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Abstract

This article reports current progress of formalizing on theory of modules over a com-
mutative ring. The theory has been formalized in MML appeared as [1-6], however the
previous work does not fully cover the theory and still remains many important theo-
rems and notions such as Nakayama’s lemma, tensor products and a chain of modules
for further formalization. Some common notions such as a faithful module, an annihi-
lator of a module, an exaxt sequence of modules have not been formalized. The aim at
this article is to formalize such unformalized subjects. Modules over a ring has a close
linkage to the Category Theory and this article tried to deploy some treatment on the
language of Category of modules such as the initial /terminal object.
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TNOES L BEaE, B L OBAMED 7 DIRRR, RO, X 5 IMEEE
HOBE O X ) 55427, MRl oFEomR bz BHig$. 2530 e LT (1 0 2
H, 8] O 1 HOMEE, 4 HOBONEEZSE L L. RIMEAEIEDIICEAEZ /I LT
B (Class) &7 5 2 EDHI6N 5. HEIICZINBFESEDPES L T2 L, IHEEEOES
26 HHMBEZ KT 2 &, MEREOEGI» S BABLTLE I » o LHRING.
D FINZ DV TIE Mizar TIEEEHES (Universe) [@] ZFH L THIGL T 5. ARFITR
T4 M co Mtz Bif LIRS hEsEa & LTl uiz L
%, MBEDOWE % > 7 TR T —7 4 7L [0 OFER BT 2. 727 L Mizar TR
LI N IMBEO IS8 I ERDE T L TE ST, AL Z R Th 5. 2 DEK
TIF OB OHGIAEM & SO I 28RV, MELREY ZoX vy 72 2 Th%E
BEd 5.

2 BIFEEEME

ST U ORI S N T B ESIEIC D W TP L R E R S L0 5. &
TUBINEE & D BE D Mizar ISR 256477 —7 4 7V [0,2,8,8-00] %5 1990 4225 91
EPI I THIIERL S, ZN oA ICEH L BEL 5 W EHWIL 7270 TH 5.
HEEE LTL T2 DI137%E RMEEOIIDIEAILTH 2 D TZIUTMIEZ S EE NI Ty
ThH 5. MEFNIMFEONE E MBI DI SRR I N 5. BUTER I LT 50K, Hil
WA ZERZ 7T 5. TERMEEOE) 2B €(LMODg) ERFLL, &b
B RIMBEDOE DN ROES, HOEA% FKZO(LMODR) £ Mor(LMODR) &3t
T35,

2.1 MEBEDEEEE
INBED EFRECHAN: b D 2FIET 5. BBROECOWMDIRVICRL 2D X TH 3.

2.1.1 MEDES
HEEL TR TVERE LT RN ) DERZEHT 5.

Listing 1. SN DOHEE-VECT 2-def 5

definition
let R;
func LeftModule R —> Abelian add—associative right_zeroed
right_complementable strict non empty ModuleStr over R equals
2 VECTSP_2:def 5
ModuleStr (#
the carrier of R, the addF of R, 0.R, the multF of R #);
end;
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2.1.2 ERINBEDERK

BRDODAD 7 —G%FOMBEV Ot ROBZIIGE LAREZRE TR (It
DFEILELT) L4255 BEOMAGOY) 2B X D ERL, 2% Linear Com-
bination £ ¥§ 5.

Listing 2. #/EflA & HE (Linear_Combination) VECTSP_6-def 1

definition
let GF be non empty ZeroStr;
let V be non empty ModuleStr over GF;

mode Linear_Combination of V. —>
Element of Funcs(the carrier of V, the carrier of GF) means
:: VECTSP_6:def 1

ex T being finite Subset of V st
for v being Element of V st not v in T holds it.v = 0.GF;

end;
IMEEDTBDEA A% D, ADIGIZ L B Linear Combination L 26, Oz L&
b LGS Sum(L) TR TH OB 2EAICE D ADERT MR ERI NS
Listing 3. A 234K 2 #0i#E (Lin(A)) VECT_7-def 2
definition

let GF be Ring;
let V be LeftMod of GF,
A be Subset of V;

func Lin(A) —> strict Subspace of V means
:: VECTSP_7:def 2

the carrier of it = the set of all Sum(l) where

1 is Linear_Combination of A;

end;

