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Abstract

In this paper, the definitions and basic properties of Riemann-Stieltjes integral are
formalized in Mizar. In Section 2, we defined bounded variation function, total variation,
and Riemann-Stieltjes integral of real valued function. In Section 3, we proved theorems
about linearity of Riemann-Stieltjes integral. In the last section, the basic existence
theorem of Riemann-Stieltjes integral is formalized. This theorem states that if u is a
continuous function and v is a function of bounded variation in a closed interval of real

line, v is Riemann-Stieltjes integrable with respect to v.
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EWET 2. oMY -~ YO MILTH 5. BUE, ARABMMEY —<y
AT 4 NF 2 AR DESR, MR iTREIEERE, X[ [a,b] b B R4 A
2 N F N2 Cla,b] DIOSZERNICEIT 2 ) — 2 D FEBUEM A & OIER LA ES L T
% 0] 2] [B]. ARTE, EFBEROR W E TOMEERE TS, Vv AT+«
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max{|tgt1 — k[, 1 <k <n}—=0 (n— o) (3)
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BODHE ti=a <ty <tg- - <tp,=>bITDWNT
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Listing 1. INTEGR22:def 1 def 2 def 3

Definition

let A be Subset of REAL;

let v be real—valued Function;

func vol(A,v) —> Real equals
:: INTEGR22:def 1

0 if A is empty otherwise

v.(upper_bound A) — v.(lower_bound A);

end;
definition

let A be non empty closed_interval Subset of REAL;

let v be real—valued Function;

let t be Division of A;

mode var_volume of v,t —> FinSequence of REAL means
;2 INTEGR22:def 2

lenit =lent
& for k be Nat st k in dom t holds it.k = |. vol (divset(t,k),v) .[;

end;
definition

let A be non empty closed_interval Subset of REAL;

let v be Function of A]REAL;

attr v is bounded_variation means
2 INTEGR22:def 3

ex d be Real st

0<d
&
for t be Division of A, F be var_volume of v,t
holds Sum(F) <= d;

end;

(i 1) D# INTEGR22, INTEGR23 OERGERZ W O 5md 523, 2o LR
FROFEADIEZH D LT T 2720, ~HMOEBAEZAFOWNIET 2bDICEEHEZT
ZhELTWS,

(7 2) X [a, b] DAEIEFN {t:}1<icn TOVTARRE TS S BRI [t;, ti11]
ZHW M, ZUHIRd 5 INTEGER:22,23 Tl divset(t,i) = [ti_1,t](1 < i <
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n), divset(t,1) = [a,t1] DMEOLONTWV S, i = 1 OEHOHIINDFHBRZE—FHL L
REDBHC B 5 T OARTIIIRAT 0 2 i+ 1 &£ LT s, FRICRR Y, ., Di %
&Y INTEGER:22,23 TI& 2, o, Dio1 2SWHIET %,

Z 2T vol(divset(t,k),v) ERBHIN T2 b DIE, B MML IS Tn»3Y —
2 UG ORRMEE 7] DT [a,b) DEREDODE t1 =a <ty <tz - <t,=0bIC
2T

O(tet1) — v(te) (5)
ERELTVWS, £, IhzHwET

{Frtickan, Fr = |v(tps1) —o(ty)] (6)
ZEALTYS, [a,b] DFEl 6 =a <ty <tz <t,=bBTUIDWVT
> [oltrer) — ote)| (7)
1<k<n

D ERIZEEE LI SH, CNnzTO X)L 7.

Listing 2. INTEGR22:def 4

Definition
let A be non empty closed-interval Subset of REAL;
let v be Function of A]REAL;
assume
v is bounded _variation;
func total_vd(v) —> Real means
:: INTEGR22:def 4
ex VD be non empty Subset of REAL st
VD is bounded_above
&
VD = { r where r is Real:
ex t be Division of A, F be var_volume of v,t st
r = Sum(F) }
& it = upper_bound VD;
end;

