY_5:8

for F.f,g be Function of REAL,REAL st
f is continuous & g is continuous &

for x be Real holds F.x= min(f.x, g.x)
holds

F is continuous;

theorem :: FUZZY_5:9

for F.f,g be Function of REAL,REAL st
f is continuous & g is continuous &

for x be Real holds F.x= max(f.x, g.x)
holds

F is continuous;

theorem :: FUZZY_5:10

for f,g be Function of REAL,REAL,

a being Real st

g is continuous & for x be Real holds f.x= max(a, g.x)
holds f is continuous;

theorem :: FUZZY_5:11
for f,g be Function of REAL,REAL, a,b being Real st

g is continuous & for x be Real holds f.x= max(a,min(b, g.x))

holds f is continuous;

theorem :: FUZZY_5:12
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for f,g be Function of REAL,REAL st
g is continuous & for x be Real holds f.x= max(0,min(1, g.x))
holds f is continuous;

theorem :: FUZZY_5:13
for a,b,c,d being Real holds
|. max(c,min(d,a)) — max(c,min(d,b)) .| <= |. a—b .|;

theorem :: FUZZY_5:14:: LeMMO1Lip:

for r,s be Real, f be Function of REAL,REAL st
for x be Real holds f.x= max(r,min(s,x))

holds

f is Lipschitzian;

theorem :: FUZZY_5:15

for g be Function of REAL,REAL holds

{f where f is Function of REAL,REAL :

for x be Real holds f.x= min(1,max(0, g.x))}
c= Membership_Funcs (REAL);

theorem :: FUZZY_5:16

{f where f,g is Function of REAL,REAL :

for x be Real holds f.x= max(0,min(1, g.x))}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:17

for f,g be Function of REAL,REAL st

(for x be Real holds f.x= max(0,min(1, g.x)))
holds

f is FuzzySet of REAL;

theorem :: FUZZY_5:18

for f,g be Function of REAL,REAL st

(for x be Real holds f.x= min(1,max(0, g.x)))
holds f is FuzzySet of REAL;

2 fuzzy Set from trigonometric function

theorem :: FUZZY_5:19

{f where f is Function of REAL,REAL :

ex a,b be Real st for th be Real holds f.th= 1/2xsin(axth+b)+1/2}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:20
{f where f is Function of REAL,REAL, a,b is Real:

for th be Real holds f.th= 1/2xsin(axth+b)+1/2}
c=Membership_Funcs (REAL);

theorem :: FUZZY_5:21

for a,b be Real, f be Function of REAL REAL st
(for th be Real holds f.th= 1/2xsin(axth+b)+1/2)
holds f is FuzzySet of REAL;

theorem :: FUZZY_5:22

{f where f is Function of REAL,REAL :

ex a,b be Real st for th be Real holds f.th= 1/2xcos(axth+b)+1/2}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:23

for a,b be Real, f be Function of REAL REAL st
(for th be Real holds f.th= 1/2xcos(axth+b)+1/2)
holds f is FuzzySet of REAL;

theorem :: FUZZY_5:24

for a,b be Real, f be FuzzySet of REAL st

(a<>0 & for th be Real holds f.th= 1/2xsin(axth+b)+1/2)
holds

f is normalized;
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theorem :: FUZZY_5:25:: TrF10:

for f be FuzzySet of REAL st

fin {f where f is Function of REAL,REAL :

ex a,b be Real st a<>0 & for th be Real holds f.th= 1/2xsin(axth+b)+1/2}
holds

f is normalized;

theorem :: FUZZY_5:26

for f be FuzzySet of REAL

for a,b be Real st a<>0 & for th be Real holds f.th= 1/2xcos(axth+b)+1/2
holds

f is normalized;

theorem :: FUZZY_5:27

for f be FuzzySet of REAL st

fin {f where f is Function of REAL,REAL :

ex a,b be Real st a<>0 & for th be Real holds f.th= 1/2xcos(axth+b)+1/2}
holds

f is normalized;

20 periodicity of membership functions

theorem :: FUZZY_5:28

for F being Function of REAL,REAL, a,b,c,d being Real, i be Integer st
a<>0 & i<>0 & for x be Real holds F.x= max(0,min(1, c*sin(axx+b)+d))
holds

F is (2 * PI)/a * 1 —periodic;

theorem :: FUZZY_5:29

for F being Function of REAL,REAL, a,b,c,d being Real st
for x be Real holds F.x= max(0,min(1, cksin(a*x+b)+d))
holds