2.1.3 ORI
R IO HERIZ IZINERED MERIZIC A T D A B 5 — 5 DML DS N A 72 DTH
DIEERLTBECIZ R EFAEZUTORICERT 5.

EEL MNZRIMHEETSZ. MO NDOHFADER f: M - NBRUERETH S L
i3,, FEDacR, z,yc MIZHRL T,

fx+y)=fl@)+ fy), [flazr) =af(z)
DIKY IO " .

L LD 5, BURDO MML 74 77 V-CTIREB FORKIC 2 2DEH LTI TV S
IEREDHERIE L [12), A4 7 —f513 @] TUT DA EHRI NS

Listing 4. HEREO¥ERE  MOD_4

definition let G,H be AddGroup;
mode Homomorphism of G,H is additive Function of G,H;
end;
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Listing 5. 274 7 —f5D{RfF (homegeneous) MOD _2-def 2

definition
let R be non empty multMagma;,
let G,H be non empty ModuleStr over R;
let f be Function of G,H;
attr f is homogeneous means
2 MOD_2:def 2

for a being Scalar of R, x being Vector of G holds f.(axx) = a*f.x;
end;

2.2 F(LMODg)(E RIMEEDE) DEZHEE

€ (LMODg) DRI, HREXIENZ DD EHICE D EREIND. MREGHIEDIC
MERIC X DERE NG, 215 O RICHEE CatStr & L TERE NS, €(LMODR) »»
SHDBANDBEAFIIART =T 4 7L TIRAL RO T, NREFOW BT LRwE LS.

2.2.1 %(LMODg) DWH

R DN RO 42 LT ORRICHHEE A h 762 52 28O 7 & L TER
¥5.

Listing 6. DB DR MODCAT 1-def 6

definition
let UN,R;
func LModObjects(UN,R) —> set means
s MODCAT 1:def 6
for y being object holds y in it iff
ex x st x in the set of all [G,f] where G is Element of GroupObjects(UN),
f is Element of Funcs([:the carrier of R,the carrier of G:],
the carrier of G)

& GO x,y,R;

end;

2.2.2 ¢(LMODg) D5t
R MFEDSHZ, 1R (Dom), #&I8k (Cod), 1HIHD & #IRA DI DI & L THE 2 5 2

BEEHSINGE & A A 715 %D b D (LModMorphism-like) & L TEFKT 5.
Listing 7. NEEDE D H DHEE MOD_2 Morphism Str

definition

let R;

struct LModMorphismStr over R (# Dom,Cod —> LeftMod of R, Fun —> Function of
the Dom, the Cod #);
end;

definition
let R;
let IT be LModMorphismStr over R;
attr I'T is LModMorphism—like means
2 MOD_2:def 7

fun(IT) is additive homogeneous;
end;

MMA-WiP (2020), vol.2, no.2 - http://mizar-jp.org/journal/MMA-WiP/j2020.2.2 - ISSN 2434-5458 (Online) 4/m3


http://mizar-jp.org/journal/MMA-WiP/j2020.2.2

Mechanized Mathematics and Its Applications, Works in Progress Modules over a Commutative Ring (Watase Y.)

2.2.3 € (LMODg) DEEE

ZITE. BoOWEKRDOERZBRS. BORHETIIEEOH EARL THOHELEZ
LS 2 AL & v (Mizar Tld with_identities & Glid), B DO FAE 2 R E T
5. fEDEOIEAAL (0] TRHEAERNZEA LS e Tu e,

Listing 8. HIFEDOEDHEE MODCAT_1-ModCatStr

definition
let UN,R;
func LModCat(UN,R) —> strict CatStr equals
CatStr(#LModObjects(UN,R),Morphs(
LModObjects(UN,R)), dom(LModObjects(UN,R)),cod(LModObjects(UN,R)), comp(
LModObjects(UN,R))

