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Abstract

In this paper, we formalized the Functional Spaces which are constructed from all
norm space value continuous functions defined on a topological space. First, we prove
that this Functional Space is complete in the case of the functions range set is complete.

Next, we formalized the Ascoli-Arzela’s theorem, and proved this theorem.
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2 EHGERABEERDOESIC K SEEZEM
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7 ERCEN R IR RS LR E o RS N D HEER (struct) &, ZNORFED
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#£13 1 — sorted TH 3. Z#UI STRUCT.O TUTD LI ITERIN TS, £/LID
1 — sorted O _EIZHEDINZ 5472 H DD addMagma TH H ALGSTRO IR I N
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Listing 1. 1-sorted addMagma

definition
struct 1—sorted(# carrier —> set #);
end;
definition
struct (1—sorted) addMagma (# carrier —> set, addF —> BinOp of the carrier
#);
end;
MML Tl&, 06 DFMHIYRMERC, FrEoMNmziTe, BEZ2ER 6] 2, A%
M [6] 7 £ D & O L BEAIRER 2 EE L T 5, ATl ) BIEZEHS 7 L L 28]
EUTO X ) ICBBENICERINTVS, £7, LilOBEA (carrier) DAY S 72 5
&R 1 — sorted ICAEAD—DDIL ZeroF ZIHE L 7GR ZeroStr ZEET 5. X
12 2 DREIER ZeroStr & BIRDNNEHE % & D& addMagma 205 2116 Z G L
TINE ¥ uinz b - itk addLoopStr 21 5,
Listing 2. ZeroStr addLoopStr
definition
struct (1—sorted) ZeroStr (# carrier —> set, ZeroF —> Element of the carrier #);
end;
definition

struct (ZeroStr,addMagma) addLoopStr (# carrier —> set, addF —> BinOp of the
carrier, ZeroF —> Element of the carrier #);

end;
VT, Z DGR addLoopStr 12 2 U FEEGRED R A F 53 Mult 22 72
ST ZE DRk RLSStruct [5] % €53 3.
Listing 3. RLSStruct
definition

struct (addLoopStr) RLSStruct (# carrier —> set, ZeroF —> Element of the carrier,
addF —> BinOp of the carrier, Mult —> Function of [REAL, the carrier :|, the carrier #);
end;
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Listing 4. attribute

definition
let IT be addMagma,;
attr IT is Abelian means
:: RLVECT_1:def 2
for v,w being Element of IT holds v + w = w + v;
attr IT is add—associative means
2 RLVECT-1:def 3
for u,v,w being Element of IT holds (u + v) + w = u + (v + w);
end;

definition
let IT be addLoopStr;
attr IT is right_zeroed means
: RLVECT-1:def 4
for v being Element of IT holds v + 0.IT = v;
end;

definition
let IT be non empty RLSStruct;
attr IT is vector—distributive means
2 RLVECT_1:def 5
for a for v,w being VECTOR of IT holds a * (v+ w) = a * v + a x w;
attr IT is scalar—distributive means
2 RLVECT_1:def 6
for a,b for v being VECTOR of IT holds (a + b) x v=a* v + b % v;
attr IT is scalar—associative means
:: RLVECT_1:def 7
for a,b for v being VECTOR of IT holds (a * b) *x v =a * (b * v);
attr IT is scalar—unital means
2 RLVECT_1:def 8
for v being VECTOR of IT holds 1 * v = v;

end;
ERHIEZERIIREE R RLSStruct I FEIOEMEZ AN 5 2 Lick DERSh s, M
Toftiliid RLVECT 1 12N I T\ %, registration H 5 IZHi{ cluster (X EFED
KRB D JE I % Wi 72 TG (R RLSStruct AfEd 2 2 L2 EHE T 5. JOEHSF XU
i, BREEH environ 12 2D RLVECT_ 1 % Dl % T 1UIFEAEDREH & LI Z D%
MIZZEE O JEMEZ b DGR RLSStruct 29 2 L3 TE 5. £7:, mode DEFEIC
X o CEBIEZEM OB % L OHhEiRk RLSStruct Th % £ %7 RealLinearSpace %
BALTW%, mode & cluster D\ 7 EHEHlIE DT oSGl 2 S I N v,
http://markun.cs.shinshu-u.ac. jp/kiso/projects/proofchecker/mizar/Mizar4/printout/
mizar4ja_prn.pdf
Mizar TIZBIEL f DEE 2 1ITT 21X f(2) TIE%R L fa TRL, X7 Lz D /)L
LU x| T ||| TREL T 5. AFTHIH T % Mizar DLl Tld 21U k> T
VW3 I EIERESN .
Listing 5. RealLinearSpace
registration
. rf(}lPSter strict Abelian add—associative non empty for addMagma,;
registration
. nc(i}lster strict Abelian add—associative right_zeroed right_complementable non empty for addLoopStr;
registration

