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Abstract

This article reports current progressing work on formalizing localization of a commu-
tative ring. It consists mainly of a construction of ring of fraction. It is the generalized
formalization of field of fraction of a integral domain [0]. Firstly it was formalized that
a process of construction of a ring of fraction with respect to a multiplicative closed
set. Secondly some properties and some interpretation of a ring of fraction in Zariski

topolgical space.
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Listing 1. TOPZARI2 - def 1

definition
let R,S;
let x,y be Element of [:[#]R,S:];
pred x,y Frac_Equal R,S means
:: TOPZARI2:def 1

ex x1,yl be Element of [#]R,x2,y2,s1 be Element of S
st x = [x1,x2] & v = [yl,y2] & (x1 * y2 — yl x x2) * s1 = O.R;
end;
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Listing 2. TOPZARI2 - def3

definition

let R,S;

let x,y be Element of [:[#]R,S:];

func padd(x,y) —> Element of [:[#]R,S:] means
:: TOPZARI2:def 3

ex x1,yl be Element of [#]R,x2,y2 be Element of S
st x = [x1,x2] & y = [yl,y2] & it = [x1xy2 + yl*x2, x2xy2][;
end;
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Listing 3. TOPZARI2 - defd

definition

let R,S;

let x,y be Element of [:[#]R,S:];

func pmult(x,y) —> Element of [:[#]R,S:] means
:: TOPZARI2:def 4

ex x1,y1 be Element of [#]R,x2,y2 be Element of S
st x = [x1,x2] & y = [yl,y2] & it = [x1xyl, x2xy2];
end;
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Listing 4. TOPZARI2 - def5

definition

let R,S;

func fr_add(R,S) —> BinOp of [:[#]R,S:] means
:: TOPZARI2:def 5

for x,y holds it.(x,y) = padd(x,y);
end;

Listing 5. TOPZARI2 - def6

definition

let R,S;

func fromult(R,S) —> BinOp of [:[#]R,S:] means
:: TOPZARI2:def 6

for v,w being Element of [:[#]R,S:] holds it.(v,w) = pmult(v,w);
end;
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Listing 6. TOPZARI2 - def 9

definition

let R,S;

func 0.(R,S) —> Element of [:[#]R,S:] equals
:: TOPZARI2:def 9

[0O.R,1.R];
end;

definition
let R,S;
func 1.(R,S) —> Element of [:[#]|R,S:] equals
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:: TOPZARI2:def 10

1R,1R];
end;
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Listing 7. TOPZARI2 - def 11

definition

let R, S;

func Fr_Ring(R,S) —> strict doubleLoopStr means
:: TOPZARI2:def 11

the carrier of it = Class EqRel(R,S) & 1.it = Class(EqRel(R,S),1.(R,S)) &
0.it = Class(EqRel(R,S),0.(R,S)) &
(for x, y being Element of it ex a, b being Element of [:[#]R,S:] st
x = Class(EqRel(R,S),a) & y = Class(EqRel(R,S),b) &
(the addF of it).(x,y) = Class(EqRel(R,S),a+b) ) &
for x, y being Element of it ex a, b being Element of [:[#]|R,S:] st
x = Class(EqRel(R,S),a) & y = Class(EqRel(R,S),b) &
(the multF of it).(x,y) = Class(EqRel(R,S),axb );
end;
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Listing 8. TOPZARI2 - Th.27

theorem :: TOPZARI2:27
S7R is Ring;
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Listing 9. TOPZARI2 - def 12

definition
let R,S;
func canHom(R,S) —> Function of R, S"R means
:: TOPZARIZ2:def 12
for x being Element of R holds it.x = Class(EqRel(R,S),[x,1.R]);
end;
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fraction. It is the generalized formalization of field of fraction of a integral domain [1].
Firstly it was formalized that a process of construction of a ring of fraction with respect
to a multiplicative closed set. Secondly some properties and some interpretation of a

ring of fraction in Zariski topolgical space.