#);
coherence;
end;
2.2.4 ¢(LMODg) DIEIR, BHR
Blim D —Mtim & L TIRN RPN ROMEDH 5. IBEOBIXFEEE, HuR, #agz
SOHDOBAMZHEICT 5. ERELTIRAUTDED TH 5.
EE 2. NRT € Ob(F) DR initial object ThH % 1%, fEEDOWR A € Ob(F) 1<xt
L <
Afa € Mor(€) st Hom(I,A) ={fa}
EE 3. MR T € Ob(LMODR) DMENR terminal object TH % & 1%, {TEDONR A €
Ob(LMODg) 2%t LT
Jga € Mor(LMODg) s.t Hom(A,T) = {ga}
EERINS. ZHICHIBT 2TAMMEU TOERLE LS. E&ED B LIBMboER
ZERZL L0 FERZ VR TH 5.
Listing 9. B OIS & HMER CAT 1-def18 19
definition
let C,a;
attr a is terminal means
:: CAT_1:def 18

Hom(b,a)<>{} & ex f being Morphism of b,a
st for g being Morphism of b,a holds f=g;
attr a is initial means

2 CAT 1:def 19

Hom(a,b)<>{} & ex f being Morphism of a,b st
for g being Morphism of a,b holds f=g;

2.3 HRICHEALT IERVAE
IIEEREGG & L CHMAARERE LTUT %o N 5.
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e RDAT7IE RMBEDH,

RIMBEM, N OF D EHOFRYI M N & M DFEHMA T 7,

EMEE L TOM ENDMERDY M+ N & MNN,
o ¢(LMODg) DIRER, fEN,

R MDA,

2.3.1 RODAT7ILE R INBEDTE

aZRDOAT7NVEL, MZRIMBEELZALE, a Et MOBZUTOX ) ICERT
% . MEEDFIEAH A G O DBIEL (Linear _Comibnation) ZFM$ 2 L7 D% & 5B
B (Sum) DEHERENE S E>TLEY.

Ex 4.

finite

GM{Z ai-mi|ai€a, mieM)}

B% Sum DEB 2 BT AAL T T ORRICER L 7-.

Listing 10. A 7 7V L MO LMODSEQ1-defl

definition
let R,1,J;
func Mult_(I,J)—> Subset of J equals
2 LMODSEQ1:def 1
{ Sum s where s is FinSequence of the
carrier of J : for i being Element of NAT st 1 <=i& i <=lens
ex a be Element of I, b being Element of J st s.i = axb };

end;
2.3.2 RMBEMNOEOEDOELMM: N &M OBIT7IL
RMEEM,N 225 RDA T 7 NVZUTDORRICERL M:N LEGlT 5.
EE 5.
M:N={a€R|a-n €M whereneN }
FRCRMBEN FMHEDO L E M NZMOENMA TT7 L E VWL Ann(M) EEGLT 5.
Listing 11. N#OE D HOBELY (N:M) £ FE{LA 77V (Ann(M)) LMODSEQ1:def
2-3
definition
let R,M,N,P;

func N[:]P —> Subset of the carrier of R equals
:: LMODSEQ1:def 2

{ a where a is Element of R: for p being Element of P holds a*p in N };
end;

definition
let R,M;
func Ann(M) —> Subset of the carrier of R equals

MMA-WiP (2020), vol.2, no.2 - http://mizar-jp.org/journal/MMA-WiP/j2020.2.2 - ISSN 2434-5458 (Online) 6,/03


http://mizar-jp.org/journal/MMA-WiP/j2020.2.2

Mechanized Mathematics and Its Applications, Works in Progress Modules over a Commutative Ring (Watase Y.)

:: LMODSEQ1:def 3
{ a where a is Element of R: for p being Element of M holds axp in (0).M };
end;

2.3.3 EEELTM+NEMNON

WEEE 7 — 7 4 7V 3] DSMBEORIR D D 222 & L Tilk-> Tk h AN AR
EThs. LLLNEIET—7 4 7V RMOD3 ZILICHE I TE ) EEAMEEE LT
ER A o, B E U TR B3 7o R 2 Bt L F—8d 5. FMEiciz 7 —7 4
7V [6) B3H Y, 2D FM i TOMF (Identifier) i LMOD 3 Th %, Lo L6 HE
B MML 74 77 Y iid RMOD 3 L 2%  IRELO RN TH 2. A CiZ D 5 o
A MBEDRI E 5D ) ORE AL L, ZEIEERE O CHERDRER K S X 9 ic—H1E%
Fi7-w7-.