cluster strict Abelian add—associative right_zeroed right_complementable scalar—distributive vector—distributive
scalar—associative scalar—unital for non empty RLSStruct;
end;
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definition
mode RealLinearSpace is Abelian add—associative right_zeroed
right_complementable scalar—distributive vector—distributive
scalar—associative scalar—unital non empty RLSStruct;
end;
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Listing 6. LOPBAN _1:def 4

definition
let X be non empty set;
let Y be RealLinearSpace;
func RealVectSpace(X,Y) —> RealLinearSpace equals
:: LOPBAN_1:def 4
RLSStruct(#Funcs(X,the carrier of Y), (FuncZero(X,Y)),FuncAdd(X,Y),FuncExtMult(X,Y)#);

end;
X FZETHWEATH D, Y IZFEBIRBOMIVERTH 5. Funcs(X, the carrier of Y)
FEAX D6 Y DREANDTREKREERDESTFUNCT212H 5L T OERIC
Tw3, Tk LoE2ER O BHES (carrier) I85> T 5,
Listing 7. FUNCT _2:def 2
definition
let X,Y;

func Funcs(X,Y) —> set means
;2 FUNCT_2:def 2

x in it iff ex f being Function st x = f & dom f = X & rng f c=Y
end;

HIE TR & 9 I2BES carrier 1 MML T, ﬁ%ﬁ%ﬁf@ﬁ*ﬁ%ﬁﬂﬁ G AR i
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MO TH2E5HBDOMETEbL, £EHGX 256 Y ~DEH/ f,g DML
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#FLTw3, %/ FuncZero(X,Y) I3 X ECHICY o uizftic L 2 5% %2£L
T, ZOHEEZAM D RealVectSpace(X,Y) ¥ 1IGL

0:zeX—0YeY
ZRLTW5S, ZH1UILOPBAN 1 O FOERCTHEAMIN TS, [§

Listing 8. LOPBAN _1:defl

definition
let X be non empty set;
let Y be non empty addLoopStr;
func FuncAdd(X,Y) —> BinOp of Funcs(X,the carrier of Y) means
:: LOPBAN_1:def 1
for f,g being Element of Funcs(X,the carrier of Y) holds it.(f,g) = (the addF of Y).:(f,g);
end;

definition
let X be non empty set;
let Y be RealLinearSpace;
func FuncExtMult(X,Y) —> Function of REAL,Funcs(X,the carrier of Y):],
Funcs(X,the carrier of Y) means
:: LOPBAN_1:def 2
for a being Real, f being Element of
Funcs(X,the carrier of Y), x being Element of X holds (it.[a,f]).x = ax(f.x);
end;

definition

let X be set;

let Y be non empty ZeroStr;

func FuncZero(X,Y) —> Element of Funcs (X,the carrier of Y) equals
:: LOPBAN_1:def 3

X ——>0Y;
end;
S, T % ZnzhzTkhwiiiti22[] (TopSpace), H#EZ2M (LinearTopSpace)
ET2EETICEZ &5 S Lo GEHREAEDESIT LTBRE
RealVectSpace(the carrier of S, T)
L MRk K2 215 5 23, Z1Ud RealVectSpace(the carrier of S, T) D& 7r#iE2H
ELTERTES, £9, UMD L) G A ED%A ContinuousFunctions(S, T)
% ZORMIGZEM O HEA L L TERT 5.
Listing 9. COSP3:def 2
definition

let S be non empty TopSpace, T be non empty LinearTopSpace ;

func ContinuousFunctions(S,T) —> Subset of RealVectSpace(the carrier of S,T)
equals
;2 COSP3:def 2

{ f where f is Function of the carrier of S, the carrier of T :f is continuous };
end;

RIZINDEIEHICEAC T b Z 2T,

Listing 10. COSP3:5

theorem :: COSP3:5
for S be non empty TopSpace, T be non empty LinearTopSpace holds ContinuousFunctions(S,T) is linearly—
closed;
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SRR O (BB U 72 B 601 D T 2 DU RS 2 B & L8y
BORENERTE 3 2 & 2R T U T OME [10] 2w 3.