Listing 10. TOPZARI2 - abstract

environ

vocabularies ARYTM_3, FUNCT_1, RELAT_1, RLVECT.1, VECTSP_1, CARD_3, ALGSTR.O0,
XBOOLE_0, TARSKI, FUNCT.2, STRUCT.0, SUBSET.1, SUPINF_2, NAT.1, MESFUNC1,
GROUP_1, ARYTM_1, INT_2, QUOFIELD, MSSUBFAM, BINOP_1, LATTICES, NUMBERS,
IDEAL_1, COSP1, EQREL_1, ZFMISC.1, FUNCSDOM, WAYBEL20, CARD _FIL, RING 2,
YELLOW_1, PARTFUN1, RELAT_2, MCART_1, CAT_1, TOPZARI2;

notations
TARSKI, XBOOLE_0, ZFMISC_1, BINOP_1, SUBSET_1, XTUPLE_0, SETFAM_1,
DOMAIN_1, RELAT_1, RELAT_2, ORDINAL1, MEMBERED, WELLORD2, FUNCT_1,
FUNCT_-2, PARTFUN1, CARD_3, ARYTM_.3, FUNCOP_1, PRALG_1,
PBOOLE, STRUCT_0, ALGSTR_0, PRE_TOPC, TSEP_1, RLVECT_1,0RDERS_1,RINGCAT1,
ORDERS_2, YELLOW_1, GROUP_1, VECTSP_1, IDEAL_1, RING_1,RING_2, RELSET 1,
BINOM, GROUP_6, GCD_1, TEX_1, VECTSP_2, COMPLFLD, VECTSP10, QUOFIELD,
COSP1, FINSEQ_1, EQREL_1, POLYNOMS3;

constructors
ARYTM_3, FUNCOP_1, PRALG_1, STRUCT_0, ALGSTR._O,
PRE_TOPC, TSEP_1, TDLAT_3, TEX_ 4, RLVECT_1,0RDERS_1, ORDERS_2, RINGCAT1I,
YELLOW_1, GROUP_1, VECTSP_1, IDEAL_1, REALALG1, RING_1,RING_2, COSP1,
BINOM, RELSET_1, GCD_1, QUOFIELD;

registrations XBOOLE_0, ORDINAL1, RELSET_1, XREAL_0, NAT_1, INT_1, MEMBERED,
FINSEQ_1, STRUCT_0, VECTSP_1, ALGSTR_1, SUBSET_1, RELAT_1, FUNCT_2,
ALGSTR.0, RLVECT_1, QUOFIELD, RINGCAT1, RING_1, COSP1, FUNCT_.1, PARTFUNI1,
RING_2, NAT_2, ENDALG, PBOOLE, MSSUBFAM, EQREL_1;

requirements NUMERALS, SUBSET, BOOLE, REAL, ARITHM,;

definitions RELAT_1, FUNCT_2, VECTSP_1, GROUP_1, GROUP_6, IDEAL_1, INT_3,
CARD_3, RING_2, ORDERS_1, XBOOLE_0, FUNCT_1, PBOOLE, FINSET_1, TARSKI,
RING_1, PRE_-TOPC, TDLAT_3, T 0TOPSP, RINGCAT1, REALALGI;

equalities BINOP_1, XCMPLX_0, STRUCT_.0, ALGSTR_0, FINSEQ_1,
VECTSP10, WELLORD1, SUBSET_1, XBOOLE.0, FUNCOP_1;

expansions STRUCT_0, GROUP_1, ALGSTR.0, RLVECT_1, VECTSP_1, IDEAL_1, XBOOLE_0,
FUNCT.1, QUOFIELD, GROUP_6, TARSKI, GCD_1, ORDERS_1, RING_1, REALALGI,
SUBSET.1, EQREL_1, BINOP_1, PBOOLE;

theorems ALGSTR.0, GROUP_1, VECTSP_1, RLVECT_1, IDEAL_1, SUBSET_1, FUNCT_2,
TARSKI, COSP1, ZFMISC_1, RING_2, RELAT_1, XTUPLE.0, EQREL_1, BINOP_1,
MCART_1;

schemes FUNCT_2, EQREL_1, BINOP_1;
begin :: Preliminaries

reserve R,R1 for commutative Ring;
reserve A B for non degenerated commutative Ring;

registration

let R;

cluster multiplicatively—closed for non empty Subset of R;
end;

reserve S for non empty multiplicatively—closed Subset of R;
reserve T for non empty multiplicatively—closed Subset of A;
reserve x,y,z,u,v,w,p,pl,q,ql for Element of [:[#]R,S:];
reserve s,sl for Element of S;