@) XDV =2 AT 4 VT 2 AMORIUTIZDIT O X 9 IHRIZ w7t %

fiote,

Listing 3. INTEGR22:def 5

Definition
let A be non empty closed_interval Subset of REAL;
let v be Function of A,REAL;
let u be PartFunc of REAL,REAL;
assume
v is bounded_variation & dom u = A;
let t be Division of A;
mode middle_volume of v,u,t —> FinSequence of REAL means
:: INTEGR22:def 5
len it =len t
& for k be Nat st k in dom t holds ex r be Real st
r in rng (u|divset(t,k))
& it.k = rx(vol (divset(t,k),v));
end;
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Listing 4. INTEGR22:def 6

BEEL w, v IZDWTHEI SN BN [tr, ter1] DIT ¢ F—EICITEE S8\, K7
XM [th, ter1] D u IC X BB SRS 7270 r Z3EX (20U e € [ty thyr] Z—
HEN r=u(c) ETAHILLALTHD), 2L v(tprr) — v(ty) DEZAEIC D DFEEL
DERFIZHEK L, Z#% middle_volume_Sequence of v,u,T &\>9 mode TEREL 7,
divset(t,k) 13# S N7 /NX- [ty te1] ZRL TS,

Z DFEBDERY] middle_volume_Sequence of v,u,T DY —< > AT 4 )LF = A
MTH 5. XM [a,b] D EEER L oINS S Lt 50 @) Aok %
K2 Fhi g 2 AT 2 1T F ORI 2 5. DUT O X 9 IR 2 v 727
fbzfr-o 7.

Definition

let A be non empty closed_interval Subset of REAL;
let v be Function of A]REAL;
let u be PartFunc of REAL,REAL;
2o assume v 1s bounded_variation & dom u = A;
let T be DivSequence of A;
mode middle_volume_Sequence of v,u,T —> sequence of (REAL)* means

:: INTEGR22:def 6

for k be Element of NAT holds it.k is middle_volume of v,u, T .k;

end;

Listing 5. INTEGR22:def 7

Z @ middle_volume_Sequence of v,u,T (&[X[H [a, b] D73 DML
T={{Tfh<icnthen, T =a<Ty <Ty---<T§ =b (8)
NEZolE &, K EICOVWT, i FHOMED
w(e ) {o(Thy) —o(T])}, ¢ € [TF, T (9)

THLIEBEIN =R LTS, b f OFERDP—-EITIRE 5% \072® mode & LTE
#FLTWV3,

S % middle_volume_Sequence of v,u,T £ % & &, & k 12O THEEEI S, DA
Z I b DFEEHEI middlesum(S) ZLA T D X ) ITEHL L 7.

definition

let A be non empty closed_interval Subset of REAL;
let v be Function of A,REAL;
let u be PartFunc of REAL,REAL;
;0 assume v is bounded_variation & dom u = A;
let T be DivSequence of A;
let S be middle_volume_Sequence of v,u,T;
func middle_sum(S) —> Real_Sequence means

:: INTEGR22:def 7

for k be Nat holds it.k = Sum(S.k);

end;

MMA-WiP (2019), vol.1, no.2 - http://mizar-jp.org/journal/MMA-WiP/j2019.1.2 - ISSN 2434-5458 (Online) 4/r3


http://mizar-jp.org/journal/MMA-WiP/j2019.1.2

Mechanized Mathematics and Its Applications, Works in Progress Riemann-Stieltjes Integral (Shidama Y.)

Z DFEHED middlesum(S) D& k TOfHIZ, 73 TF IZOWTD w0 DY —< ¥
AT A NVF = A

> w(e{o(Tf) — (T}, o e [TF, T (10)
1<i<ny
<H%.
PLED S EICEBAERIE v DB v I22WTDY =2V AT 4 LF 2 AT DERE
PO 5 IERILL 7. w580 1DBTY —2 Y AT 4 L F = AR TH 5 & 1,
FHT BEAEL, K [0, 0] DIEEED 5y E| D SRS

T={{Tfh<icnthen, T =a<Ty <Ty---<T§ =b
T lim delta(T) = 0, $4bbH
max{|Tf, — TF|,1 <i<n} =0 (k— o) (11)