Listing 11. RSSPACE:11
theorem :: RSSPACE:11
for V be RealLinearSpace, V1 be Subset of V st

V1 is linearly—closed non empty holds RLSStruct (# V1,Zero_(V1,V), Add-(V1,V),Mult_(V1,V) #) is Subspace
of V;

M2 V ORBINICBH L 728084 V1 IcoW» T, 1§l Add(V1, V) 1Z Vo
MEDSBAINS V1 EOMEzELTWE, ZHE V ONEOERRE V1 OiEk
V1 x V1 EICHIRL AN S, FRIC Mult (VL V) IZVOZNhr5EBEAINDEFHE
BURBE VI DILE D AN F5HEEZR L Twb, £/, Zero (V1,V)IZV o¥ui
klﬁ]—‘ffﬁ§%h72V10)ﬁc‘: LTRZLEbDZRL TS, Zhoam@Ez W T TD
MG REDEARIC X 2 IR OGO W COER COSP3:6 THIHIC 7 5
W EM OB T2 L E2RT

Listing 12. ContinuousFunctions

RLSStruct (# ContinuousFunctions(S,T),Zero_(ContinuousFunctions(S,T),RealVectSpace(the carrier of S,T)),
Add_(ContinuousFunctions(S,T), RealVectSpace(the carrier of S,T)),Mult_(ContinuousFunctions(S,T), RealVectSpace
(the carrier of S,T))#)

Listing 13. COSP3:6

theorem :: COSP3:6
for S be non empty TopSpace, T be non empty LinearTopSpace
holds RLSStruct
(# ContinuousFunctions(S,T),Zero_(ContinuousFunctions(S,T),RealVectSpace(the carrier of S,T)),
Add_(ContinuousFunctions(S,T),RealVectSpace(the carrier of S,T)),Mult_(ContinuousFunctions(S,T), RealVectSpace(
the carrier of S,T))#)
is Subspace of RealVectSpace(the carrier of S,T);

COEMIC KD FElOMIEERIERIZEMOIEEZ 7.4 Z £ % registration %
WTEHST 2., I5I220 &) eiidikz 22 ChnfZ22m, HREZ2H S, T 2514
2 B EREEM DO ZHIY (mode) % H 2 Functor
R_VectorSpace_of_ContinuousFunctions(S, T)

ELTERT 3.

Listing 14. COSP3:def 3

registration
let S be non empty TopSpace, T be non empty LinearTopSpace;
cluster RLSStruct (# ContinuousFunctions(S,T),Zero_(ContinuousFunctions(S,T),RealVectSpace(the carrier of S,

1),
Add_(ContinuousFunctions(S,T), RealVectSpace(the carrier of S,T)),Mult_(ContinuousFunctions(S,T), RealVectSpace
(the carrier of S,T))#)
—> Abelian add—associative right_zeroed right_complementable vector—distributive scalar—distributive scalar—
associative scalar—unital;
end;

definition
let S be non empty TopSpace, T be non empty LinearTopSpace;
func R_VectorSpace_of_ContinuousFunctions(S,T)

—> RealLinearSpace equals
;2 COSP3:def 3
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RLSStruct (# ContinuousFunctions(S,T),Zero_(ContinuousFunctions(S,T),RealVectSpace(the carrier of S,T)),

Add_(ContinuousFunctions(S,T), RealVectSpace(the carrier of S,T)),Mult_(ContinuousFunctions(S,T), RealVectSpace
(the carrier of S,T))#);

end;

Z D R_VectorSpace_of_ContinuousFunctions(S, T) IZ(Z
RealVectSpace(the carrier of S, T) DI T#IEZEMH & LTZDIE, A 7 EDORE
#% % ContinuousFunctions(S,T) D7tICHIfBL TEHAL T3,

Listing 15. C0SP3:13-14

theorem :: COSP3:13
for S, T be RealNormSpace
for f,g.h be VECTOR of R_VectorSpace_of_ContinuousFunctions(S,T)
holds h = f4g iff for x be Element of S holds h.x = f.x + g.x;
theorem :: COSP3:1/4
for S, T be RealNormSpace
for fh be VECTOR of R_VectorSpace_of_ContinuousFunctions(S,T)
for a be Real holds h = axf iff for x be Element of S holds h.x = a * f.x;

3 CZERDEHRERR

BIIE & FfkIC L Ca v 87 b 22 Lo GRS O EAIC X 2 BEP22M % KT
X270, TOLMITIZZSIT/ VADERTE, ZO/NVAICE>THETH B I EER
TIENTES,

3.1 /LS HakRzER

FT, VL% MARRIEZER ORI O W TR S, RO X 512/ v L%
MlZ, 2D/ VLo ERINSHEEZFEH L TVHPAERTE, Z OZMIAHE2
MIZZ>Tw3, LLAads, Mizar BEESIEANGEZ AN E Lo AT 5 TH BT
O, —DOEHIIIOWTRILT 2 mEPERZ, MOBBHIC>VTHWE ZLiE, 2
NSABETH 5 2 2L 2 WIRD TE 2w, THUIETR IR ARG IC OV TH [H
TH 5. BIRO MML TI, /v A#E22H (RealNormSpace) [I0] &, fZAHRIEAER]
(LinearTopSpace) [I2] DEFIE Z 124 MML ® NOMSP_1 & RLTOPSP1 T T X
IICERIN TS,