F is periodic;

theorem :: FUZZY_5:50

{f where f is Function of REAL,REAL :

ex a,b be Real st for th be Real holds f.th= max(0, sin(axth+b))}
c= Membership_Funcs (REAL);

theorem :: FUZZY_5:31

for a,b be Real, f be Function of REAL,REAL st
(for x be Real holds f.x= max(0, sin(a*x+b)))
holds f is FuzzySet of REAL;

theorem :: FUZZY_5:32

{f where f is Function of REAL,REAL :

ex a,b be Real st for x be Real holds f.x= max(0, cos(a*x+b))}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:33

for a,b be Real, f be Function of REAL,REAL st
(for x be Real holds f.x = max(0, cos(axx+b)))
holds f is FuzzySet of REAL;

theorem :: FUZZY_5:34
{f where f is Function of REAL,REAL, a,b,c,d is Real:
for x be Real holds f.x= max(0,min(1, cxsin(axx+b)+d))}
c= {f where f,g is Function of REAL,REAL :
for x be Real holds f.x= max(0,min(1, g.x))};

theorem :: FUZZY_5:35

{f where f is Function of REAL,REAL, a,b,c,d is Real:
for x be Real holds f.x= max(0,min(1, cxsin(axx+b)+d))}
c= Membership_Funcs (REAL);

theorem :: FUZZY_5:36
for f being Function of REAL,REAL, a,b,c,d being Real st
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for x be Real holds f.x= max(0,min(1, cksin(axx+b)+d))
holds f is FuzzySet of REAL;

theorem :: FUZZY_5:37
{f where f is Function of REAL,REAL, a,b,c,d is Real:

for x be Real holds f.x= max(0,min(1, ckarctan(a*x+b)+d))}

c= {f where f,g is Function of REAL,REAL :
for x be Real holds f.x= max(0,min(1, g.x))};

theorem :: FUZZY_5:38
{f where f is Function of REAL,REAL, a,b,c,d is Real:

for x be Real holds f.x= max(0,min(1, cxarctan(asx+b)+d))}

c¢= Membership_Funcs (REAL);
theorem :: FUZZY_5:39

for f being Function of REAL,REAL, a,b,c,d being Real st
for x be Real holds f.x= max(0,min(1, cxarctan(axx+b)+d))

holds f is FuzzySet of REAL;

theorem :: FUZZY_5:40
for x being Real holds
|. sin x .| <= |.x.|;

theorem :: FUZZY_5:41
for x,y being Real holds |. sin x — sin y .| <= |.x—y.|;

theorem :: FUZZY_5:42

for f be Function of REAL,REAL, a,b be Real st
for th be Real holds f.th = 1/2xsin(axth+b)+1/2
holds f is continuous;

theorem :: FUZZY_5:48

for f be Function of REAL,REAL, a,b be Real st
for x be Real holds f.x = 1/2xsin(axx+b)+1/2
holds f is continuous;

theorem :: FUZZY_5:44

for f be Function of REAL,REAL, a,b,c,d,r,s be Real st
for x be Real holds f.x= max(r,min(s, cxsin(axx+b)+d))
holds f is Lipschitzian;

theorem :: FUZZY_5:45

for f be Function of REAL,REAL, a,b,c,d be Real st

for x be Real holds f.x= max(0,min(1, cxsin(a*x+b)+d))
holds f is Lipschitzian;

;2o membership functions from Gaussian function

theorem :: FUZZY_5:46
for a,b be Real, f be Function of REAL ,REAL st

(b <> 0 & for x be Real holds f.x= exp_R(—(x—a)"2/(2%b"2)))

holds
f is FuzzySet of REAL;

theorem :: FUZZY_5:47
for a,b be Real, f be Function of REAL,REAL st

(b <> 0 & for x be Real holds f.x= exp(—(x—a)"2/(2%b"2)))

holds
f is FuzzySet of REAL;

theorem :: FUZZY_5:/8

for a,b be Real st b<>0 holds

{f where f is Function of REAL,REAL :

for x be Real holds f.x= exp(—(x—a)"2/(2xb"2))}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:49
for a,b be Real, f be FuzzySet of REAL st
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(for x be Real holds f.x= exp(—(x—a)"2/(2xb"2)))
holds
f is normalized;