Listing 12. 2 M#EEOR &b H LMODSEQ1:def 5-6

definition

let R, M\W1,W2;

func W1 + W2 —> strict Subspace of M means
:: LMODSEQ1:def 5

the carrier of it = {v + u: vin W1 & u in W2},
end;

definition

let R, M, W1,W2;

func W1 /\ W2 —> strict Subspace of M means
:: LMODSEQ1:def 6

the carrier of it = (the carrier of W1) /\ (the carrier of W2);
commutativity;
end;

PEDEZED?»S M N EZ{UA T 7 IVICEE T 28 5 D arED LU T DRk IR &
ns.

Listing 13. gt LMODSEQ1:4-6

theorem :: LMODSEQ1:
for R,M,N,P st N = (0).M & P = M holds Ann(M) is Ideal of R;

theorem :: LMODSEQ1:5
for R,M,N,W st N = (0).W holds Ann(W) = N[:]W;

theorem :: LMODSEQ1:6
for R,M,N,W st N = (0).M holds Ann(W) = N[:]W;

2.3.4 ¢ (LMODgR) DR, EHR

IFEDBETOINR, MNRIEAML 21T 9 2%, EHED, B ICHEU TER T 5. HOHDE
BRI 2R TR EMFNRERP 2B L 70ERE L. EOL AR HEEDL LA
DI L D HZ ALY U T O TEALT 5.
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Listing 14. MM#EOHWR & IHRR LMODSEQ1:def 8-def 9

definition

let R,a;

attr a is terminal means
:: LMODSEQ1:def 8

Hom(b,a)<>{} & ex f being Morphism of b,a
st for g being Function of b,a st g is additive & g is homogeneous
holds fun(f) = g;
attr a is initial means
:: LMODSEQ1:def 9

Hom(a,b)<>{} & ex f being Morphism of a,b st
for g being Function of a,b st g is additive & g is homogeneous
holds fun(f) = g;

end;
2.3.5 fNED3F
T CRIMEEDIN 2 BARIICESR T 5. IR LMBEOIIDERIT A ZIR A FOES
ELT{M} Ae A ERBIT 2. T 3R AT OEAZ HRBOESITH) MO %%
LT DU DS {M,;} & M; & My, MIOMRTBESR f Ik > TRkE 5.
VARERS VIR ENE SN VLS V AL (1)
BTG R 7 IBED B CER S A1 & 0 IR () 0% % THRT 2. B E £ 2 LI
dom & HIE cdom DEE I N DT {M,;} ZEKilETUTORRICEKRILT 5.
LN N el NN (N i N 2)
Z O (B) = Bl DO E § 5 L
Listing 15. NM#FDEDH D] LMODSEQ1-Module Sequence
definition
let UNJA;
mode Mor_Seq of UN,A is sequence of Morphs(LModObjects(UN,A));
end;
SARNIC B 1, — (ZOR) — BAKM, ERBRE L Z 2N f,, Ol
fi DREIFUIZ—ELT 2 DT, cod f; = dom f;yq 2B L THEDIN E T 5.
Listing 16. M# D% LMODSEQ1-def 10
definition
let R,UN;

let F be Mor_Seq of UN,R;

attr I is Module_Sequence means
:: LMODSEQ1:def 10

for i be Nat holds cod’(F.i) = dom’(F.(i+1));
end;

2.4 ERFEDERMLINEEER

TR INEty DAL ZRA D, Z2 DIRITHR 72130 ) THREER b B L L 7. Bl
DODHGEEZEM L 2036 DL 2 A L D & L7, NIFFOEOERDBATERDE I TH
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D, EADOMBECERDTEHM L CL ) FHELT TR, LrLAEDS s DFERA
ERIEZAA L ZEHHEETH VAFROBRLH A ). IR, BEaRoEAbiciz, &
WK SFOREICHIOA TN T ERAFEROWE %2 LT 2 TRPBHETHS.
D7 DICHERITG GG & B L TIRNRZ2 D | JENRZ2 D ORERZ T\ 0,