Listing 16. NORMSTR

struct(RLSStruct, N—ZeroStr) NORMSTR (# carrier —> set, ZeroF —> Element of the carrier,

addF —> BinOp of the carrier,
Mult —> Function of REAL, the carrier:], the carrier, normF —> Function of the carrier, REAL #);
end;

registration
cluster reflexive discerning RealNormSpace—like vector—distributive scalar—distributive
scalar—associative scalar—unital Abelian add—associative

right_zeroed right_complementable strict for non empty NORMSTR;

end;

definition
mode RealNormSpace is reflexive discerning RealNormSpace—like vector—distributive
scalar—distributive scalar—associative scalar—unital
Abelian add—associative right_zeroed right_complementable non empty NORMSTR,;
end;
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Listing 17. RLTopStruct

definition
struct(RLSStruct, TopStruct) RLTopStruct (# carrier —> set, ZeroF —> Element of the carrier,
addF —> BinOp of the carrier,
Mult —> Function of [[REAL, the carrier:|,the carrier, topology —> Subset—Family of the carrier #);
end;

registration
cluster strict add—continuous Mult—continuous TopSpace—like Abelian add—associative right_zeroed
right_complementable vector—distributive
scalar—distributive scalar—associative scalar—unital for non empty RLTopStruct;
end;

definition
mode LinearTopSpace is add—continuous Mult—continuous TopSpace—like Abelian
add—associative right_zeroed right_complementable vector—distributive
scalar—distributive scalar—associative scalar—unital non empty RLTopStruct;
end;

MEOERZ T 5 &, FEEPE2M (RealLinearSpace) DfiifA RLSStruct &
U Abelian 7 EREIVBIEIRF—TH 525, Hi#FOMEA NORMSTR (<
&/ V& (normF) 236 D, #3#%® RLTopStruct IZ13{7fH (topology) 3itid X 41, X
LICIEZNETNDERICHERBEIGIAI N R > TwS, fERE L TEEROA SR
FHEME & B 1 DX I ITHEBIEZR (RealLinearSpace) DGR £ CTlEFA—Th %
DIRER D ZHTH—# b (e, 7%, BIFBIR) ICi3 e,

N-Str N-ZeroStr ] \
NORMSTR
ZeroStr

1-sorted ’ I
YiddMagma ]‘[ addLoopStr ]- RLSStruct

)

[ RLNormTopStruct ]</

1. W& D BRI

ZD70, MHICBED 2 b DI OV TIERD ETIRA—f HIcd 2R E /L AT
ftl (RealNormSpace) iﬂﬂ‘ﬁﬁﬂg%ﬁ'ﬂ (LinearTopSpace) DA LERZMH TE 0o,
COMERREET 2720121, —2DHELE LT, BLEERTIES 228, KD OHABEANC
N7 &) Il 5 *ﬁt ﬁ*ﬁﬁﬁi%Aﬁ‘Z L, 2z 2N ZNDORERDZINDOIED T1F7)
ICT 22 EBEALGNS, ARTIEIIUTK Y 2 VL z2fE) v AfIBERZ T O X
I IZHER L 72. RLNormTopStruct 3% OfiE{ATH D, NormedLinearTopSpace
D2 OMERALTH S, —DOMAHZERICD W TIE MML Tld TOPS_1~TOPS_5 [6] fi,
% DEMPPEESNTE D, /L LAZEE (] 22w T b Fkc T&E, 2565, Fic

MMA-WiP (2020), vol.2, no.1 - http://mizar-jp.org/journal/MMA-WiP/j2020.2.1 - ISSN 2434-5458 (Online) 8/I@


http://mizar-jp.org/journal/MMA-WiP/j2020.2.1

Mechanized Mathematics and Its Applications, Works in Progress Functional Spaces of Continuous Functions (Shidama Y.)

7OV LA OGEBINERENTWS, INSRBIHATES 2 L OAEMEIZAKZ L,

Listing 18. NormedLinearTopSpace

definition
struct(RLTopStruct, NORMSTR) RLNormTopStruct(# carrier —> set, ZeroF —> Element of the carrier, addF
—> BinOp of the carrier,
Mult —> Function of :REAL, the carrier:|,the carrier,topology —> Subset—Family of the carrier,normF —>
Function of the carrier, REAL #);
end;

registration
cluster strict non empty for RLNormTopStruct;
end;

definition

let X be non empty RLNormTopStruct ;

attr X is norm—generated means

;2 COSP3:def 7

ex RNS be RealNormSpace st RNS = the NORMSTR of X & the topology of X = the topology of (
TopSpaceNorm RNS) ;

end;

registration cluster strict add—continuous Mult—continuous TopSpace—like Abelian add—associative
right_zeroed right_complementable vector—distributive
scalar—distributive scalar—associative scalar—unital discerning reflexive RealNormSpace—like
norm—generated T_2 for non empty RLNormTopStruct;
end;

definition
mode NormedLinearTopSpace is strict add—continuous Mult—continuous TopSpace—like Abelian add—associative
right_zeroed
right_complementable vector—distributive scalar—distributive scalar—associative scalar—unital
discerning reflexive RealNormSpace—like norm—generated T_2 non empty RLNormTopStruct;
end;