MMA-WiP (2019), vol.1, no.4 - http://mizar-jp.org/journal/MMA-WiP/j2019.1.4 - ISSN 2434-5458 (Online) 6,/I1


http://mizar-jp.org/journal/MMA-WiP/j2019.1.4

Mechanized Mathematics and Its Applications, Works in Progress

Localization of Commutative Rings (Watase Y.)

definition
let R,S;
let x,y be Element of [:[#]R,S:];
pred x,y Frac_Equal R,S means
:: TOPZARIZ2:def 1

ex x1,yl be Element of [#]R,x2,y2,s1 be Element of S
st x = [x1,x2] & y = [yl,y2] & (x1 * y2 — yl * x2) * s1 = 0.R;
end;

theorem :: TOPZARI2:1
0.R in S implies x,y Frac_Equal R,S;

definition let R,S;
func EqRel(R,S) —> Equivalence_Relation of [:[#]R,S:] means
:: TOPZARI2:def 2

[p,q] in it iff p,q Frac_Equal R,S;
end;

registration

let R,S;

cluster EqRel(R,S) —> non empty total symmetric transitive;
end;

registration

let R;

cluster [#]R —> non empty multiplicatively—closed;
end;

registration

let R,S;

cluster [:[#]R,S:] —> non empty;
end;

theorem :: TOPZARI2:2
Class(EqRel(R,S),x) = Class(EqRel(R,S),y) iff x,y Frac_Equal R,S;

reserve x1,yl for Element of [#]R;
reserve x2,y2 for Element of S;

definition

let R,S;

let x,y be Element of [:[#]R,S:];

func padd(x,y) —> Element of [:[#]R,S:] means
:: TOPZARI2:def 3

ex x1,y1 be Element of [#]R,x2,y2 be Element of S
st x = [x1,x2] & y = [yl,y2] & it = [xlxy2 + yl*x2, x2xy2];
end;

definition

let R,S;

let x,y be Element of [:[#]R,S:];

func pmult(x,y) —> Element of [:[#]R,S:] means
- TOPZARI2:def 4

ex x1,yl be Element of [#]R,x2,y2 be Element of S
st x = [x1,x2] & y = [yl,y2] & it = [xl*yl, x2xy2];
end;

definition
let R,S;
let x, y be Element of [:[#]R,S:];
redefine func padd(x,y);
commutativity;

end;

theorem :: TOPZARI2:3
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pmult(x,y) = pmult(y,x);

definition
let R,S;
let x, y be Element of [:[#]R,S:];
redefine func pmult(x,y);
commutativity;

end;

theorem :: TOPZARI2:/
pmult(padd(x,y),z), padd(pmult(x,z),pmult(y,z)) Frac_.Equal R,S;

theorem :: TOPZARI2:5
x,u Frac_Equal R,S & y,v Frac_Equal R,S implies
pmult(x,y),pmult(u,v) Frac_Equal R,S;

theorem :: TOPZARI2:6
x,u Frac_Equal R,S & y,v Frac_Equal R,S implies
padd(x,y),padd(u,v) Frac_Equal R,S;

theorem :: TOPZARI2:7
x,u Frac_Equal R,S & y,v Frac_Equal R,S & z,w Frac_Equal R,S implies
padd(x,padd(y,z)),padd(u,padd(v,w)) Frac_Equal R,S;

definition

let R,S;

func fr_add(R,S) —> BinOp of [:[#]R,S:] means
:: TOPZARI2:def 5

for x,y holds it.(x,y) = padd(x,y);
end;

definition

let R,S;

func fromult(R,S) —> BinOp of [:[#]R,S:] means
:: TOPZARI2:def 6

for v,w being Element of [:[#]R,S:] holds it.(v,w) = pmult(v,w);
end;

definition

let R,S,x,y;

func x+y —> Element of [:[#]R,S:] equals
:: TOPZARI2:def 7
(fr-add(R,8)). (x,y);

end;

definition

let R,S,x,y;

func xxy —> Element of [:[#]R,S:] equals
:: TOPZARI2:def 8
(fromult(R,S)).(x,y);

end;

definition

let R,S;

func 0.(R,S) —> Element of [:[#]R,S:] equals
:: TOPZARI2:def 9

[0O.R ,1.R];
end;

definition

let R,S;

func 1.(R,S) —> Element of [:[#]R,S:] equals
:: TOPZARIZ:def 10

[1.R,1L.R];
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end;