theorem :: FUZZY_5:50
for x be Real st exp_ R x = 1 holds x = 0;

theorem :: FUZZY_5:51
for x be Real st exp x = 1 holds x = 0;

theorem :: FUZZY_5:52:: GauF02:

for a,b be Real, f be FuzzySet of REAL st

(b<>0 & for x be Real holds f.x= exp(—(x—a)"2/(2+b"2)))
holds

f is strictly—normalized;

theorem :: FUZZY_5:53

for a,b be Real, f be Function of REAL,REAL st

(b<>0 & for x be Real holds f.x= exp_-R(—(x—a)"2/(2+b"2)))
holds

f is continuous;

theorem :: FUZZY_5:5/

for a,b,c,r,;s be Real, f be Function of REAL,REAL st

( b<>0 & for x be Real holds f.x= max(r,min(s, exp-R(—(x—a)"2/(2%b"2))+c)) )
holds

f is continuous;

theorem :: FUZZY_5:55

for a,b,c be Real, f be Function of REAL,REAL st

( b<>0 & for x be Real holds f.x= max(0,min(1, exp-R(—(x—a)"2/(2%b"2))+c)) )
holds

f is continuous;

theorem :: FUZZY_5:56

for a,b,c be Real, f be Function of REAL REAL st

( b<>0 & for x be Real holds f.x= max(0,min(1, exp-R(—(x—a)"2/(2xb"2))+c)) )
holds

f is FuzzySet of REAL;

theorem :: FUZZY_5:57

{f where f is Function of REAL,REAL, a,b,c is Real:

b <> 0 & for x be Real holds f.x= max(0,min(1, exp-R(—(x—a)"2/(2xb"2))+c))}
c= Membership_Funcs (REAL);

220 S or Z type Membership function

theorem :: FUZZY_5:58

for f be Function of REAL,REAL, a,b,r,s be Real st

for x be Real holds f.x= max(r,min(s, AffineMap (a,b).x))
holds f is Lipschitzian;

theorem :: FUZZY_5:59

for f be Function of REAL,REAL, a,b be Real st

for x be Real holds f.x= max(0,min(1, AffineMap (a,b).x))
holds f is Lipschitzian;

theorem :: FUZZY_5:60:: MM70:

for f be Function of REAL,REAL, a,b be Real st

for x be Real holds f.x= max(0,min(1, AffineMap (a,b).x))
holds f is FuzzySet of REAL;

theorem :: FUZZY_5:61

{f where f is Function of REAL,REAL, a,b is Real:
for x be Real holds f.x= max(0,min(1, AffineMap (a,b).x))}
c¢= Membership_Funcs (REAL);
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22 symmetrical Triangular or Trapezoidal Fuzzy Sets

theorem :: FUZZY_5:62

for a,b be Real, f be Function of REAL,REAL st
(for x be Real holds f.x = max(0,1—|.(x—a)/b.]))
holds f is FuzzySet of REAL;

theorem :: FUZZY_5:63

for a,b be Real st b > 0 holds

for x be Real holds

TriangularF'S (a—b,a,a+b).x = max(0,1—|.(x—a)/b.|);

theorem :: FUZZY_5:64

for a,b be Real, f be FuzzySet of REAL st

b > 0 & (for x be Real holds f.x = max(0,1—|.(x—a)/b.|))
holds f is triangular;

theorem :: FUZZY_5:65:: TRS:

for a,b be Real, f be FuzzySet of REAL st

b > 0 & (for x be Real holds f.x = max(0,1—|.(x—a)/b.|))
holds f is strictly—normalized;

theorem :: FUZZY_5:66

for f be Function of REAL,REAL, a,b,c be Real st

(b <> 0 & for x be Real holds f.x= max(0,min(1, cx(1—|.(x—a)/b.]))) )
holds f is FuzzySet of REAL;

theorem :: FUZZY_5:67

for f be Function of REAL,REAL, a,b be Real st

b>0 & for x be Real holds f.x = max(0,1—|.(x—a)/b.|)
holds f is continuous;

theorem :: FUZZY_5:68

for f be Function of REAL,REAL, a,b,c,r,s be Real st

(b <> 0 & for x be Real holds f.x= max(r,min(s, cx(1—|.(x—a)/b.]))) )
holds f is Lipschitzian;

theorem :: FUZZY_5:69

for f be Function of REAL,REAL, a,b,c be Real st

(b <> 0 & for x be Real holds f.x= max(0,min(1, cx(1—|.(x—a)/b.]))) )
holds f is Lipschitzian;

theorem :: FUZZY_5:70
{f where f is Function of REAL,REAL, a,b is Real:

b > 0 & for x be Real holds f.x = max(0,1—|.(x—a)/b.|)}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:71