Al DJEYE norm — generated (ZZERIDNAHDY/ VW AIC K> TEAINS T L2
¥ %. Z® NormedLinearTopSpace DEAIZ L > T, /L AFEEZM (NORMSP)
& A AH#E 22 (LinearTopSpace) Wi Dz 5114 5 2 E230[RBIC ko 7ds, 21
5D, HlZIXH%ES (Openset) & E3, MFZNZIUCEBE L TELI N TV 5,
P72 128 A L 72 NormedLinearTopSpace Tz % LinearTopSpace b D % fij\»
%7:%, NORMSP_1~NORMSP 4 Ofini#i%z Z D % % Z OFi7 Gk it cE kv,
COMEZ RS 2720, SRIOERETIILLTD L) L@z A 7.

Listing 19. C0SP3:23 etc

theorem :: COSP3:23
for X being NormedLinearTopSpace, V being Subset of X holds
V is open iff for x being Point of X st x in V holds
ex r being Real st r > 0 & { y where y is Point of X : |[.(x — y).|| <1 } c=V;

theorem :: COSP3:26

for X being NormedLinearTopSpace, RNS being RealNormSpace,

t being sequence of X,s being sequence of RNS
st RNS = the NORMSTR of X & t=s & t is convergent holds s is convergent & lim s = lim t;

theorem :: COSP3:27
for X being NormedLinearTopSpace, RNS being RealNormSpace,
s being sequence of X, t being sequence of RNS
st RNS = the NORMSTR of X & s=t holds s is convergent iff t is convergent;

theorem :: COSP3:29

for X being NormedLinearTopSpace,RNS be RealNormSpace,V being Subset of X, W being Subset of RNS
st RNS = the NORMSTR of X & the topology of X = the topology of (TopSpaceNorm RNS)
& V = W holds V is closed iff W is closed,;
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theorem :: COSP3:32

for X being NormedLinearTopSpace, RNS be RealNormSpace,V being Subset of X;W being Subset of RNS
st RNS = the NORMSTR of X & the topology of X = the topology of (TopSpaceNorm RNS)
& V = W holds V is compact iff W is compact;

3.2 R/ILLEFEZEZ™

a VX7 b A2 ORI A BT L H 5. AABEBEROELED Sk
% 5efii 7% /v LR ZERIE RSSPACE4 TIEA LI N TWw 5, BTRVWEA X 76 /L
LZ2H Y ~OHRLGHE2EDES % BoundedFunctions(X,Y) T L, Znzi%
% (carrier) &9 % /)L A% % R_NormSpace of BoundedFunctions(X,Y) T&
#FLTw2,

Listing 20. RSSPACE4:def 10

definition
let X be non empty set;
let Y be RealNormSpace;
func R_NormSpace_of_BoundedFunctions(X,Y) —> non empty NORMSTR equals
:: RSSPACE/:def 10
NORMSTR (# BoundedFunctions(X,Y), Zero_(BoundedFunctions(X,Y), RealVectSpace(X,Y)), Add_(
BoundedFunctions(X,Y), RealVectSpace(X,Y)),
Mult_(BoundedFunctions(X,Y), RealVectSpace(X,Y)), BoundedFunctionsNorm(X,Y) #);
end;

KRl D /v L 22358 7356 (RealBanachSpace) (&% @ /)L L 24 b 5Efi T
HBHIEBRINTWVS,

Listing 21. RSSPACE4:26

theorem :: RSSPACE/:26
for X be non empty set for Y be RealBanachSpace holds
R_NormSpace_of_BoundedFunctions(X,Y) is RealBanachSpace;

Afgcouiz a v 87 b AHZER S ko T /2 L A %R ) SAHBTEZER T I
fii 72 iU % BI D B4 ContinuousFunctions(S, T) Z S DAHES LOFREHRT T 1A
% B % BIE AR D 44 BoundedFunctions(the carrier of S, T) DA L LTk
\»,ContinuousFunctions(S, T) Z G4 (carrier) & 3% /L AFEE22H

R NormSpace_of_ContinuousFunctions(S, T)
ZUTD L) amE EERTEAL 2,

Listing 22. C0SP3:34-def9

theorem :: COSP3:3/
for S be non empty compact TopSpace ,T be NormedLinearTopSpace
holds for x being set st x in ContinuousFunctions(S,T) holds x in BoundedFunctions (the carrier of S,T);

theorem :: COSP3:35
for S be non empty compact TopSpace ,T be NormedLinearTopSpace holds
(R-VectorSpace_of_ContinuousFunctions(S,T) is Subspace of R_VectorSpace_of_BoundedFunctions(the carrier of S, T