27T HDIZOWT, & kO THHE TF 12 X 2/ NXEOREILDIN {cFicicn,
ZERIGEATEO NS Y —2 Y AT 4 VT 2 ARDFEEED (middle_volume_Sequence of
v,u,T) YR L, Wwind I Z2Z2DYCEfEICH DI EThH D, IhZziliku is_RiemannStiel
tjes_integrable_with v TR T 2, I SICZDFMEDIED DL E—RICHIET S 1 %
uDvIZDOVTDY =<2V AT 4 NVF = A5

b
/ u(t)dv(t) (12)

EEFL INZ u,v ZEIBD DD integral(u,v) &\ Functor TET,

Listing 6. INTEGR22:def 8 def 9

Definition
let A be non empty closed_interval Subset of REAL;
let v be Function of A]REAL;
let u be PartFunc of REAL,REAL;
2o assume v is bounded_variation & dom u = A;
pred u is_RiemannStieltjes_integrable_with v means
:: INTEGR22:def 8
ex [ be Real st for T being DivSequence of A,
S be middle_volume_Sequence of v,u,T st
delta(T) is convergent & lim delta(T) = 0 holds
middle_sum(S) is convergent & lim (middle_sum(S)) = I;
end;

definition
let A be non empty closed_interval Subset of REAL;
let v be Function of A,REAL;
let u be PartFunc of REAL,REAL;
assume v is bounded_variation & dom u = A &
u is_RiemannStieltjes_integrable_with v;
func integral(u,v) —> Real means
2 INTEGR22:def 9
for T being DivSequence of A,
S be middle_volume_Sequence of v,u,T st
delta(T) is convergent & lim delta(T) = 0 holds
middle_sum(S) is convergent & lim (middle_sum(S)) = it;
end;
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3 BEoOREEMH

CDEFEE D LT, FEEMEEE u DB v 120V TDY —< v 2T 4 LF = ARSI
BIL T, BB, AA 752 L TORTORBIBIEIC DWW T T @Ol Lk
A% 1T 72, Bl ZAXEBAEBIE v, w DS v 12DV T =<2V AT 4 )V F = AT AHEE T
% & E, Hiffio

T ={{T/ h<i<n,then, TF=a<Ty <T§---<TF =b
T lim delta(T) = 0 $4b% (mm) X
max{|Tf , — TF|,1 <i<ng} =0 (k— o)

723 DI OWT, BABOM v+ w ALK EFHDOHES) —< AT 4V F =
AR
> (ut+ w)H{o(Th L) —o(TH)}, o € [TF, 7] (13)
1<i<ng

7% 2 FHON 2 fEUE, 22N k& H DD

Yo wle{uT@hy) —o(@}, Y wleh{o(Thy) —o(Th),  of e [T, Th,] (14)
1<i<ng 1<i<nyg
THLFEEINBMEN S, () X, 4D lim delta(T) = 0 I D 2> T 570, F
7ou,w B v IOV TY =R Y RAT 4 VF 2 AT HETH S Z LH 56, (@) D 22Dk
Bl k=00 LT2LEICRT S,

Y W)@y —oTHy = Y ule){o(Thy) —o(TH)}

1<i<ny 1<i<ny

+ > wdH{u(Thy) —o@h)}  (15)

1<i<ng

DD Lo T 2506, (@) OICETEIC X D) (8) ROMBADOHENE k — 00 LT HLEE
IR L, ZDOmRIZ

b b b
/(u—i—w)(t)dv(t):/ u(t)dv(t)+/ w(t)dv(t)

E %% (KFEDOEARIL T integral(u+w,v) = integral(u,v) + integral(w,v) LRI 3) .
PUNFBR D& I & O LUT o2 Bk L 7.

Listing 7. INTEGR22:7~17

begin :: Linearity of Riemann—Stieltjes Integral

theorem :: INTEGR22:7
for A be non empty closed_interval Subset of REAL,

r be Real,

v be Function of A, REAL,

u,w be PartFunc of REAL,REAL st

v is bounded_variation & dom u = A & dom w = A &

w = r(#)u & u is_RiemannStieltjes_integrable_with v holds
w is_RiemannStieltjes_integrable_with v &
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integral(w,v) = r * integral(u,v);