Listing 17. fin# MODSEQI - Thl4

theorem :: LMODSEQI1:1}
g is additive & g is homogeneous implies g = ZeroMap(TrivialLMod(R),b);

CDODEMA Thls Lk 5. I 2 THNAMEFRTEER ZeroMap %2 b & IR, #&%f
REMKT 5. 2 CEHENBERTEEHRONE % € (LMODR) DHFICHLD At k%
MV TENE L D TH S. LN DRI TIEERTEONELH L% 5.

2.4.1 MNEOE=LS
Z ZTIIMBEDINCSERDEE 2 NS 2 @iE 2 ELT 5.
E% 6. it (1) 7\73%%/@3}’) ) & Ci, Vi e N, Imfl = Keer_l %&f:j‘: L 72‘13 :)

S & U CTHMiZRERE & 7 BAY, FEBRIC List:MODSEQ1:defl0 THEE S 115 NEED
WFG) X Z20F£HRABZELTEST F6) IHOWERTH Y, EEOMERTE f 5
rngf C codF; Z &7 L Tw5 2 L LEHRZ D0, K> THORIEIM S 2 D54
OV 5 LRPMHEL %, #2138 Onto-Morphism & %> Into-Morphism 7 & Attribute
ZMZ 5 ITRBBET 5.

3 ERERE

BTl 2 3 & L COlR 7. B LB LICEE RO @B, thilol
7 PoOEFHIZERGRETH B, T v VL Hom ML B O BIGR A { BIF
ELTCo%#EEHS TS,

3.1 HREMRMBFOEEE L THILOMHEE

T 1. PIUOHIEM 26BAERNE. aldPva 7Y Vv IEBRICEENS L ZUTODE
AR
a-M=0

Z DFENCIZATIITE S r— 1 — + DL b v OEEOIEERA AT & 7 0 ED D 1%
Bugt, Ov a7y VARSI (3] 1 TR L T H 3 0 UL A H b
5. E BB TRANEE 55 2 L SEIE N30T, REIEKO B [
DEHSTIRE & 75 .
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3.2 TUVIE

BRI O RNE 2 B 2 il T U 2k BRic ik s v 2. Lo LR o
FINEEE 137 512D T, EREES & > TMRRIC A2 2 X 9 ZAEBIR CHl - TR I N s D
BT YYIAUETH S, Ik €(LMODR) DICHEE W) . 7 vV VIO R EER
ZIKT 20D TTHH Y, WD H LI IZBERILD ko2 LB ok
A, GRS CRBEROBEEEZ I AN,

3.3 Hom HNE#

RO RANEEM, N ICH LT M 25 N ~DHERBLEE Hom(M,N) & #ilT 208
INBRMBEC2 2 2 2T 5. ZHUIMBEORMICHL H LD THETH L.
MBEDFNAEH T 2B EICHWo N2 DT LTI E LTERT 20HYH 5.

3.4 % (LMODg) ICBAERIZEA

€ (LMODgR) 1 [9] 12 & D CatStr BWEAI 4, CatStr 23 Categorylike ThH 5 T &
2L L, 2415 2 transitive, associative, reflexive ® 3 HEH%Z A7 Z & ZHEH L T
b 2. filil TEAEA] (with_identities) ) 2YEATE RV Z2RIHL €(LMODR) %34
%52 LRERIED