)
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definition

let S be non empty compact TopSpace ,T be NormedLinearTopSpace ;

func ContinuousFunctionsNorm(S,T) —> Function of (ContinuousFunctions(S,T)),REAL equals
:: COSP3:def 8

(BoundedFunctionsNorm(the carrier of S,T)) | (ContinuousFunctions(S,T));
end;

definition
let S be non empty compact TopSpace ,T be NormedLinearTopSpace ;
func R_NormSpace_of_ContinuousFunctions(S,T) —> NORMSTR equals
;2 COSP3:def 9
NORMSTR (# ContinuousFunctions(S,T), Zero_(ContinuousFunctions(S,T),RealVectSpace(the carrier of S,T)),
Add_(ContinuousFunctions(S,T),RealVectSpace(the carrier of S,T)), Mult_(ContinuousFunctions(S,T),
RealVectSpace(the carrier of S,T)),
ContinuousFunctionsNorm(S,T) #);
end;

ZDREMD /) N LIE S 96 T ~NDHRLEGREEDEAD SRERI LS /L L%
] R_NormSpace_of _BoundedFunctions(S,T) @ / )L A

[|fI| = sup{||f(z)|| : € S} f € BoundedFunctions(the carrier of S,T)

DEFEE % C_0_Functions(S, T) ICHIRL 72D E L THAL TV,
COSP3:def 9 IZFL L 72 & 9 ICHEHIB 22 & L CORGEIZMIE, A% 755 OE K
% %45 ContinuousFunctions(S, T) IZfllfR 9 5 Z & iT X ) FERIE M

R_VectorSpace_of _BoundedFunctions(the carrier of S, T)

DERIIZER & LTHIL L T 5, B 2RI ORR 55 BT OE BB R D EEIC X 5
TR 2R ORERL & AR IC ContinuousFunctions(S, T) 2MWEICEAL Tw 5 2 L 2R
L7 ETRSSPACE:11 Z > T3, /)L AICDWTIE COSP3idef 8 ISR L7 &k 9 ICH
SEABERDERIC K 2 /L AZRH O Z N % E K Z %4 ContinuousFunctions(S, T)
ICHIBRT 2 Z LICK D EEL T2,

IEERR A A 7 4555 DEEIIHTE & [FAfkIC RealVectSpace(the carrier of S, T) Of§
FZEME LT, T k9 IciE %2 ContinuousFunctions(S, T) IZHllfR L THEE L <
W5,

Listing 23. C0SP3:44-45

theorem :: COSP3:44
for S be non empty compact TopSpace ,T be NormedLinearTopSpace
for F,G,H being Point of R_NormSpace_of_ContinuousFunctions(S,T)
for f,g,h be Function of S, T holds
(f=F & g=G & h=H implies (H = F+G iff for x be Element of S holds h.x = f.x 4+ g.x));

theorem :: COSP3:45
for a be Real
for S be non empty compact TopSpace ,T be NormedLinearTopSpace
for F,G being Point of R_-NormSpace_of_ContinuousFunctions(S,T)
for f,g being Function of S, T holds
(f=F & g=G implies ( G = axF iff for x be Element of S holds g.x = axf.x ));

T 235efii %3613 £ D R_NormSpace_of _ContinuousFunctions(S, T) b 5&f#i < 7
5% ZHUTOWTIHTE & R T OERIC X > CHABBREOEEITL S /LA
Z2[t] R_NormSpace_of BoundedFunctions(X,Y) 235l (RealBanachSpace) IZ
5 ERMVT,
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Listing 24. RealBanachSpace

theorem :: RSSPACE/:26
for X be non empty set for Y be RealBanachSpace holds R_NormSpace_of_BoundedFunctions(X,Y) is
RealBanachSpace;

Z DIz a3y b AHZER] b i BN D —BRINK U 7 B Sidie B0 72 5
R UToEMEEAMLL 7.

Listing 25. C0SP3:49

theorem :: COSP3:49
for S be non empty TopSpace ,T be NormedLinearTopSpace,
H be Functional _Sequence of the carrier of S,the carrier of T,
LimH be Function of S, T
st H is_unif_conv_on the carrier of S
& ( for n be Nat holds ex Hn be Function of S,T st Hn = H.n & Hn is continuous )
& LimH = lim(H,the carrier of S) holds LimH is continuous;

Z 1z v T ContinuousFunctions(S, T) 23 Z D5&fiii 7% / v L2 DI A E L
THAHMICEAL T2 (BEATH Z) 2 L2 DT OEE COSP3:50 TR L, COSP3:52
IZ & T R_.NormSpace_of_ContinuousFunctions(S, T) 235l 7% % Z & 2R L T
W5,