theorem :: TOPZARI2:8
x + 0.(R,S) = x;

theorem :: TOPZARI2:9
x * 1.(R,S) = x;

theorem :: TOPZARI2:10
X*y =Y %X

theorem :: TOPZARI2:11
x+ty=y+x

theorem :: TOPZARI2:12
x+(y+z) = (x+y)+z;

theorem :: TOPZARI2:13
xx(y*z) = (xxy)*z;
theorem :: TOPZARI2:1/

x,u Frac_Equal R,S & y,v Frac_Equal R,S implies
xxy,uxv Frac_Equal R,S;

theorem :: TOPZARI2:15
x,u Frac_Equal R,S & y,v Frac_Equal R,S implies
x+y,u+v Frac_Equal R,S;

theorem :: TOPZARI2:16
(x+y)*z, x*z + y*z Frac_Equal R,S;

begin :: Localization of Ring by S

definition

let R, S;
::8N Locarization

func Fr_Ring(R,S) —> strict doubleLoopStr means
:: TOPZARI2:def 11

the carrier of it = Class EqRel(R,S) & 1.it = Class(EqRel(R,S),1.(R,S)) &

0.it = Class(EqRel(R,S),0.(R,S)) &

(for x, y being Element of it ex a, b being Element of [:[#]R,S:]
x = Class(EqRel(R,S),a) & y = Class(EqRel(R,S),b) &

(the addF of it).(x,y) = Class(EqRel(R,S),a+b) ) &

for x, y being Element of it ex a, b being Element of [:[#]R,S:] s

x = Class(EqRel(R,S),a) & y = Class(EqRel(R,S),b) &
(the multF of it).(x,y) = Class(EqRel(R,S),a*b );
end;

notation

let R ,S;

synonym SR for Fr_Ring(R,S);
end;

reserve a, b, ¢ for Element of [:[#]|R,S:];
reserve rl, r2 for Element of [#]R;
reserve sl, s2 for Element of S;

registration

let R ,S;

cluster S"R —> non empty;
end;

theorem :: TOPZARI2:17
0.R in S iff SR is degenerated;

reserve X, y, z for Element of S™R;

theorem :: TOPZARI2:18

st

t
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ex a being Element of [:[#]R,S:] st x = Class(EqRel(R,S),a);

theorem :: TOPZARI?2:19
Class(EqRel(R,S),a) is Element of S™R;

theorem :: TOPZARI2:20
Class(EqRel(R,S),[r1,s1]) is Element of S°R;

theorem :: TOPZARI2:21
Class(EqRel(R,S),a) = Class(EqRel(R,S),[a‘1,a‘2]);

theorem :: TOPZARI2:22
a‘l = a‘2 implies Class(EqRel(R,S),a) = 1.(S"R);

theorem :: TOPZARI2:23
x = Class(EqRel(R,S),a) & y = Class(EqRel(R,S),b) implies x+y =
Class(EqRel(R,S),a+b);

theorem :: TOPZARI2:24
x = Class(EqRel(R,S),a) & y = Class(EqRel(R,S),b) implies xxy =
Class(EqRel(R,S),axb);

theorem :: TOPZARI2:25
Class(EqRel(R,S),axb) = Class(EqRel(R,S),bx*a);

theorem :: TOPZARI2:26

XKy = y*X;

theorem :: TOPZARI2:27
S"R is Ring;

registration
let R,S;
cluster S"R —> Abelian add—associative right_zeroed
right_complementable associative well—unital distributive;
end;

registration

let R,S;

cluster STR —> commutative;
end;

definition

let R,S;

func canHom(R,S) —> Function of R, S"R means
:: TOPZARI2:def 12

for x being Element of R holds it.x = Class(EqRel(R,S),[x,1.R]);
end;

theorem :: TOPZARI2:28
canHom(R,S) is RingHomomorphism;

reserve s for Element of S;
reserve g for Function of R, R1;

definition

let R ;

func Unit_Set(R) —> Subset of [#]R equals
:: TOPZARI2:def 13

{a where a is Element of R: a is Unit of R };
end;

registration

let R;

cluster Unit_Set(R) —> non empty;
end;

theorem :: TOPZARI2:29
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a‘l in S implies Class(EqRel(R,S),a) is Unit of S"R;
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