theorem :: INTEGR22:9
for A be non empty closed_interval Subset of REAL,
v be Function of A,REAL,
u,s,w be PartFunc of REAL,REAL st
v is bounded_variation & dom u = A & dom v =A & dom s = A &
w = u + s & u is_RiemannStieltjes_integrable_with v &
v is_RiemannStieltjes_integrable_with v holds
s is_RiemannStieltjes_integrable_with v &
integral(w,v) = integral(u,v) + integral(s,v);

theorem :: INTEGR22:12
for A be non empty closed_interval Subset of REAL,
r be Real, v,vl be Function of A REAL,
u be PartFunc of REAL,REAL st
v is bounded_variation & v1 is bounded_variation & dom u = A &
v = r(#)vl & u is_RiemannStieltjes_integrable_with v1 holds
u is_RiemannStieltjes_integrable_with v &
integral(u,v) = r * integral(u,v1);

theorem :: INTEGR22:15
for A be non empty closed_interval Subset of REAL,
v,v1,v2 be Function of A,REAL,
u be PartFunc of REAL,REAL st
v is bounded_variation & v1 is bounded_variation &
v2 is bounded_variation & dom u = A &
v = vl 4+ v2 & u is_RiemannStieltjes_integrable_with v1 &
u is_RiemannStieltjes_integrable_with v2
holds
u is_RiemannStieltjes_integrable_with v &
integral(u,v) = integral(u,v1) + integral(u,v2);

ek, LG T v ERLETH 5 &£\ ) 5 v is bounded_variation 1A TH

D, BE, MML ~NOBEIEHIERRZ MEffThTH 5. TAHIRSNE FETH 3.

4 EfREHOTED AIRE

PHIX A _E o> it 72 SRR v & FFRABBIEL v 12DV TR Y =2 Y AT 4 L F 2 A

AR TH S, LT L) ITiBbL 7.

Listing 8. INTEGR23:21

theorem :: INTEGR23:21
for A be non empty closed-interval Subset of REAL,
v be Function of A,REAL,
u be continuous PartFunc of REAL,REAL st
v is bounded_variation & dom u = A
holds u is_RiemannStieltjes_integrable_with v;

COREHICIE, FEBT L, XM [a,b] DIEED 3 E O MRS
T={T heicmdren, TF=a<Ty <T§---<Ty =b
T lim delta(T) =0 $4bbH

max{|TF, —TF[,1 <i<ng} =0 (k— o)
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Zh7.THDICDOWT, Kk IXDWTHE TF 12X 2/ MXEDOREITLDIN {Fhi<icn, %
ERIGEATES NS Y —< v AT 4 )V F = ANDELFES middle_volume_Sequence of
v,u, T

{Sktrens Sk=Y_ u(d){u(Ty) —o(TF)}, of € [TF, T (16)

1<i<ny
DKL, ZOMRS T &322 2R THEDH S, u FHAHXM [a,b] Lol
TR & — i T H B,
v IZEREFHEBTH 20 5FED kI2D20»T

Y (Thy) = o(TF)] < totalvd(v) (17)
1<i<ny
DDV TWD, 0<e ZIEEDIEOEKETELE, B u D [a,b] Eo—HeEFM:
"o, HHIEH0<6 ﬁiﬁ?‘f L, {f%ﬁx@%ﬁ t1,t0 € [a,b} 22T
[t1 —t2] <8 &HIE  |u(ty) —u(ta)| < €/(totalvd(v) + 1) (18)

DR o> TS, —J7, lim delta(T) = 0 25D 37> T 556 AR m BEEL,
m<k THAHEEOARB k I2DWT

max{|Tf , — TF|,1 <i<ng} <d (19)

B D> T\ 5,
ZZTm<k THHERDARE k1220w T (I¥), (TU) 5

|Sk—Sm‘<€

DD > T ZEx2REE, V=Y AT 4 )VF 2 AMDIN S reny D32 — =7
%5206, FEHZEMDOTEMVEIC XD {Silren FPCET 2 2 EDNEEHTE 3.
Lo Lo

1Sk =S| =] D ule{o(Tf) —o(THY = Y ule){o(T7) —o(T)}]
1<i<ny 1<j<nm
DAL 2 VRAES TR, KEDEE ny & np 2ELVERIBS AV, i=j
THoTH, ZNENOKM [TF,TH |, [T, T, ] #2106 ORETE o, r B L TH
2 LIRS BV, 2 il BRI S

divset(T* i) = [T}, Tf,], wvol(divset(T*,i),v) = v(T},,) — v(T})