{f where f is Function of REAL,REAL, a,b,c,d is Real:

b <> 0 & for x be Real holds f.x= max(0,min(1, cx(1—|.(x—a)/b.|)))}
c¢= Membership_Funcs (REAL);

20 asymmetry Trapezoidal or Triangular membership function

theorem :: FUZZY_5:72

for a,b,p,q,s be Real holds

( AffineMap (a,b)|].—infty,s.[ ) +* ( AffineMap (p,q)|[.s,+infty.[ )
is Function of REAL,REAL;

theorem :: FUZZY_5:73:: asymTT1:
for a,b,p,q be Real, f be Function of REAL,REAL st

for x be Real holds
f.x = max(0,min(1, ( ((AffineMap (a,b))|(].—infty,(q—b)/(a—p).])) ;r* )

(.
) ((AffineMap (p,a))[([.(a—b)/(a—p),+infty.[))
holds f is FuzzySet of REAL;

theorem :: FUZZY_5:7)
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for a,b,p,q be Real st
a>0&p>0& (—b)/a
holds (—b)/a < (4—b)/(a

theorem :: FUZZY_5:75
for a,b,c be Real st a<b & b<c holds

+/\
&=

(a—b)/(a+p) < q/p & (axq+b*p)/(a+p) > 0;

TrlangularFS (a,bc). a=0&
TriangularFS (a,b,c). b=1 &
TriangularF'S (a,b,c). ¢ = 0;

theorem :: FUZZY_5:76

for a,b,c,d be Real st a < b & b < ¢ & ¢ < d holds
TrapezoidalF'S (a,b,c,d). a =0 &

TrapezoidalF'S (a,b,c,d). b=1 &

TrapezoidalFS (a,b,c,d). c =1 &

TrapezoidalFS (a,b,c,d). d = 0;

theorem :: FUZZY_5:77

for a,b,p,q,s be Real st

a>0&p>0&(s—b)/a= (s—q)/(—D)

holds (s—b)/a= (q—b)/(a+p) © (s—q)/(—p) = (4—b)/(a+p);

theorem :: FUZZY_5:78
for a,b,p,q be Real st
a>0&p>0&(—b)/a<q/p & (1-b)/a = (1—q)/(—p) holds
for x be Real holds
(TriangularF'S ((-—b)/a,(1-b)/a,q/p)).x
= max(0,min(1, ((AffineMap (a,b) |]‘71nfty,(qu)/(e‘t+p).[) +x
(AffineMap (—p,q)[[.(a—b)/(a+p),+infty.[)).x ));

theorem :: FUZZY_5:79

for a,b,p,q,s be Real st

a > O &p>0& (s— b)/a < (s q)/(—p) holds

(s—b)/a < (q—b)/(a+p) & (q—b)/(a+p) < (s—a)/(~Pp) ;

theorem :: FUZZY_5:80
for a,b,p,q be Real st
a>0&p>0& (1-b)/a < (1—q)/(—p) holds
for x be Real holds
(TrapezoidalFS ((—b)/a,(1-b)/a,(1—q)/(—p),qa/p)).x
= max(0,min(1, ( (AffineMap (a,b) |].—infty,(q—b)/(a+p).[) +*
)

(AffineMap (—p,q)[[.(q—b)/(a+p),+infty.[) ) .x ));

theorem :: FUZZY_5:81
for x,y be Real st x >=0 & x <=y
holds | x.| <= |.y.|;

theorem :: FUZZY_5:82
for x,y be Real st x <=0 & y <=x
holds |.x.| <= |.y.|;

theorem :: FUZZY_5:83
for a,b,p,q be Real, f be Function of REAL,REALsta>0&p >0&
f = (AffineMap (a,b)|].—infty,(q—b)/(a+p).[) +x*
(AffineMap (—p,q)|[.(a—b)/(a+p),+infty.])
holds f is Lipschitzian;