3.5 EE

BSERE, RO Z DO 2 & IR EBNRD BT 5 2 L, &%, REOMATE (E£IZA
OVEES 5 2 &, HEFTZEHDIR D VD L2z § & E T —UE L W) . €(LMODR)
F7—_VEO—Hl L7 5. BOMEHIZT —IVBEOBGDIGH LA INBDT, fiitd
R EOMBEDJE BB THIEZ L9122 2 LML T3, BoSEZI) ATl
BT 2 AL D LRSS Z OFBGRBE I 2 5B ERICANLLERH L LHEZD.
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Summary: This article discusses current progress of formalizing on theory of modules

over a commutative ring. The theory has been formalized in MML appeared as [0

6], however the previous work does not fully cover the theory and still remains many
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important theorems and notions such as Nakayama’s lemma, a chain of modules for
further formalization. Some common notions such as a faithful module, an annihilator
of a module, a sequence of modules have not been formalized. The aim at this article
is to formalize such unformalized theorems. Modules over a ring has a close linkage to
Category Theory and this article deploys some treatment on the language of Category

of modules such as the initial /terminal object.

Listing 18. LMODSEQL1 - abstract

:: Sequence of R—Module

environ

vocabularies TARSKI, FUNCSDOM, VECTSP_1, STRUCT.0, XBOOLE_0, VECTSP_2,

NAT_1, SUBSET_1,

FUNCT_1, RELAT.1, FUNCT.2, CLASSES2, MOD_2, MODCAT_1,

FUNCOP_1, UNIALG_1, CAT_1, GRCAT_1, ENS_1, NUMBERS, ARYTM_3, GROUP_S,
MSSUBFAM, CARD_3, FINSEQ_1, XXREAL_0, CARD_FIL, RMOD_2, SUPINF 2,

RSSPACE, RLSUB._

LMODSEQI;

1, IDEAL 1,

notations TARSKI, XBOOLE.0, SUBSET_1, RELAT_1, FUNCT_.1, FUNCT_2, FUNCOP_1,
NUMBERS, XXREAL_0, NAT_1, CLASSES2, FINSEQ_1, STRUCT_0, ALGSTR.0,
RLVECT_1, VECTSP_1, VECTSP_2, VECTSP_4, GRCAT_1, MOD_2, MODCAT_1, IDEAL_1;

constructors REALSET1, FUNCT._5, RELSET_1, RING_2, GRCAT_1, MODCAT_1;

registrations ORDINAL1, XREAL_0, STRUCT_0, RELSET_1, SUBSET.1, GRCAT_1,
MOD_2, IDEAL_1, RLVECT.1, VECTSP_4;

requirements REAL, SUBSET, BOOLE, ARITHM, NUMERALS;

definitions XBOOLE_0, TARSKI;

equalities XBOOLE_0, ALGSTR_0, MOD_2, STRUCT_0;

expansions TARSKI, STRUCT_0, VECTSP_1, IDEAL_I1;

theorems TARSKI, FUNCT_2, FINSEQ_1, VECTSP_1, XBOOLE_O0,
NAT_1, XREAL_1, VECTSP_4, RELAT_1, GRCAT_1, FUNCT.1, FUNCOP_1, RLVECT._1,
IDEAL_1, XBOOLE_L;

begin

reserve UN for Universe;

reserve R for non degenerated comRing;

reserve f for LModMorphismStr over R;

reserve 0,0l,x,y, X,y,yl,y2 for object;

reserve a,b, M,J,V,G,G1,H,H1,T for LeftMod of R;
reserve q,l for Ideal of R;

reserve u,ul, u2,v,vl,v2

for Vector of M;

definition let G,H be AddGroup;

mode Homomorphism
end;

definition
let R be Ring;

let J be LeftMod of R;

mode Submodule of J
end;

of G,H is additive Function of G,H;

is Subspace of J;

reserve N,P.W W1, W2,W3 for Submodule of M;

definition
let R,1,J;
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func Mult_(I,J)—> Subset of J equals
:: LMODSEQ1:def 1
{ Sum s where s is FinSequence of the
carrier of J : for i being Element of NAT st 1 <=1 & i <=len s
ex a be Element of I, b being Element of J st s.i = axb };
end;

registration

let R,1,J;

cluster Mult_(1,J) —> non empty;
end;

definition

let R,M,N,P;

func N[:]P —> Subset of the carrier of R equals
:: LMODSEQ1:def 2

{ a where a is Element of R: for p being Element of P holds a*p in N };
end;

registration

let R,M,N,P;
cluster N[:]P —> non empty;
end;