K

divset(T™,j) = [T7",T/1,],  vol(divset(T™, j),v) = v(T]},) — v(T]™)

THY, Sk, SnmldZNZh

Sk = Z u(cFyvol (divset(T*, i), v) (20)
1<i<ng

Sm = Z u(ci" vol(divset(T™, j),v) (21)
1<j<nm
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t&HIB, 22T

b= |J Im1m)= | divset(T™, )

1<j<nm 1<j<nm
»5
divset(T" i) = divset(T* i) N [a,b] = divset(T* i) N { U divset(T™, j)}
1<j<nm
= |J {divset(T*,i) N divset(T™,j)} (22)
1<j<nm
ThHY
vol(divset(T*, i), v) = Z vol(divset(T* i) N divset(T™, j),v) (23)
1<j<nm
EFRRICLT
vol(divset(T™, j),v) = Z vol(divset(T*, i) N divset(T™, ), v) (24)
1<i<ng
2135,

SR [TF, T ) & [T T ] SRS 2 b sk, BB IR R D A
ZHAHT LA

vol(divset(T*, i) N divset(T™, j),v) =0
THY, [TF,TF,] & [T, T, ] PRy 2 > 561013 (1), (M) X225

lu(ck) — u(cj')| < ¢/(total wd(v) + 1) (25)

K2

DHES . PUT OffiE INTEGR22:2

Listing 9. INTEGR22:2

theorem :: INTEGR22:2
for n,m be Nat, a be Function of [:Seg n,Seg m:|,REAL
for p,q be FinSequence of REAL st
(dom p = Segn
& for i be Nat st i in dom p holds
ex r be FinSequence of REAL st
(domr = Segm & p.i = Sumr
& for j be Nat st j in dom r holds r.j=a.(i,j) ) )
& (dom q = Seg m
& for j be Nat st j in dom q holds
ex s be FinSequence of REAL st
(dom s = Seg n & q.j = Sum s
& for i be Nat st i in dom s holds s.i=a.(i,j) ) )
holds Sum p = Sum q;

EHOIUZRR Y 0 & ey, PIEFZLASC LHSCE, (20), (21), (23), (23)
K5

Sk — Sm = Z Z (u(ck) — u(c}”))vol(divset(Tk, 1) Ndivset(T™, j),v)  (26)

1<i<ng 1<j<nm,
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ThbH. F,

Z Z lvol(divset(T*, i) N divset(T™, j),v)| < total vd(v)

1<i<ng 1<j<nm

ThHb., O E (28), (25) Ao 5 HIWD

|Sk—Sm| < ¢/(total_vd(v)+1) Z Z lvol (divset(T*, i) Ndivset(T™, §),v)| < €

1<i<ng 1<j<nm,

235, NS TROL)ICHEE LTEHIrNL TS,

Listing 10. INTEGR23:17 INTEGR23:18

theorem :: INTEGR23:17
for A be non empty closed-interval Subset of REAL,
rho be Function of A,REAL,
T,S be Division of A
st rho is bounded_variation holds
ex ST be FinSequence of REAL
st len ST =len S
& Sum ST <= total_vd(rho)
& for j be Nat st j in dom S holds
ex p be FinSequence of REAL
st ST.j = Sum p
&lenp=len T
& for i be Nat st i in dom T holds
p.i = |. vol(divset(T,i) /\ divset(S,j),rho) .[;

theorem :: INTEGR23:18
for A be non empty closed_interval Subset of REAL,
rho be Function of A,REAL,
u be PartFunc of REAL ,REAL
st rho is bounded_variation

& domu = A
& u|A is uniformly_continuous
holds

for T being DivSequence of A, S be middle_volume_Sequence of rho,u,T
st delta T is convergent & lim delta T = 0
holds middle_sum(S) is convergent;

AEFH D FEM X http://www.mizar.org/version/current/html/integr23.html I
RHEIN T %, FAIELRDOYG £08, ARSI MEFOREK L, Z2N6ICBT 2 FHE D
B2 N 70 DERANIFNEIC X > THO 6T w 5,