Listing 26. COSP3:50-52

theorem :: COSP3:50
for S be non empty compact TopSpace ,T be NormedLinearTopSpace holds
for Y be Subset of the carrier of
R_NormSpace_of_BoundedFunctions(the carrier of S,T) st
Y = ContinuousFunctions(S,T) holds Y is closed,;

theorem :: C0SP3:51
for S be non empty compact TopSpace ,
T be NormedLinearTopSpace st T is complete holds
for seq be sequence of R_NormSpace_of_ContinuousFunctions(S,T)
st seq is Cauchy_sequence_by_Norm holds seq is convergent;

theorem :: COSP3:52
for S be non empty compact TopSpace ,
T be NormedLinearTopSpace st T is complete
holds R_NormSpace_of_ContinuousFunctions(S,T) is complete;

4 C,ZERDERLRE

FHSIF a7 PEAGNICEZ b OERBIBREDESIC K 5 /L AZER] (Cy 22H]) b
AL L Tw 5, X 2z, T 2/ Vv oz PR E T2 L E, XDa v,y
F T EANICEZ D X 226 T ~OiEEE kO %A C_0_Functions(X, T) 2 X
226 T DRI ARRDEL THIR S 1.5 F%E0H Real VectSpace(the carrier of X, T)
(03] DEBFHEAE LTUATD X ) ITEZEL, T1hdRealVectSpace(the carrier of X, T)
TREMIZBHC Tw3 2 & &R L7,

Listing 27. COSP3:def 11

definition
let X be non empty TopSpace ,T be NormedLinearTopSpace;
func C_0_Functions(X,T) —> non empty
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Subset of RealVectSpace(the carrier of X,T) equals
;2 COSP3:def 11
{ f where f is Function of the carrier of X, the carrier of T :f is continuous & ex Y be non empty Subset of X st
Y is compact & Cl ( support f ) c=Y };
end;

Listing 28. COSP3:56-theorem 58

theorem :: COSP3:56
for X be non empty TopSpace ,T be NormedLinearTopSpace
for v,u be Element of RealVectSpace(the carrier of X,T)
st v in C_0_Functions(X,T) & u in C_0_Functions(X,T) holds v + u in C_0_Functions(X,T);

theorem :: COSP3:57
for X be non empty TopSpace ,T be NormedLinearTopSpace
for a be Real,u be Element of RealVectSpace(the carrier of X,T)
st u in C_0_Functions(X,T) holds a * u in C_0_Functions(X,T);

theorem :: COSP3:58
for X be non empty TopSpace ,T be NormedLinearTopSpace holds
C_0_Functions(X,T) is linearly—closed,;

XHICHIED C M EFRRRIC, VA%E X Do T NOERZEBEEOELSTHERZ
N5 /) LB ER O /LA

[If]| = sup{||f(z)|| : x € S}, f € BoundedFunctions(the carrier of S,T)
ZLUN D X 912 C.0_Functions(X, T) ICERBICHIRT 2 Z Ltk > THAL .

Listing 29. COSP3:def 13 - theorem 68

definition

let X be non empty TopSpace ,T be NormedLinearTopSpace;

func C_0_FunctionsNorm(X,T) —> Function of (C_0_Functions(X,T)),REAL equals
:: COSP3:def 13

(BoundedFunctionsNorm(the carrier of X,T)) | (C_0_-Functions(X,T));
end;

definition
let X be non empty TopSpace ,T be NormedLinearTopSpace;
func R_Normed_Space_of_C_0_Functions (X,T) —> non empty NORMSTR equals
;2 COSP3:def 14
NORMSTR (# C_0_Functions(X,T), Zero_(C_0_Functions(X,T), RealVectSpace(the carrier of X,T)),
Add_(C_0_Functions(X,T), RealVectSpace(the carrier of X,T)),
Mult_(C_0_Functions(X,T), RealVectSpace(the carrier of X,T)),C_0_FunctionsNorm(X,T) #);

theorem :: COSP3:68
for X be non empty TopSpace ,T be NormedLinearTopSpace holds R_Normed_Space_of_C_0_Functions (X,T) is
RealNormSpace;
end;

5 Ascoli-Arzela D EHE

FEHFHSIFI 51T, Ascoli-Arzela OEH [14] & L CHAILNLHEDBEICO>VWTDa v
X7 MEORBIEEAE, T BHIE E CIORAR A E O EED 2 V7 MEIZD
WTOEHOERAZTo T3, et FREEGE: & AREEREOERZ LT O LI
B L 7.
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Listing 30. ASCORI:def 2 def 4

definition
let S be non empty MetrSpace ,T be RealNormSpace;
let F be Subset of Funcs(the carrier of S,the carrier of T);
attr F is equibounded means
:: ASCORI:def 2
ex K be Real st for f be Function of the carrier of S,the carrier of T
st f in F holds for x be Element of S holds ||.f.x.|| <= K ;
end;

definition
let S be non empty MetrSpace,T be RealNormSpace;
let F be Subset of Funcs(the carrier of S,the carrier of T);
pred F is_equicontinuous means
;2 ASCORI:def 4
for e be Real st 0 < e ex d be Real st 0 < d
&

for f be Function of the carrier of S,the carrier of T
st f in F holds for x1,x2 be Point of S st dist(x1,x2) < d holds ||.f.x1—fx2.|| < e;
end;