theorem :: FUZZY_5:84
for a,b,p,g be Real st a > 0& p >0
holds
ex r being Real st
(0<r&
( for x1, x2 being Real st
x1 in dom ((AffineMap (a,b)|].—infty,(q—b)/(a+p).[)
+* (AffineMap (—p,q)|[.(a—b)/(a+p),+infty.[)) &
x2 in dom ((AffineMap (a,b)|].—infty,(q—b)/(a+p).[)
+x* (AffineMap (—p,q)|[.(q—b)/(a+p),+infty.[)) holds
| (AffineMap (a,b)]].—infty,(a—b)/(a-+p)-)
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+x* (AffineMap (—p,q)|[-(q—b)/(a+p),+infty.)) . x1
— ((AffineMap (a,b)|].—infty,(q—b)/(a+p).[)
+x* (AffineMap (—p,q)|[-.(q—b)/(a+p),+infty.[)) . x2.|

<=1 [(x1 —x2).]));

theorem :: FUZZY_5:85

for a,b,p,q,r,s be Real, f be Function of REAL,REAL st

a>0&p>0&

for x be Real holds

f.x = max(r,min(s, ( (AffineMap (a,b)|].—infty,(q—b)/(a+p).[) +x*
(AffineMap (—p,q)|[-(q—b)/(a+p),+infty.[) ) x ))

holds f is Lipschitzian;

theorem :: FUZZY_5:86

for a, b, ¢ being Real st a < b & b < ¢ holds

for x being Real holds

TriangularF'S (a,b,c).x =

max(0,min(1, ( (AffineMap ( 1/(b—a),— a/(b—a) )
(AffineMap ( — 1/(c—b),c/(c-b) )|

||.—infty,b.[) +x*
[.b,+infty.[) ).x ));

theorem :: FUZZY_5:87

for a, b, ¢, d being Real st a < b & b < ¢ & ¢ < d holds

for x being Real holds

TrapezoidalFS (a,b,c,d).x =

max(0,min(1, (

(AffineMap ( 1/(b—a),— a/(b—a) )|].—infty,(b*d—axc)/(d—c+b—a).[) +
(AffineMap ( — 1/(d—c),d/(d—c) )|[.(bxd—axc)/(d—c+b—a),+infty.[) ).x ) ;

theorem :: FUZZY_5:88

for a,b,p,q be Real, f be Function of REAL,REAL st
a>0&p>0&

for x be Real holds

fx = max(0,min(1,  ((AffineMap (a,b))|(].—infty,(q-b)/(a-+p).[)) ++

\
.. ((AffineMap (—p,q))[([.(a—b)/(a+p),+infty.[)) ) .x))
holds f is Lipschitzian;

theorem :: FUZZY_5:89
for a, b, c being Real st a < b & b < ¢ holds
TriangularFS (a,b,c) is Lipschitzian;

theorem :: FUZZY_5:90
for a, b, ¢, d being Real st a < b & b < ¢ & ¢ < d holds
TrapezoidalFS (a,b,c,d) is Lipschitzian;

theorem :: FUZZY_5:91

for a,b,p,q be Real, f be FuzzySet of REAL st

a>0&p>0&(-b)/a<q/p& (1-b)/a=(1-q)/(-p) &

for x be Real holds

f.x

= max(0,min(1, ( (AffineMap (a,b) |].—infty,(q—b)/(a+p).[) +*
(AffineMap (—p,a)|[.(a—b); (a-+p),+infty.]) ) x ))

holds f is triangular & f is strictly—normalized;

theorem :: FUZZY_5:92
for a,b,p,q be Real, f be FuzzySet of REAL st
a>0&p>0& (1-b)/a< (1—q)/(—p) &
for x be Real holds
f.x
= max(0,min(1, ( (AffineMap (a,b) |.—infty,(q— )/(a—l—p) [) +x
)

(AffineMap (—p,q)|[.(q—b)/(a+p),+infty.[) ) x))
holds f is trapezoidal & f is normalized;

theorem :: FUZZY_5:93
{f where f is FuzzySet of REAL:f is triangular}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:94
{TriangularFS (a,b,c) where a,b,c is Real: a < b & b < ¢}
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c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:95
{f where f is FuzzySet of REAL:f is trapezoidal}
c¢= Membership_Funcs (REAL);

theorem :: FUZZY_5:96

{TrapezoidalF'S (a,b,c,d) where a,b,c,dis Real: a < b & b < c & ¢ < d}
c¢= Membership_Funcs (REAL);
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