R, T OMBREA lim delta(T) = 0 %72 3 XM [a,b] D57E X 43H S %MK
HIOREILDBEOITIEKAFEL B \WVWT, —EICRE 2 2 L2 T, 212N lim delta(P) =
0, lim delta(Q) = 0 Zifi7z T X[H [a,b] DIEDEERY] {P*}ren, {QF bren

Pf=a<Pf <P} <Pl =bQi=a<Q5<Qf  <Qf =b (27)
LaEE N AXEOREITLDF

{d} i<icni Iren, df € [PF PR (1 <i<my)

{{ef h<icm teen, € €[QF,QF] (1 <i<my) (28)
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BEEICEZoNLETE, LB —< VAT 4 VT = ZARIDF]

Uv= Y ul@){o(Phy) —o(P)}, Wi= Y ule){v(@f) —o(@)} (29)

1<i<ng 1<i<my

BEHRD X ) Ica—o—Fci 3 2 6IURT 5, AT AIRE I LT

lim U, = lim Wy
k— o0 k—o0

Th s, LOFEDREIND S SENDREY] {TF ey %
T2k _ ]Dk7 T2k+1 _ Qk (30)
LLTHIRT 3 &, lim delta(T) = 0 27 LT3, 351020 {TFhey 10 & 047
SN BNERIORETEOT [{rcior rey ZUTFO X 3 k%
C?k = d% (]. <1< lgk) Lo = Ny,
C?k+1 = 62 (1 <1< lg}g+1) log+1 = my (31)

InohoffonsyY—<r AT 4 VT = AFDF

{Skdrens Sk= Y wlch){o(Tfy) —v(TF)} (32)
1<i<ly
ZIEZ L, BBRD EBY {Silren =2 —FITH270IUHT 2. & 5123 HDMIRS
{P"} een, {Q" ken EAFISIND/NXHDRETLOIN {{dF }1<icn, tren, {{eF1<icm, then
pofEsins (@) XDV —< v 27 4 LF = ARDFII

Sor, = Ug, Sopt1= Wy

k&%@f {Sk}keN @%Bﬁﬁﬂf%% HY%?U {Sk}kg]\/ @%Bﬁﬁu {Uk}keN,{Wk}keN D
DUF I Z oI S -0 d —Tdh 5.

Listing 11. INTEGR23:21 INTEGR23:22  ( excerpt )

theorem Th21:
for A be non empty closed_interval Subset of REAL,
v be Function of A,REAL,
u be PartFunc of REAL,REAL,
T0,T,T1 be DivSequence of A,
S0 be middle_volume_Sequence of v,u,T0,
S be middle_volume_Sequence of v,u,T
st for i be Nat holds T1.(2xi) = T0.i & T1.(2xi+1) = T.i
ex S1 be middle_volume_Sequence of v,u,T1
st for i be Nat holds S1.(2xi) = S0.i & S1.(2xi+1) = S.i

theorem Th22:
for Sq0,5q,5q1 be Real_Sequence
st Sql is convergent
& for i be Nat holds Sql.(2+i) = Sq0.i & Sql.(2%i+1) = Sq.i holds
Sq0 is convergent & lim Sq0 = lim Sql
& Sq is convergent & lim Sq = lim Sql
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M EAHREIAOBME TS 245, KIOMIESEI T 2350, 28, a4, 7
SR OB D CHEDEBUCTRA S & 9 AT ARG CEIFA S U b,
AT, Il BRI LIS L 72, AT, RS 0] (1) OMRASHT IS 5 5. 6D 3K
LB TE M L BOE HIRAE 9] 12k > T 3,

5 #¥bpbic

AFETIZY =<2 Y AT 4 )V F = A857 (Riemann-Stieltjes integral) DRI DWW T
EFEBZ WS L. AREZFHHBLE ) —~ v AT 4 VT = AT OEE, HEiBIB O
SR E P DT AL D RDLZ M3 L 72, X [a, b] oD BB R D3 2 3 2~ 22
Cla,b] DIIZERNCBT 2 ) — 2 DRBUEM 7 EDOEEAHMES L T %28, ZHhuc-o
WTIERIENCRE T 5,

SE
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