IS DEFEE MML @ TOPMETRA (ZUEk S 41T\ 2 B2 R B § 2 B M OVl
HEIZ X DDLU D X 91T Ascoli-Arzela DEH ORI AT 7=,

Listing 31. ASCORI:18

theorem :: ASCORI:18
for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace,
F be non empty Subset of R_NormSpace_of_ContinuousFunctions(S,T),
G be Subset of Funcs(the carrier of M, the carrier of T)
st S = TopSpaceMetr(M) & T is complete & G = F
holds
CI(F) is compact
iff
G is_equicontinuous
& for x be Point of S, Fx be non empty Subset of (MetricSpaceNorm T)
st Fx = {f.x where f is Function of S,T :f in F }
holds (MetricSpaceNorm T) | Cl(Fx) is compact;

FCZOEHDFRELT, S5 T D compact ZRiFTHES U DHFANDEMRDEASIC
2WTIE, UTOEHEIB/LNS,

Listing 32. ASCORI:23

theorem :: ASCORI:23

for M be non empty MetrSpace,S be non empty compact TopSpace,
T be NormedLinearTopSpace,
U be compact Subset of T,
F be non empty Subset of
R_NormSpace_of_ContinuousFunctions(S,T),
G be Subset of Funcs(the carrier of M, the carrier of T)

st S = TopSpaceMetr(M) & T is complete
& G =F & for f be Function st f in F holds rng f c= U

holds

( CI(F) is compact implies G is equibounded & G is_equicontinuous )

&

( G is_equicontinuous implies CI(F) is compact )

MMA-WiP (2020), vol.2, no.1 - http://mizar-jp.org/journal/MMA-WiP/j2020.2.1 - ISSN 2434-5458 (Online) 14/18


http://mizar-jp.org/journal/MMA-WiP/j2020.2.1

Mechanized Mathematics and Its Applications, Works in Progress Functional Spaces of Continuous Functions (Shidama Y.)

6 F&&b

AR ZERIC i 2 & 2 BB AR D AT K 2 BIBZER] C 221 (2 L L BZE1H)
DAL O WTHE L7, 287 PR 0@, 2> /87 MEANICEZ DD
B OEAERIT L DRI NS /7 LV ARIBZER C, Cy It Tt Tth 5. %
DWFET /) L2 (RealNormSpace) & fiHFRIEZZ40H (LinearTopSpace) Dl
WG ST idk 2 G L 7. SHUIMIAEDS L LT & o TER S N5 M2
THD., THUT K> TIERIZA L ITFIH I N T E 72/ )L L% (RealNormSpace)
& PrAHZE[E (TopSpace) D EBBEZ NI ) —D DR AEZRR L7, £/ 2
NS OEEDEHIEAD AR FEIZOWTOEM, T74bH % Ascoli-Arzela DEH &
LTHIS N2 BB DRI DOV T D 2 87 MMEDRBEF &I OV TOERDOIEALZ
1ot EHESR IO IBEN =2 -V 2y V=02 AT —% L7 —% ORIR
ZRIBEMERZL, 20X LBROEAZ LRLOZERM O THEA L LTy, 202
V7 MEIZOWTOEHOTERLZ T > T A0 21U D W TERIBIDIFICHRE T 5.
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SEQFUNC2 Functional Sequence from a Domain to a Normed Vector Space

by Hiroshi Yamazaki

Summary: Definitions of functional sequences and basic operations on functional sequences
from a non empty set to a normed vector space, point and uniform convergence, limit of
functional sequence from a non empty set to the normed vector space, and facts about properties
of the limit of functional sequences are proved.

COSP3 C(9) space and Co(2) space

by Hiroshi Yamazaki and Yasunari Shidama

Summary: In this article, first we give a definition of a functional space which is constructed
from all continuous functions defined on a compact topological space. We prove that this
functional space is a Banach spacea. Next, we give a definition of a function space which
is constructed from all continuous functions with bounded support. We also prove that this
function space is a normed space.

ASCORI Ascoli — Arzela’s theorem

by Hiroshi Yamazaki and Yasunari Shidama

Summary: In this article, the Ascoli-Arzela’s theorem is formalized. First, we gave definitions
of equicontinuousness and equiboundedness of a set of continuous functions. Next,we formalized
the Ascoli-Arzela’s theorem by those defintions , and proved this theorem.
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