theorem :: LMODSEQ1:1
for R,M,N,P holds
N[:]P is Ideal of R;

definition

let R,M;

func Ann(M) —> Subset of the carrier of R equals
:: LMODSEQ1:def 3

{ a where a is Element of R: for p being Element of M holds axp in (0).M };
end;

registration

let R,M;

cluster Ann(M) —> non empty;
end;

theorem :: LMODSEQ1:2
for R,M,N,P st N = (0).M & P = M holds N[:]P is Ideal of R;

theorem :: LMODSEQ1:3
for R,M,N,P st N = (0).M & P = M holds Ann(M) = N[:]P;

theorem :: LMODSEQ1I:4
for R,M,N,P st N = (0).M & P = M holds Ann(M) is Ideal of R;

theorem :: LMODSEQ1:5

for R,M,N,W st N = (0).W holds Ann(W) = N[:]W;
theorem :: LMODSEQ1:6

for R,M,N,W st N = (0).M holds Ann(W) = N[;]W;

definition
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let R,M;

attr M is faithfull means
2 LMODSEQ1:def 4
Ann(M) = {0.R} ;
end;

definition

let R, M,W1,W2;

func W1 + W2 —> strict Subspace of M means
:: LMODSEQ1:def 5

the carrier of it = {v + u: vin W1 & u in W2};
end;

definition

let R, M, W1,W2;

func W1 /\ W2 —> strict Subspace of M means
:: LMODSEQ1:def 6

the carrier of it = (the carrier of W1) /\ (the carrier of W2);
commutativity;
end;

theorem :: LMODSEQ1:7
for R, M, W1,W2 holds o in W1 implies o in W1 +W2;

theorem :: LMODSEQ1:8
for R, M, W1,W2 holds o in W2 implies o0 in W1 +W2;

theorem :: LMODSEQ1:9
for R, M, W1,W2 holds W1 is Subspace of W1 + W2 & W2 is Subspace of W1 + W2;

theorem :: LMODSEQ1:10
for R,M,N;W1,W2 st N = (0).M
holds Ann(W1+W2) = N[:](W1+W2);

theorem :: LMODSEQ1:11
for RM,N,W1,W2 st N =

0).M
holds Ann(W1 /\ W2) (1]

(
N[:]J(W1 /\ W2);
theorem :: LMODSEQ1:12

for R,M,N,W1,W2 holds N[:](W1+W2) = N[:]W1 /\ N[:]W2;

theorem :: LMODSEQ1:13
for R,M,W1,W2 holds
Ann(W14+W2) = Ann(W1) /\ Ann(W2);

definition
:registration

let R,G,H;

func Hom(G,H) —> non empty Subset of Maps(G,H) equals
:: LMODSEQ1:def 7

{f where f is Element of Maps(G,H) : f is homogeneous};
end;

:::Nedd to copy the ZERO(G,H) from MOD_2
definition

let R,G,H;

redefine func ZERO(G,H) —> strict Morphism of G,H;
end;

reserve g for Function of TrivialLMod(R),b;
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theorem :: LMODSEQ1:1}
g is additive & g is homogeneous implies g = ZeroMap(TrivialLMod(R),b);

definition

let R,a;

attr a is terminal means
:: LMODSEQ1:def 8

Hom(b,a)<>{} & ex f being Morphism of b,a
st for g being Function of b,a st g is additive & g is homogeneous
holds fun(f) = g;
attr a is initial means
:: LMODSEQ1:def 9

Hom(a,b)<>{} & ex f being Morphism of a,b st
for g being Function of a,b st g is additive & g is homogeneous
holds fun(f) = g;

end;

reserve i,j,k for Element of NAT;

definition

let UN,R;

mode Mor_Seq of UN,R is sequence of Morphs(LModObjects(UN,R));
end;

reserve I for Mor_Seq of UN,R;

definition

let R,UN;

let F be Mor_Seq of UN,R;

attr F is Module_Sequence means
:: LMODSEQ1:def 10

for i be Nat holds cod’(F.i) = dom’(F.(i+1));
end;
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